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ABSTRACT
Free rigid-particle motion in a viscous fluid couples the incompressible Navier–Stokes and Newton–Euler equations through the traction on 
a moving interface; this same coupling underlies falling-body viscometry when the observed motion is used to infer fluid properties. We pre
sent a physics-informed neural-network framework with a single field-load-motion formulation comprising neural velocity and pressure 
fields on the moving space–time domain, surface-traction integration, and enforcement of the rigid-body momentum balance. In the data- 
free forward mode, the balance acts as the equation of motion: force and torque integrated from the network’s own stress determine free 
translation and rotation through an under-relaxed fixed-point iteration, with no labeled flow or trajectory data. In the motion-only inverse 
mode, a single particle-centroid velocity record prescribes the moving-boundary kinematics, and its time derivative provides the acceleration 
that, together with the momentum balance, supplies an integral-force target. Following manufactured-solution verification, seven benchmarks 
against arbitrary Lagrangian–Eulerian reference solutions yield trajectory and velocity errors below 5% and flow-field errors within 9.0%; 
transfer learning reduces coupled wall-clock cost by a factor of 9.8. From one transient velocity record and without interior flow observations, 
the inverse mode identifies viscosity with 1.13% relative error and reconstructs the withheld fields to 6.8%–8.2% mean error, degrading gradu
ally under up to 5% record noise. Accuracy is retained at Re� 32; at Re� 118, the formulation underpredicts instability-driven wake growth, 
delineating the present scope. The framework thus provides a label-free neural closure of the two-way fluid–particle coupling in forward 
mode and a controlled proof of concept for extending falling-body viscometry to joint recovery of viscosity and the unobserved flow.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0341028

I. INTRODUCTION
The free settling of a rigid particle in a viscous fluid is a canonical 

instance of two-way fluid–solid interaction (FSI). The fluid obeys the 
incompressible Navier–Stokes equations on a domain whose bound
ary moves with the particle; the particle obeys the Newton–Euler 
equations under gravity, buoyancy, and the hydrodynamic force and 
torque integrated from the fluid stress over its wetted surface; and the 
resulting translation and rotation relocate the interface and alter the 
flow, so neither subsystem can be advanced independently. This 
closed feedback underlies sedimentation, fluidization, and particle- 
laden transport. The same coupling is also the physical basis of 
falling-body viscometry, in which the observed motion of a body 
reveals a property of the surrounding fluid.

There has been a comprehensive computational literature 
attempting to resolve this coupling. Body-fitted arbitrary Lagrangian– 
Eulerian (ALE) formulations,1,2 distributed-Lagrange-multiplier and 

fictitious-domain methods,3 and immersed-boundary techniques4,5 

differ in how the moving interface is represented, but share the same 
closure: the resolved fluid stress is integrated into a resultant force 
and torque, the solid equations advance the particle, and the updated 
kinematics are imposed back on the fluid. These methods remain the 
reference for accurate forward simulation and supply the reference 
solutions used in this paper. Their strength, however, is tied to one 
mode of use: a fully specified problem, resolved once. Repeated 
queries, as in optimization or real-time prediction, each incur a com
plete re-solve with its mesh-motion or interface-tracking overhead, 
and when a material parameter is unknown and observations are 
sparse, the discretized equations offer no natural slot for the data, so 
assimilation and identification must wrap the solver in outer estima
tion loops. These two demands, economy under repetition, and a for
mulation that admits observations and unknowns directly have 
drawn two distinct neural responses.
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The first response is data-driven: simulators that reproduce the 
coupled dynamics at a fraction of the online cost, drawing progres
sively more of the fluid-load-motion feedback loop into the model. 
Partitioned deep learning-based reduced-order models (DL- 
ROMs) synchronize interface and fluid dynamics learned in separate 
reduced spaces through interface representation and load recovery;6 

body-fitted graph models evolve coupled states and recover loads by 
integrating the Cauchy stress over predicted fields;7 differentiable 
solvers embed discretized fluid, solid, and immersed-boundary opera
tions in an end-to-end trainable architecture,8 while formulations 
retaining explicit structural equations draw hydrodynamic loads from 
learned fields and wall stresses;9 recent frameworks mirror ALE and 
partitioned procedures through fluid, solid, and interface surrogates 
with staged interfacial exchange.10,11 These models capture genuinely 
two-way feedback and deliver the intended economy at inference. 
That economy is paid in advance: each model is calibrated against 
labeled solutions of precisely the solvers it is meant to relieve and gen
eralizes reliably only near its training data. More consequentially, the 
calibrated object is a forward evolution operator: sparse observations 
and unknown physical parameters are not variables of the mapping, 
and the second demand remains unmet.

