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Abstract We present a 2D discrete modelling of sand
flow through a hopper using realistic grain shapes. A post-
processing method is used to assess the local fluctuations in
terms of void ratio, coordination number, velocity magnitude,
and mean stress. The characteristics of fluctuations associ-
ated with the four considered quantities along the vertical
axis of the hopper and across the entire hopper are carefully
examined. The flow fluctuations for coordination number,
velocity magnitude and mean stress are all found to take the
form of radial waves originating from the lower centre of the
hopper and propagating in the opposite direction of the gran-
ular flow. Quantitative characteristics of these waves (shape,
amplitude, frequency, velocity, etc.) are identified. The fluc-
tuations in void ratio however are not supportive of the obser-
vation of density waves in the granular flow as mentioned in
some experiments. The possible reasons for this apparent
contradiction are discussed, as well as possible extensions of
this work.

Keywords Granular flow · Fluctuations · Hopper flow ·
Complex particle shapes

1 Introduction

The flow of granular media is of great interest for a wide range
of engineering and industrial branches, such as civil, mining
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and chemical engineering, pharmaceutical and powder indus-
tries. Effective characterization of a dense equilibrium granu-
lar flow is also a challenging scientific problem in condensed
matter physics and geophysics. Continuous efforts have been
made towards defining the constitutive equations to describe
the flow of such materials (see for example [1] for a com-
plete review). In addition to classical approaches which are
chiefly based on experimental tests, particle-based discrete
modeling of medium-to-large-scale granular systems using
Discrete Element Method (DEM) or Molecular Dynamics
(MD) approach has been the current trend of research in this
field [2]. DEM has indeed been extensively applied to the
investigation of a variety of flow-related problems such as
chute flows [3], pipe flows [4], flows on inclined planes [5,6],
rock avalanches [7,8], and flat-bottom hopper flows [9].

A particularly interesting case of granular flow is the
one occurring through a wedge-shaped or conical hopper.
The classical hourglass problem is a good example of this
kind. Despite its simplicity in geometry, the hopper granular
flow under gravity may present rather complicated behavior
which draws great attention from the community of physics
and engineering sciences. Hopper flow has been repeatedly
treated both theoretically (see, e.g., [10–13]) and experimen-
tally (see [14–20]), as well as numerically by DEM [21–23].
One peculiar aspect of a hopper flow frequently reported
is the observation of strong fluctuations in the velocity field.
This phenomenon was first observed experimentally by Bax-
ter et al. [15] who proposed the theory of decompression
waves propagating upwards at a much higher speed than the
flow itself to describe the phenomenon. It was also observed
that the wave velocity tends to increase if the opening angle
of the hopper is reduced, and that the waves do not occur at
all if the sand particles are very rounded. Such waves were
also observed by Gardel and et al. [17,18] based on experi-
ments on glass and steel beads. They reported that the velocity

123



828 G. Mollon, J. Zhao

fluctuations are spatially correlated and this correlation is
anisotropic (more correlation in the direction transversal to
the flow than in the direction of the flow). They also measured
a negative correlation between the velocities and the stresses
at a given point, and attributed the fluctuations to collisional
chains between the grains. More recently, Vivanco et al. [20]
conducted 2D photoelastic experiments and showed that the
velocity fluctuations could be attributed to an intermittent
network of arches and force chains. They also showed that
the fluctuations tend to disappear if the opening width of the
hopper is large enough, most probably because it reduces the
ability of the material to develop these arches. Based on their
observations, they proposed the following heuristic theory to
explain these fluctuations: during the flow, the force chains
may develop from the lateral walls, and these chains may
join to form arches across the hopper; these arches may then
reduce the velocity of the flow, until they break because of
the load and momentum of the particles above, which would
trigger an acceleration of the flow and ease the formation of
new force chains. This heuristic theory is indeed similar to the
one proposed earlier by Baxter et al. [15]. The experimental
observations were further reproduced by Ristow and Her-
rmann [21] based on DEM simulations where they showed
that such fluctuations do not occur in frictionless material,
probably because no strong force chains can be established
in the flow. Cleary and Sawley [23] reported similar fluctua-
tions in their DEM simulations using non-circular particles,
and their primary interest was focused on the influence of
fluctuations on the forces acting on the lateral walls. These
forces are most important to chemical and mining indus-
tries using hoppers and silos where the relevant structures are
known to be fragile when subjected to vibrations induced by
the fluctuations of the flow. In addition, vortex-like displace-
ment fluctuations were reported in quasi-static shearing of
granular materials [24–26], but no direct evidence has shown
that such fluctuations are related to the “waves” observed in
hopper flows.

In this paper, we present a two-dimensional DEM study
of sand flow through a wedge-shaped hopper, based on real-
istic reproduction of the shape of sand particles using a
Fourier-Voronoi approach (Mollon and Zhao [27]). The use
of realistic particle shape in the simulation may help to
reproduce the real hopper flow behavior better than many
studies that use circular or simple non-circular (e.g., ellip-
tical) particles. The primary focus of the study is placed on
detailed observations and characterization of the fluctuations
of the simulated hopper flow in an attempt to identify inter-
esting features and correlations of different local quantities
that may help understanding the hidden physical mecha-
nisms. Towards post-processing and interpreting the DEM
simulation results on granular flow, a commonly followed
approach is to employ some representative elementary vol-
umes (REVs) to compute the averaged quantities of interest.

Depending on the size of the RVE, these obtained quantities
can be treated as either local or global variables (e.g. stress,
strain, local/global void ratio, etc.). Frequently these quan-
tities are computed at a given moment in time, and in some
cases they are averaged over a given time interval. How-
ever, it is known that a granular hopper flow is multi-scale
in nature in both space and time. It proves to be difficult and
challenging in many cases to ascertain the suitable resolu-
tions in time and/or the size of RVE for accurate descrip-
tions of the behavior of granular hopper flow. Aiming to
address this outstanding issue, we propose in this study a
robust and novel post-processing methodology using statis-
tical tools in an attempt to better characterize the spatial and
temporal fluctuations in granular flow. Based on this method
and chosen statistical quantities, it is hoped that some unique
and coherent characteristics associated with granular hop-
per flow can be identified to help us gain insights into the
complex phenomena observed in the flow process. It is noted
that our study is confined to two-dimensional which may
appear to be overly simplified compared to real engineering
applications. A more realistic modeling of a real hopper flow
(such as the ones encountered in the mining industry, for
example) may require a full 3D simulation involving realis-
tic grain shapes. The present study is targeted to account for
the complexity of particle shape as a very first step, and to
further consider the three-dimensional simulation in a future
work. The methodology described in this paper can be con-
veniently translated into formulations which are applicable
to 3D simulations.

2 Simulation

As mentioned before, to capture the behaviour of real engi-
neering particles such as sand flowing through a hopper,
the first important step is to reproduce the particle shape
in a robust manner. We employ here the Fourier-Voronoi
approach recently proposed by Mollon and Zhao [27] to pre-
pare the sand particles for the subsequent hopper flow simu-
lation. The novelty of this Fourier-Voronoi method lies in its
rigorous consideration of key statistical characteristics, rele-
vant to particle shapes and grain size distribution identified
from experimental data on granular particles such as sand, in
generating granular packing for discrete modeling. Specifi-
cally, particles with different shapes are randomly generated
based on Fourier spectrums obtained experimentally (e.g., for
sand, Das [28]), and are then packed in a container of arbitrary
geometry using a cell-filling approach based on constrained
Voronoi tessellation to ensure a realistic size distribution of
the particles. A final step to furnish the method is to fill each
particle so generated with multiple discs of varied diame-
ters based on the ODEC framework (Ferellec and McDowell
[29]), which facilitate them to be directly introduced in a
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DEM code. The source code of the program is available for
download at http://guilhem.mollon.free.fr.

This method is employed in the present paper to generate
an assembly of Toyoura sand in a hopper container. Toyoura
sand is chosen for its common use in the field of geomechan-
ics. Relevant Fourier spectrums of Toyoura sand are based on
those reported by Das [28] (see also Mollon and Zhao [31]).
The generated sample consists of roughly 6,000 particles of
average diameter D = 0.25 mm (the “diameter” of a particle
with complex shape is determined by the distance from its
centre to its average edge all around its contour, as detailed
in [27]). The generation Matlab software is tuned to match
the actual size distribution (via the coefficient of uniformity
Cu = 1.24), the material density (2.65) and the Fourier spec-
trums of Toyoura sand. The considered hopper has a constant
opening angle equal to 60◦, and an opening width equal to
15D = 3.75 mm. The contact law implemented in the DEM
code is a classical viscous-frictional law, with an interparti-
cle and wall-particle coefficient of friction equal to 0.4 and
an equivalent coefficient of restitution equal to 0.3. The con-
tact stiffness is set to 105 for every contact in the simulation.
The generated sample first settles down under gravity, and
the flow is then triggered by removing the lower cover of
the hopper outlet. A snapshot of the granular system during
the flow is presented in Fig. 1. In a recent conference paper