Physics-informed neural networks (PINNs)12 are the comple
mentary, equation-constrained response; they invert the roles of data 
and equations: the simulators above require labeled solutions and 
may embed the governing equations as structure, whereas a PINN 
requires the equations and may incorporate data where they exist. 
The unknown fields of one particular problem are represented by net
works trained to minimize the residuals of the governing equations 
together with the initial and boundary conditions. Because the repre
sentation is continuous in space and time, no mesh, and for a moving 
boundary, no remeshing is required; because the solution is an opti
mization, sparse observations enter as loss terms and unknown 
parameters as trainable variables. Forward solution, data assimilation, 
and inverse identification thereby become instances of one formula
tion, distinguished only by which terms appear in the objective and 
which parameters are trainable, none requiring a labeled solution 
dataset. The paradigm is established across physics for forward 
solution,13–38 surrogates,39–42 field reconstruction,43–45 and parameter 
estimation.46 Its attraction here is therefore stated precisely: on a sin
gle fully specified solve, a PINN rarely outruns a mature mesh-based 
code (Sec. III reports this frankly); it is the unified, label-free forward– 
inverse formulation, not speed, that motivates its use.

Extending PINNs to FSI with moving boundaries has attracted 
sustained attention, though largely in the data-assimilation and 
inverse settings considered below. Forward solves remain few, and 
almost without exception the solid’s motion is prescribed or externally 
supplied rather than predicted from the fluid load: oscillating, orbit
ing, and flapping bodies enter as Dirichlet velocity constraints on the 
space–time hypersurface traced by the interface,47 and the moving 
Lagrangian interface of Ref. 48 is supplied without a structural equa
tion closing its motion from the predicted load. Where the solid 
response is solved, it is distributed deformation rather than free rigid- 
body motion: an elastic vessel wall deflecting under pointwise stress 
continuity, with no resultant force-torque balance and no gross 
motion through the domain,49 or an Euler–Bernoulli beam in steady 
potential flow,50 which, although posed as forward, anchors its fluid 
network to interior pressure samples from which the interface force 

and beam acceleration are derived, data-assisted rather than 
equation-closed. To our knowledge, no PINN-based solver reported 
to date determines the trajectory of a freely moving rigid particle 
(translation and rotation) from hydrodynamic loads integrated from 
its own predicted stress field, at finite Reynolds number and without 
any labeled flow or trajectory data.

The data-assimilation and inverse literature divides by where the 
observations reside and what they recover. When a flow field is recon
structed, existing moving-solid formulations draw on data from the 
fluid interior, generally together with the solid kinematics;47,50–57 

when the data are confined to the solid, the recovered quantities 
remain at the body level, with no fluid parameter inferred and no 
flow field reconstructed.52,53,58,59 The reciprocal question, whether the 
observed kinematics of the solid alone, without a single interior veloc
ity or pressure datum, can determine a material property of the fluid 
together with its entire interior state, has, to our knowledge, not 
been posed in the PINN setting. At the scalar level, this is classical vis
cometry:60–63 falling-ball and oscillating-body instruments infer vis
cosity from body motion, but return a bulk coefficient rather than the 
accompanying flow. Whether one transient velocity record, fused 
with the full nonlinear Navier–Stokes/Newton–Euler physics, carries 
enough information to determine both the viscosity and the unsteady 
interior flow is the second question this paper addresses.

Table I organizes the PINN-based FSI studies along these two 
axes: for forward problems, how the solid motion enters the solver 
and whether interior field data are additionally required; for inverse 
and data-assimilation problems, where the observations reside and 
what quantities are recovered.