Fig. 1 Overview and zoom on the proposed 2D discrete simulation of
sand flow through a hopper

[30], we made a comparison between the flows of circular and
complex particles, without discussing the flow fluctuations in
detail. Using non-circular particles for the simulation of gran-
ular flow appears to lead to reduced flow-rate, considerable
changes of the velocity field towards the funnel, localized par-
ticles rotations, increased coordination number and compli-
cated behaviors in shear stresses and fabric anisotropy. These
observations are consistent with the observed characteristics
in real hopper flows. For this reason, realistic shapes are cho-
sen in the present simulation instead of simple circular ones.
As each simulation with the complex particle shape is rather
time-consuming, only one simulation has been performed to
save computational and post-processing cost. While the cur-
rent study is focused on quantifying the flow properties and
fluctuations by a robust post-processing methodology, if sta-
tistical consistency of the hopper flow characteristics is of
major concern, it is desirable to carry out several realizations
of the simulation to gain high confidence. This goal will be
pursued in the future.

3 Observation of fluctuations on a vertical profile

Velocity fluctuations in a hopper flow have been described
in the scientific literature as waves propagating upward from
the hopper outlet to the free surface of the granular material.
To accurately quantify the fluctuations in seeking for deeper
insights of their behavior, a specific post-processing method
is chosen in this study. In particular, observation “windows”
are used to quantify the local flow properties. Such a window,
as shown in Fig. 1, is a rectangle with a width of 15D and a
height of 8D. Only those particles with a mass centre located
inside the window are considered to be within. In our simula-
tions, the typical number of particles inside such a window is
close to 100. Four quantities are then tracked: the void ratio,
the coordination number, the average magnitude of veloc-
ity and the mean stress. The dimensions of this observation
window have been chosen to contain a large enough number
of particles. It was also chosen to have a smaller height than
width, since it was demonstrated by Gardel et al. [18] that the
flow fluctuations are much more correlated in the horizontal
direction than in the vertical. However, it does not ensure that
the flow properties are uniform inside this kind of window.
To improve the relevance of our results, we have further run
a number of tests to evaluate the variability of the velocity
magnitude within such a window for all positions considered
in the paper. It appears that the average coefficient of vari-
ation (COV, equal to the standard deviation divided by the
mean value) of the velocity magnitude of the particles within
a given window is close to 11 %. In the lower part of the flow
it is closer to 16 % (because the velocity vertical gradient is
larger in this area), while in the central part of the hopper the
COV is closer to 7 %. Based on these results, we believe that
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Fig. 2 Space–time diagrams of the void ratio, the coordination number, the velocity magnitude, and the mean stress, on the vertical axis of the
hopper during the whole flow

these observation windows provide consistent estimators of
the local flow properties.

Based on the method described in [8], the void ratio e
is computed by enveloping the particles inside a close non-
convex 2D contour and then measuring the area St of the
non-convex surface and the area Sp of the sand particles:

e = St − Sp

Sp
(1)

The coordination number is taken as the average number of
contacts per particle inside the window, and thus accounts
for the multi-contacts that often occur between a single pair
of non-convex particles. The average stress tensor inside the
window is obtained using the following formula:

σi j = 1

8D · 15D

∑

k

Fk
i ⊗ rk

j (2)

In this expression, Fk
i and rk

j are the contact force and the
branch vector joining the centres of the two particles in con-
tact at a specific contact k. The sum is performed over all
contacts located inside the window. The mean stress is then
given by the first invariant of σi j :

σm = σ11 + σ22

2
(3)

Finally, the average velocity magnitude is given by the fol-
lowing expression:

Vm = 1

n

n∑

i=1

Vi (4)

where n is the number of particles inside the window and Vi

is the velocity magnitude of the i th particle.

The observation window is shifted along the vertical axis
of the hopper to examine the instantaneous local values of
these quantities in space. The vertical position of the win-
dow is defined by the vertical distance y from its centre at
the hopper outlet. The operation is performed every 10−3 s
from the beginning of the flow to the total discharge, and the
results are recapitulated in the space–time diagrams plotted
in Fig. 2. In each of these charts one can easily assess the
position of the free surface, which corresponds to the upper
limit of each graph in the y-axis at certain instant. Systematic
fluctuations in the coordination number, the velocity magni-
tude and the mean stress are indeed apparent in this figure.
At the chosen time-scale of observation, these three quanti-
ties vary in a systematical and coordinated manner along the
vertical axis. The periodicity of the three quantities appears
to be rather consistent. While the void ratio evolves in space
in a similar trend as the other three, its fluctuations do not
appear to be either spatially coordinated or to exhibit any
clear periodicity. The fluctuation in void ratio is more erratic
than the other three cases. To improve the accuracy of the
analysis, a narrower time interval has been adopted in the
study. Instead of using a sampling time step of 10−3, in what
follows we consider the time-interval [t1; t1 + 0.1 s] with a
sampling time-step of 10−4. In the following analysis, we
take t1 as the instant corresponding to 0.05 s after beginning
of the flow, and this instant will be treated as the origin of
the time axis. Based on the observation from Fig. 2, this time
interval is believed to be short enough to identify rather con-
sistent characteristics of the flow and meanwhile long enough
to observe adequate number of cycles on the fluctuations.

A direct observation of the fluctuations is provided in
Figs. 3 and 4. Figure 3 shows the time-averaged distribu-
tions and standard deviations for the found quantities. An
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Fig. 3 Average fields and their standard deviations of the void ratio, the coordination number, the velocity magnitude, and the mean stress, on the
vertical axis of the hopper; in red: instantaneous field at t = t1 + 32 ms (color figure online)

illustrative instantaneous field (corresponding to the time
t = t1 + 32 ms) is also provided in each case. As is shown,
the average void ratio is close to 0.3 and is rather constant
across the vertical profile. It becomes slightly larger at the
outlet and at the surface, due respectively to the decompres-
sion of the material before it is released from the exit and
less overburden close to the free surface. The distributions of
average coordination number and mean stress have a similar
trend, exhibiting a peak at 2/3 of the profile and decreasing
in value to both the surface and the bottom directions. The
trend is indeed opposite to that of the void ratio. Meanwhile,
both the mean stress and the coordination number show rel-
ative larger deviations at the top portion of the profile than
at the bottom and the instantaneous distributions for them
depict greater variations along the y axis than that of the void
ratio. Compared to the above three, the average velocity pro-
file presents a much smoother and steady increasing curve
from the top to the outlet. The velocity close to the outlet
increases apparently more dramatically than at higher loca-
tion. The dispersion of velocity is also relatively smaller than
the other three quantities.

Figure 4 presents the variations of the four quantities dur-
ing the considered time interval, for an observation win-
dow located at y = 11 mm. The average value and the
dispersion are also presented for each signal. The fluctua-
tion pattern of the void ratio is evidently different from the
other three quantities, which confirms the observations in
Fig. 2. During the time interval, the evolution of void ratio
shows rather confined fluctuations (varying between 0.25
and 0.32) without apparent periodicity. The fluctuation pat-

terns of the three other quantities are more easily identifi-
able and the fluctuation ranges are also significantly larger
(e.g., the coordination number varies between 3 and 7, the
velocity magnitude varies between 50 and 100 mm/s, and
the mean stress varies between 20 and 380 Pa). Interestingly,
the variations of coordination number and mean stress with
time appear to be well correlated in both periodicity and
peak/valley pattern, which is consistent with the observation
in Fig. 3.

4 Normalized fluctuations

It is observed from Fig. 3 that the mean value and the dis-
persion of relevant quantities of the granular flow vary con-
siderably with location in the hopper. To describe the fluctu-
ations more rationally, we employ a normalization approach
on these quantities. Specifically, we normalize the difference
between the current value of a concerned quantity and its
time-averaged value by its standard deviation. According to
this approach, for example, the following normalized void
ratio ẽ is obtained:

ẽ = e − μe

σe
(5)

where μe and σe are the local mean value and standard devi-
ation of the void ratio. The other three quantities are normal-
ized in a similar way. In addition, by expressing the quantity
of distance in terms of the average particle diameter D, the
following classical representative quantities for time, veloc-
ity, stress, and force are introduced for further scaling:
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Fig. 4 Fluctuations in time of the void ratio, the coordination number,
the velocity magnitude, and the mean stress, for an observation window
located at y = 11 mm

t∗ = √
D/g (6)

V ∗ = √
gD (7)

σ ∗ = πρgD/4 (8)

F∗ = πρgD2/4 (9)

Based on these definitions, the four quantities are normal-
ized and re-plotted in Fig. 5 wherein the normalization oper-
ation apparently renders more information identifiable from
observation of the fluctuations of these quantities. The coor-
dination number, the velocity magnitude and the mean stress
depict clearer “fluctuation waves” in this figure. With rather
constant normalized (peak-to-peak) amplitude of around 4–6

standard deviations, these waves propagate upward at an
apparently constant velocity. The normalized fluctuations of
the void ratio do not exhibit such a wave pattern. The only
structured fluctuation observable for void ratio is a downward
propagation at a rather small velocity. This may be attribut-
able to persistent granular structures of high or low density
traveling down with the granular flow, which have been fur-
ther observed from the videos of density field during the flow
(not shown here).