As Table I shows, the forward gap separates prescribed or sup
plied motion and continuum deformation from free rigid-body 
motion closed, without field data, by hydrodynamic loads integrated 
from the solved flow. The inverse gap is orthogonal: flow- 
reconstruction studies draw on data sampled within the fluid, whereas 
body-only observations return structural quantities or load histories 
without identifying a fluid material property or reconstructing the 
surrounding flow. The present framework addresses both gaps: load- 
driven free translation and rotation in the forward problem, and joint 
recovery of viscosity and the unsteady flow field from body kinemat
ics alone in the inverse problem.

This work closes the two gaps with a single framework operated 
in two modes, rather than two separate solvers. Neural networks rep
resent the velocity and pressure fields of a given problem on its mov
ing space–time domain, constrained by the Navier–Stokes residuals 
and the initial, boundary, and interface conditions. The particle’s 
Newton–Euler balance closes the coupling, and its two readings define 
the two modes, mirroring the two readings of the physical coupling 
introduced at the outset. Read as a law of motion, the balance drives 
the data-free forward mode: an under-relaxed outer fixed-point itera
tion updates the hydrodynamic-load estimate from the network- 
predicted surface integrals, advances the particle by a velocity-Verlet 
update, and re-solves the fluid on the relocated boundary. An empiri
cal drag estimate physically initializes the first iteration, with no refer
ence field or trajectory data entering, and transfer learning (TL) 
across iterations (warm-starting each fluid solve from the last) makes 
the repeated moving-boundary training tractable. Read as a constraint 
on observed motion, the same balance defines the motion- 
constrained inverse mode. A particle-centroid velocity record serves 
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as the sole measurement, with no interior velocity or pressure obser
vations, and is used twice. First, it prescribes the moving-boundary 
kinematics, dispensing with the outer iteration altogether. Second, dif
ferentiated and substituted into the momentum balance, it supplies 
the force history that the integrated network stress must reproduce. 
Relative to the forward objective, exactly two ingredients change: a 
force-consistency term is added and the viscosity becomes trainable. 
This constraint nevertheless plays the role of the missing interior 
probe: a single optimization jointly identifies the viscosity and recon
structs the never-observed flow, turning the falling-body viscometer 
of the opening paragraph into a method that now returns the flow 
field along with the coefficient.

The two-dimensional framework is assessed along a verifica
tion-validation-diagnostics sequence: hierarchical manufactured- 
solution verification; seven ALE-referenced benchmarks (settling, 
drafting, and inclined-particle configurations); an independently 
resampled physics-consistency audit; a neural-tangent-kernel analy
sis of transfer learning; and a wider-Reynolds-number stress test 
that delineates the limits of the present setting. Across the seven 
benchmarks, particle trajectory and velocity errors remain below 
5% and velocity and pressure field errors do not exceed 9.0%; trans
fer learning across outer iterations reduces the wall-clock time of 
the coupled solve by approximately 9.8�, with further 1.18–1.34�
gains when learned physics is reused across related cases. In the 
inverse mode, a single velocity record identifies the dynamic viscos
ity to within 1.13% and reconstructs the withheld velocity and pres
sure fields with mean errors of 6.8%–8.2%, degrading gradually up 
to 5% record noise.

The contributions are threefold. First, we establish a com
mon field-load-motion PINN formulation in which the same 
moving-boundary flow representation, surface-traction integra
tion, and rigid-body balance support two complementary closure 
modes: load-driven motion in the forward problem and motion- 
constrained fluid inference in the inverse problem. Second, in the 
data-free forward mode, we close the neural two-way coupling 
loop without labeled flow-field or particle-trajectory data: force 
and torque integrated from the PINN-predicted stress determine 
the free translation and rotation, while parameter transfer across 
outer iterations makes the repeated moving-boundary solves trac
table. Third, in the motion-only inverse mode, we jointly identify 
the dynamic viscosity and reconstruct the unsteady velocity and 
pressure fields from a single transient particle-centroid velocity 
record, with no interior velocity or pressure observation; the 
record enters only through the moving boundary and the body 
momentum balance.