The variations of these normalized quantities over time
for a window located at a height y = 50D are further sub-
jected to a discrete Fourier transform, and the obtained spec-
trums are plotted in Fig. 6. While the spectrum for the void
ratio does not show any specific structure, those of the three
other quantities demonstrate an interestingly similar mode
of fluctuation, with an almost identical frequency at around
0.25/t∗. We further repeat the operation by changing the
location of the observation window, which leads to the plot
in Fig. 7 with a third dimension of the location. It is evident
that the evolution of the void ratio Fourier spectrum does
not exhibit any particular distinguishable pattern along the
vertical axis of the hopper. Though there are some peaks in
the spectrum, they appear to be rather random in space and
may be attributed to some fortuitous fluctuations in the void
ratio. On the other hand, the spectrums of the coordination
number, the velocity magnitude and the mean stress depict
similar interesting patterns along the vertical axis, and the
magnitude of the frequency peak for all three cases increases
steadily with y (the vertical distance from the hopper outlet).
This signifies a progressive structuration of waves traveling
upwards during the granular flow, which start from relatively
complex fluctuations at the hopper bottom (between 0 and
20D) to an almost harmonic pattern after a given traveling
distance in the granular material (above 60D). The period is
identified to be close to 4t∗.

5 Correlations on a vertical profile

We further investigate the correlations between the normal-
ized fluctuations of these four variables at a given point. We
examine two types of correlations, one being instantaneous
(i.e. the correlation between the time series of two variables
for a given location of the observation window) and the other
being sequential (i.e., the correlation for a given normal-
ized variable between one time instant and the subsequent
time instant after specific time delay/gap). The most relevant
results obtained by this approach are presented in Fig. 8. The
upper-left figure in Fig. 8 presents the correlation between the
normalized fluctuations of the mean stress and those of the
coordination number as a function of the delay of the latter,
for an observation window located at y = 60D. The graph
clearly indicates a good correlation between the normalized

123



Characterization of fluctuations in granular hopper flow 833

Fig. 5 Space–time diagrams of the void ratio, the coordination number, the velocity magnitude, and the mean stress, after normalization, during
the restrained observation interval

fluctuations of the mean stress and those of the coordination
number, and the two variables have perfectly synchronized
period from this figure. The bottom-left figure of Fig. 8 shows
the same data across the vertical axis, which indicates that
this correlation and the feature of synchronicity are indeed
valid everywhere along this axis. The two figures on the right
of Fig. 8 show the same kind of curves for the correlations
between the velocity magnitude and the mean stress. It is
evident that the fluctuations of these two quantities are also
coordinated but not completely synchronized, since the max-
imal correlation between the two signals is slightly delayed.
For an observation window located at y = 60D, the fluctua-
tions of velocity are strongly positively correlated (0.72) with
those of the mean stress that occur roughly t∗ later, and are
strongly negatively correlated (−0.69) with the mean stress
fluctuations that occur roughly 0.7t∗ earlier. At a given time
instant without delay (delay = 0), the correlation between the
velocity magnitude and the mean stress is negative (−0.32).

The above observations provide supporting evidence to
the heuristic theory proposed by [20], about the flow fluctu-
ations being related to dynamic networks of force chains, as
explained in the introduction of the present paper. Indeed, the
correlations show that the occurrence of maximum velocity
magnitude at a given instant t0 is typically preceded by a min-
imum of the mean stress (and of the coordination number) at
about t0 −0.7t∗, and is then followed by a maximum of mean
stress at about t0 + t∗. Similarly, a minimum of the velocity
magnitude occurring at a given instant t0 is typically brack-
eted by a maximum (at about t0 − 0.7t∗) and a minimum
(at about t0 + t∗) of both the mean stress and the coordina-

tion number. In conjunction with the 4t∗ periodicity found
in the last section, this suggests that the formation of force
chains (corresponding to an increase of coordination num-
ber and/or the mean stress) may cause significant reduction
of the particle velocity (with a delay of roughly 0.7t∗ to t∗)
until these chains break down under the load and momentum
of the particles above. The collapse of force chains leads to
an increase of the velocity which in turn would induce the
formation of new force chains that break down again later.
Such periodic circles feature the process of granular flow in
the hopper. The bottom-right figure of Fig. 8 also indicates
that this phenomenon becomes more intense at the upper part
of the hopper than at the bottom, since the amplitude of the
correlation increases with height (from the bottom). These
results suggest that the fluctuations commonly observed in a
hopper flow involve close correlations between coordination
number, velocity magnitude and mean stress with interesting
underlying physical mechanisms. However the role of void
ratio in these fluctuations remains unclear.

The study of correlations also offers a good way to eval-
uate the characteristics of wave propagation during a hop-
per granular flow. Figure 9 shows the delayed correlation
between the normalized fluctuations of the velocity magni-
tude at several heights (each curve corresponding to a given
height of the observation window indicated in the figure in
terms of average diameter D) and the velocity fluctuations at
y = 20D. This reference height is chosen due mainly to the
observation from Figs. 7 and 8 that it is the smallest height for
which the fluctuations are structured. The height y = 20D
may hence be considered as the “emission point” (or source)
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Fig. 6 Fourier spectrums of the time-signals of the void ratio, the coor-
dination number, the velocity magnitude, and the mean stress, for an
observation window located at y = 11 mm

of these waves. As shown in Fig. 9, for a given height of the
observation window, the maximum correlation of the local
normalized fluctuations of the velocity magnitude with the
one at y = 20D is delayed in time. This delay is related
to the average time of travel of the wave from y = 20D
to the considered height. In the inset of Fig. 9, the time-
space positions of these maximums of correlation are plotted
which show that the average distance of wave traveling is
linear in time, indicating a constant wave propagating rate.
A linear regression provides an average traveling rate equal
to 54.1V ∗, which is much larger than the velocity magni-
tude of the grains (between 0.2V ∗ and 4V ∗ depending on
the location in the hopper, see Fig. 11 for more details).

6 Spatial structure of the fluctuations

The discussion in previous sections focuses on the flow fluc-
tuations along the vertical axis of the hopper. It is mean-
while interesting to explore the behavior of granular flow in
the transversal direction. To this end, a fixed polar mesh is

defined in Fig. 10. The mesh consists of 621 homogeneous
cells, each cell containing 5–10 particles at a given time. The
same post-processing methods as described in Sect. 3 are
used, except that the previously defined “observation win-
dow” in Fig. 1 is now replaced by a new window formed by
any one of these “cells” together with its closest neighboring
cells (eight neighboring cells in the center part, five at the
hopper walls, and three at the corners). This method ensures
that each observation window contains 50–80 particles and
that the measured quantities (void ratio, etc.) are locally rep-
resentative. The time-averaging interval and the sampling
rate are the same as in previous sections. This time-interval
is kept because the mesh is constantly filled with matter (i.e.
the free surface never crosses the mesh).

Figure 11 provides the mean and the coefficient of vari-
ation (COV, equal to the standard deviation normalized by
the mean value) of the void ratio, the coordination number,
the velocity magnitude and the mean stress, in all the cells
of the polar mesh. The distributions of the mean value and
COV of the void ratio appear to be rather random in the hop-
per, with a rather low dispersion (COV close to 20 %), which
confirms the observations from Fig. 3. The average velocity
field shows a strong variation along the vertical axis (as is
also seen in Fig. 3) and the transversal axis as well. While
the central velocity can be large, the velocity in the neighbor-
hood of the lateral walls of the hopper is vanishingly small.
This narrow velocity field may be attributed to the strongly
non-circular shapes of the particles used in the study which
are known to easily induce this kind of “funnel flow”. Inter-
estingly, the fluctuations of the velocity field appear to be
more intense in the areas where the velocity magnitude is
low (i.e. in the upper and lateral zones of the hopper). The
COV of the velocity magnitude may reach 60 % is these areas,
while it is much smaller around the funnel and even close to
zero when approaching the hopper outlet. As in previous sec-
tions, the coordination number and the mean stress appear to
exhibit similar behaviors. Their average fields are very low in
both the upper and lower parts of the hopper (because of the
smaller burden in the upper part and the decompression close
to the outlet), and are maximum close to the lateral walls. The
COVs of these two quantities are rather uniform in the central
part of the hopper (about 20 % for the coordination number
and 60 % for the mean stress), but are more heterogeneous
in the lower and upper part of the flow. These observations
indicate a change of the flow regime in these areas, in which
the force chains are much less persistent such that the sand
may be considered as a “granular gas” with collisional inter-
actions between particles dominating.