Based on a preliminary conference paper64 introducing the itera
tive forward-coupling strategy, the present paper extends that 
forward-only study to the present forward-inverse formulation: it 
adds the motion-constrained inverse mode with its noise-robustness 
study, together with the 2D empirical load initialization, the hierarchi
cal manufactured-solution verification, the independently resampled 
physics-consistency audit, the wider-regime assessment and the fail
ure mode it identifies, and the neural-tangent-kernel analysis of cross- 
iteration parameter transfer.

The remainder of the paper is organized as follows. Section II 
presents the governing equations and the forward and inverse meth
odologies. Section III reports the manufactured-solution verification, 

forward benchmark validation, transfer-learning analyses, and inverse 
identification study. Section IV summarizes the principal findings 
and outlines future directions.

II. METHODOLOGY OF TL-ENHANCED PINN FOR TWO- 
WAY FSI
A. Brief overview of physics-informed neural networks

Physics-informed neural networks solve partial differential equa
tions (PDEs) by minimizing their residuals during the training pro
cess of neural networks. In the PINNs framework, a PDE of interest is 
generally expressed as 

ut t; xð Þ þ N u½ � ¼ 0; t 2 0;T½ �; x 2 X; (1) 

subject to initial and boundary conditions, 

u 0; xð Þ ¼ u0 xð Þ; x 2 X; (2) 
B u½ � ¼ 0; t 2 0;T½ �; x 2 @X; (3) 

where N represents a linear or nonlinear differential operator, and B
denotes a boundary operator corresponding to Dirichlet, Neumann, 
Robin, or periodic conditions. Here, u(t, x) is the unknown latent 
solution that must satisfy the governing PDE system.

Following the seminal work by Raissi et al.,46 we approximate 
the solution u(t, x) using a deep neural network uh(t, x), where h 

encapsulates all trainable parameters (e.g., weights and biases). The 
network is trained by minimizing a combined loss function that enco
des the initial conditions, boundary conditions, and the governing 
PDE at selected collocation points. The loss function is formulated as 

L hð Þ ¼ kICLIC hð Þ þ kBCLBC hð Þ þ krLr hð Þ; (4) 

with 

LIC hð Þ ¼
1

NIC

XNIC

j¼1

�
�
�uh 0; xIC;jð Þ − u0 xIC;jð Þ

�
�
�

2

2
; (5) 

LBC hð Þ ¼
1

NBC

XNBC

j¼1

�
�
�B uh½ � tBC;j; xBC;jð Þ

�
�
�

2

2
; (6) 

Lr hð Þ ¼
1

Nr

XNr

j¼1

�
�
�
@uh

@t
tr;j; xr;jð Þ þ N uh½ � tr;j; xr;jð Þ

�
�
�

2

2
; (7) 

where LIC hð Þ enforces the initial conditions, LBC hð Þ enforces the 
boundary conditions, and Lr hð Þ is the residual loss that requires the 
network’s outputs to satisfy the PDE at collocation points. The sets of 
points xIC;jf g

NIC
j¼1

, tBC;j; xBC;jf g
NBC
j¼1 , and tr;j; xr;jf g

Nr
j¼1 can be chosen as 

vertices of a fixed mesh or generated via random sampling during 
each iteration of the gradient descent algorithm. A key advantage of 
PINNs is the use of automatic differentiation, which efficiently com
putes all necessary gradients analytically with respect to both input 
variables and network parameters h. Note that the hyper-parameters 
fkIC, kBC, and krg allow for balancing the contributions of each loss 
term during training and can be set manually or tuned 
automatically.65,66

B. Two-way fluid–solid interaction: Governing 
equations

This work focuses on two-dimensional, incompressible, isother
mal flows interacting with rigid, non-deformable bodies. The 
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coupling between the fluid and the solid is bidirectional: the fluid 
exerts a drag force and moment on the solid, while the solid’s motion 
enforces a no-slip boundary condition on the fluid.

1. Fluid dynamics

The fluid phase is governed by the incompressible Navier– 
Stokes equations as follows: 

r � u t; xð Þ ¼ 0 t; x 2 0;T½ � � Xf ; (8) 
@qf u t; xð Þ

@t
þr � qf u t; xð Þ � u t; xð Þð Þ

¼ −rpþ lr2u t; xð Þ t; x 2 0;T½ � � Xf ; (9) 

where u is the fluid velocity, p is the dynamic pressure, qf is the fluid 
density, and l is the dynamic viscosity. The fluid domain is denoted 
by Xf and the simulation is carried out over the time interval T. The 
initial and boundary conditions for the fluid are defined as 

u 0; xð Þ ¼ u0 xð Þ; x 2 Xf ; (10) 

Bfixed u t; xð Þ; p t; xð Þ½ � ¼ 0; t; x 2 0;T½ � � @Xfixed
f ; (11) 

u t; xð Þ ¼ vb t; xð Þ; t; x 2 0;T½ � � @Xs;b tð Þ; (12) 

where Bfixed represents the boundary operator on fixed boundaries 
(e.g., slip, no-slip, inlet, and outlet), and Eq. (12) enforces the no-slip 
condition on the surface of solid b, with vb denoting the rigid-body 
velocity.

2. Solid motion

The motion of body b is described by the two-dimensional pla
nar Newton–Euler equations. The equations for linear and angular 
momentum are given as follows: 

mbab tð Þ ¼ Fb tð Þ t 2 0;T½ �; (13) 

Jb _xb tð Þ ¼ Mb tð Þ; _/b tð Þ ¼ _xb tð Þ t 2 0;T½ �: (14) 

Because the motion is confined to the x–y plane, the angular 
velocity and the angular momentum both are aligned with the 
out-of-plane unit vector ẑ. The gyroscopic term therefore van
ishes identically, irrespective of the body geometry. Here, mb and 
Jb denote, respectively, the mass and the centroidal polar moment 
of inertia per unit span; ab is the acceleration of the body centroid; 
and /b, xb, and _xb are the rotation angle, angular velocity, and 
angular acceleration about the z-axis. The quantities Fb and Mb 
are the net external force and the net external moment about the 
body centroid, respectively. All force and moment quantities are 
understood per unit span.

The hydrodynamic resultant force and out-of-plane moment are 
evaluated by integrating the fluid traction over the instantaneous 
body boundary, 

Fh;b tð Þ ¼
ð

@Xs;b tð Þ

−p t; xð ÞI2 þ l ru t; xð Þ þ ru t; xð Þ
T

� �h i

� nds

t 2 0;T½ �; (15) 

Mh;b tð Þ ¼
ð

@Xs;b tð Þ

nb t; xð Þ

� −p t; xð ÞI2 þ l ru t; xð Þ þ ru t; xð Þ
T

� �h i

� n
n o

� ẑ ds

t 2 0;T½ �: (16) 

Here, n is the unit normal directed from the body into the fluid, 
nbðt; xÞ ¼ x − XbðtÞ is the position vector relative to the body cen
troid, rb ¼k nbk2 is the corresponding radial distance, and I2 is the 
two-dimensional identity tensor. Since p denotes the dynamic pres
sure rather than the total pressure, the surface-stress integral in 
Eq. (15) yields the non-hydrostatic hydrodynamic force and therefore 
excludes buoyancy. The buoyancy contribution must consequently be 
accounted for separately in the external-force balance in Eq. (13).

To fully resolve the solid motion, the position and velocity can 
be obtained through time integration. The rigid-body velocity on the 
surface is 

vbðt; xÞ ¼ VbðtÞ þxbðtÞ ẑ � nbðt; xÞ t; x 2 0;T½ � � @Xs;bðtÞ; (17) 

where Xb and Vb are the centroid position and velocity. This velocity, 
together with Eq. (12), forms the no-slip boundary on moving bound
aries, enabling the two-way fluid–solid coupling.

C. Transfer learning-enhanced coupling for PINNs- 
based fluids and moving solids

Our proposed framework leverages an iterative coupling strategy 
that is distinguished by two key features: 

(1) Empirical drag force initialization: An established empirical 
drag force model provides a physics-informed initial guess for 
the drag forces.