Figure 12 provides the spatial cross-correlations of the
fluctuations of the four normalized fields. These normalized
fields are obtained for each pixel (cell) in the same way as
in Sect. 4. Six reference pixels at several locations along the
vertical axis of the hopper (termed as A to F) are considered.
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Fig. 7 Fourier spectrums of the time-signals of the void ratio, the coordination number, the velocity magnitude, and the mean stress, as a function
of the height y of the observation window

The instantaneous correlations with the normalized fluctua-
tions at these pixels are computed for all the other pixels of
the mesh. The resulting cross-correlation fields are plotted
for each of the six pixels and for each of the four quantities,
leading to the 24 graphs of Fig. 12. The first line of this figure
clearly shows that the void ratio fluctuations are not struc-
tured in space, since the cross-correlation coefficient of this
field is close to zero everywhere in the hopper. The other three
quantities show a very different behavior, with interesting
cross-correlation patterns. The correlation distance is limited
at lower parts of the hopper (e.g., Pixel A), but becomes sig-
nificantly large when higher pixels are considered. In addi-
tion, a strong anisotropy is depicted in the correlation dis-
tances and is more intense in the transversal direction than in
the vertical. This anisotropy increases with height, suggest-
ing a progressive synchronization of the waves over the entire
width of the flow when traveling upwards. The structure of

the fluctuations appears to be radially orthotropic, especially
for the mean stress and coordination number, which means
that the propagation rate of the wave may be constant in any
radial direction. In the upper part of the hopper (right-hand
column of Fig. 12), the cross-correlation of the fluctuations
is almost equal to 1 across the whole width of the hopper,
indicating an almost perfect synchronicity between the nor-
malized fluctuations at a given distance from the hopper out-
let.

The evolution of contact forces network during a typical
hopper flow is illustrated in Fig. 13. Fifteen snapshots of this
network are provided at regular instants of the flow, running
from t/t∗ = 1 to t/t∗ = 3.8 (in accordance with the time-
scale proposed in Fig. 5). At t/t∗ = 1, an arching pattern
may be observed in the upper two-thirds of the hopper, while
the lower one-third portion shows no clear arching (there
are some contacts, represented by blue segments, but they do
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Fig. 8 Delayed correlations. Left-hand part: between mean stress and coordination number; Right-hand part: between velocity magnitude and
mean stress; Upper part: for an observation window located at y = 60D; Lower part: as a function of the height y of the observation window

Fig. 9 Delayed correlation of the normalized velocity fluctuations at
several heights y as compared with the ones at y = 20D. Inset: corre-
spondence between height and time of maximum correlation, and linear
fitting

Fig. 10 Radial mesh of the hopper, superimposed to the envelope of
the granular mass at the beginning and at the end of the observation
time interval
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Fig. 11 Fields of the mean values and of the coefficients of variation of t the void ratio, the coordination number, the velocity magnitude, and the
mean stress, in the whole hopper

Fig. 12 Spatial cross-correlations of the normalized fluctuations of the void ratio, the coordination number, the velocity magnitude, and the
mean stress, using different pixels of reference
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Fig. 13 Evolution of the contact forces network from t/t∗ = 1 to t/t∗ = 3.8. The contact forces are represented by segments joining the centres of
the particles in contact, the width and color of these segments denoting the load carried by the contact

not carry much load). From t/t∗ = 1.2 to t/t∗ = 2.0 the
arches appear to gradually dissipate downwards, leaving an
almost contact-free state (or free-falling zone) in the entire
hopper at t/t∗ = 2.0 except some persistent long contact
force chains near the funnel outlet and along the upper-left
part of the hopper. This instant also marks the incipient of a
new generation of intense contact force network with sim-
ilar arching patterns, starting from the lower portion of the
hopper close to the outlet to the upper part of the hopper.

From t/t∗ = 2.2 to t/t∗ = 3.2, these arching pattern network
apparently expands in the upward direction, with increasing
intensity. During this period, the zone of collisional flow (i.e.
flow without persistent contact) in the upper part of the hop-
per is progressively reduced, while a new contact-free zone
seems to develop in the neighborhood of the hopper outlet.
The contact force network continues to propagate upwards
and becomes more intensified from t/t∗ = 3.4 to t/t∗ = 3.8.
Meanwhile, new arching network develops close to the outlet.
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At t/t∗ = 3.8, the arching network almost totally occupies
the whole hopper. The observations indicate the propaga-
tion of a transient stress wave travelling between the hopper
outlet and the free surface, and the internal structure of the
arching network is rather complex. The properties of this
transient stress wave may be an interesting topic for future
study.

7 Discussion

Based on a new statistically-based approach on post-proces-
sing, the characteristics of fluctuations occurring during the
flow of granular particles through a wedge-shaped hopper
have been investigated based on DEM simulations using non-
spherical particles. The fluctuations in velocity magnitude,
mean stress and coordination number all take the form of
radial waves propagating upwards from the lower part of the
hopper. The waves originate from a height close to 20D from
the hopper outlet (D being the average grain diameter), and
become increasingly harmonic, coordinated and structured
when propagating upwards. In the considered case, the wave
celerity is close to 50V ∗, and the wave periodicity is close to
4t∗, leading to a typical wavelength of roughly 200D. The
waves of the mean stress and the coordination number are
found perfectly synchronized, and are delayed by roughly t∗
with respect to that of velocity magnitude.

The characteristic of local granular density, expressed here
by the void ratio, remains somewhat unclear. While the local
void ratio is obviously fluctuating during the flow, the fluctua-
tions do not bear an explicit correlation to the main fluctuation
patterns of the coordination number, the velocity magnitude
or the mean stress. The fluctuation characteristics of void
ratio do not show any interesting periodic feature or spatial
correlation as observed in the other three quantities. This
is somewhat counter-intuitive since one would expect such
waves in granular flow to be linked to some local decompres-
sions and recompressions of the granular packing. Indeed, the
fluctuations in granular flow have sometimes been described
as “density waves”, due obviously to their similarities with
acoustic waves. There is however no consensus being reached
regarding this phenomenon. Some researchers confirmed the
observation of such density waves (e.g. [15]) while others
observed flow fluctuations to occur at a quasi-constant den-
sity (e.g. [18]). In connection with the numerical results in
the present study, there are three possible explanations on
this apparent paradox: (i) this “acoustic” intuition may be
potentially incorrect and there may be no connection between
granular density and the observed waves at all, (ii) the system
size (only 6,000 particles, and a total vertical size of roughly
80D) may not be sufficient for the density waves to fully
develop and to be identifiable, or (iii) density waves may
indeed exist but the chosen post-processing methods cannot

detect them. The second explanation may be relatively easy
to be verified by conducting larger-scale discrete simulations
in the future. Regarding the third possibility, this paper indi-
cates the existence of persistent granular arrangements with
rather constant local density moving downwards with the
flow (Fig. 5). Thus, even without any flow fluctuations, the
void ratio field is never constant in time at a given location
in the hopper. These structures may be hiding some possible
density waves with small amplitudes propagating upwards,
with which a more accurate post-processing technique may
be needed to reveal these structures and to identify the pos-
sible underlying fluctuation waves.

As mentioned before, though multiple realizations of the
hopper flow can help to ensure the statistical consistency of
the characteristics of the treated quantities, the major results
presented in the current study remain justifiable because
of the long duration of the simulated flow. This duration
(roughly 120t∗) is indeed important when compared to the
typical period of a fluctuation (roughly 4t∗), and to the time
window considered for the time-correlation analyses (the rel-
evant correlations are between −t∗ and t∗). To render the
numerical results more relevant, a refilling method for the
discharge (i.e., all discharged particles being refilled into the
hopper at the moment they exit from the outlet) is suggested
to get rid of the transient character of the flow and turn the
discharge into a steady flow.

The statistical methodological framework presented in
this paper provides a rational and robust way to quantify
the spatial and temporal fluctuations of chosen quantities
in a hopper granular flow and to identify the most relevant
characteristics. It is general too since it may be applied to
any other kind of granular flow. Though described in 2D
only, this framework may be readily extended to the 3D
case since no extra conceptual complications are indeed
needed. There are meanwhile additional questions to be
addressed. For example, one may question the potential
links between the fundamental properties of the observed
waves (frequency, celerity, amplitude, synchronization on the
way upward, etc.) and the geometry of the hopper (opening
angle, opening width, filling height) and/or the characteris-
tics of the granular material (size distribution, complexity
of the grains shapes, etc.). A number of parametric stud-
ies are indeed meaningful to confirm the general trends
observed by some existing studies (e.g. an increase of the
wave celerity with decreasing opening angle, or a decrease
of the fluctuations amplitude with rounder particles, etc.).
Our future work will be dedicated to deal with these ques-
tions, and to find some micromechanical explanations for
such trends (in detailed consideration of such properties of
the force chains and arches as the length, duration, strength,
etc.). A generalization of this problem into a fully three-
dimensional framework is also desirable. A framework for
generating realistic 3D grains was proposed recently by
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the present authors (see [31]), but the complete method of
generation of a realistic 3D granular sample is still to be
defined.
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