(2) Transfer learning–enhanced iterations: The framework 
incorporates transfer learning by reusing the neural network 
parameters from previous iterations as a “warm start” for sub
sequent iterations, thus accelerating convergence and enhanc
ing robustness.

In each iteration, the solid and fluid governing equations are 
solved alternately while updating the coupling terms and boundary 
conditions dynamically. Figure 1 schematically illustrates the overall 
strategy. 

Step 1: Updating the hydrodynamic-load estimate

In the first iteration, an empirical drag-force correlation for a 
two-dimensional circular cylinder provides a physics-based initial 
estimate. Because all simulations are strictly two-dimensional, we use 
the quasi-steady drag force per unit span, 

Fqs;ð1Þ
D;b ðtÞ ¼ −

1
2

qf CDðRe?ÞD? kVb!fðtÞk2 Vb!fðtÞ; (18) 

CDðRe?Þ ¼ 1þ 10 Re−2=3
? ; (19) 

Re? ¼
qf D? kVb!fk2

l
; (20) 

where CD is the two-dimensional circular-cylinder drag coefficient,67 

Re? is the initializer Reynolds number, qf is the fluid density, 
and Vb!f is the body velocity relative to the fluid. Here, D? is the 
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cross-stream reference width supplied to the initializer; for a circular 
cylinder, D? ¼ Dc ¼ 2a. The confined-cylinder initialization multi
plies the quasi-steady part of Eq. (18) by an empirical linear wall- 
effect factor, MB ¼ 1= 1 − 1:8 BRð Þ, where BR ¼ D?=W is the block
age ratio; this follows the two-dimensional bluff-body wall-effect cor
rection form of Ota et al.68 while retaining the coefficient as a case- 
initialization parameter rather than a physical wall model. The 
initialization also includes a potential-flow added-mass reaction 
Fam;b ¼ −maddaest

b with madd ¼ CaqfpD2
?=4 and Ca ¼ 1 per unit 

span. Equivalently, the explicit initialization solves mb þmaddð Þaest
b ¼

mb 1 − qf=qsð ÞgþMBFqs
D;b, and then uses 

Fest; 1ð Þ
h;b ¼ MBFqs; 1ð Þ

D;b þ Fam;b; (21) 

as the initial hydrodynamic-force history. In the very first iteration, 
before a fluid solution is available, the ambient fluid is assumed 
quiescent, uf ¼ 0; hence, the relative velocity reduces to body 
velocity, Vrel ¼ Vb. For the release-from-rest cases considered here, 
Vb t ¼ 0ð Þ ¼ 0.

In subsequent iterations, the hydrodynamic-force estimate is 
updated via a weighted combination of its previous estimate and the 
value calculated using PINNs from the previous iteration. This proce
dure resembles a relaxation method for solving nonlinear systems, 
where the hydrodynamic load acts as the unknown variable and the 
coupled Navier–Stokes and Newton–Euler equations constitute the 
nonlinear operator, 

Fest;ð‘Þ
h;b ðtÞ ¼ ð1 − fÞ Fest;ð‘−1Þ

h;b ðtÞ þ f FPINN;ð‘−1Þ
h;b ðtÞ: (22) 

Here, f serves as a relaxation factor to promote stability. 

Step 2: Updating solid kinematics

The positions and velocities of the solid bodies are updated using 
the calculated forces and moments. To perform time integration, we 
employ the velocity-Verlet algorithm, which is favored in molecular 
dynamics and discrete element method because it balances accuracy, sta
bility, and energy conservation with simple implementation. Although 
velocity-Verlet is second-order accurate for position-dependent forces, 
its direct application to the present hydrodynamic loading is formally 
first-order because the force depends on particle velocity (drag 
/ Vb!fk k2Vb!f ) and acceleration (added mass).69 In the coupled 
solver, this time integration is embedded within the outer load iteration. 
Equations (23) and (24) advance the solid with a fixed load history dur
ing each outer iteration. The overall temporal accuracy therefore 
depends on the uniform time step Dt ¼ T=NDt , with Nt ¼ NDt þ 1 
time nodes. Section III A 2 reports the measured temporal order; the 
time grids used in the physical studies are stated in Sec. III B, 

Xbðt þ DtÞ ¼ XbðtÞ þ VbðtÞDt þ
1
2

abðtÞDt2; (23) 

Vbðt þ DtÞ ¼ VbðtÞ þ
abðtÞ þ abðt þ DtÞ

2
Dt: (24) 

Step 3: Solving the fluid field using transfer learning-enhanced 
PINNs

In this step, the fluid domain is adaptively sampled to optimize 
the distribution of collocation points. The update process involves: 

• Re-sampling points on the moving boundary,

FIG. 1. Workflow of the transfer learning- 
enhanced iterative strategy.
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• Increasing the density of points near the solid–fluid interface,
• Removing points that are located within the solid region.

We employ the Hammersley sampling method—a quasi- 
random sequence generation technique—to ensure an efficient and 
uniform distribution of collocation points.70,71 Figure 2 illustrates the 
updated sampling points at an iteration. The sampled points on the 
moving boundary are annotated with their corresponding velocity 
information. It is apparent that a higher density of points is selected 
near the solid–fluid interface.

The fluid solution is approximated by the neural network out
puts, where h represents the learnable parameters of the network, 

u t; xð Þ � uh t; xð Þ; p t; xð Þ � ph t; xð Þ; (25) 

where the network parameters h before training are initialized ran
domly at the first fluid–solid iteration. During subsequent iterations, 
we leverage TL by initializing h with the previously trained parame
ters. Although the fluid field continues to evolve in iterations, their 
solutions remain close between two neighboring time steps. Thus, the 
use of transfer learning to inherit previously learned knowledge, 
together with minimal fine-tuning for the updated scenarios, can 
greatly accelerate the convergence of PINNs in coupling simulations 
of moving solids and fluids. 

Step 4: Calculating the hydrodynamic loads with PINNs

After obtaining the fluid solution from PINNs, the hydrody
namic forces and moments acting on each solid are computed. 
Automatic differentiation is used to efficiently obtain the spatial gra
dients of the velocity and pressure fields at collocation points, 
enabling accurate evaluation of the stress acting on the solids. The 
hydrodynamic force and torque are then obtained by integrating the 
surface traction over the solid boundary with an end point-averaged 
trapezoidal panel rule (tractions averaged over the endpoints of each 
secant panel of the discretized surface), using a dedicated set of sur
face points represented through the analytic parametric form of the 
boundary. Section III A 2 confirms its second-order convergence with 
respect to the number of surface points. The verification and physical- 
study resolutions are reported with their respective configurations. 

Step 5: Convergence check

Convergence is assessed by comparing the PINN-calculated 
(Step 4) and estimated (Step 1) hydrodynamic-load histories. This 

criterion is analogous to the relative change in the solution commonly 
used in the convergence analysis of relaxation methods, 

XNt−1

n¼0
kFPINN;ð‘Þ

h;b ðtnÞ − Fest;ð‘Þ
h;b ðt

nÞk
2
2

XNt−1

n¼0
kFest;ð‘Þ

h;b ðt
nÞk

2
2

2

6
6
6
6
6
4

3

7
7
7
7
7
5

1=2

< eout; (26) 

where eout is the prescribed outer tolerance. The values used in 
physical studies are stated in Sec. III B, and their sensitivity is 
examined in Appendix C. If the criteria are not met, return to 
Step 1 for the next iteration. This process continues until conver
gence, ensuring accurate capture of the two-way coupled fluid– 
solid dynamics.

D. Motion-constrained inverse formulation for joint 
viscosity identification and flow reconstruction

The inverse formulation reverses the information flow of the for
ward fluid–solid interaction problem: rather than predicting the solid 
motion and flow field through an outer fluid–solid iteration, it infers 
the constant viscosity and the latent fluid field consistent with a time- 
resolved solid-motion record. The observations are solid-centroid 
velocities tn; vn

b; obs
� �� �Nobs

n¼1
, where Nobs is the number of recorded 

time levels. The body geometry, solid and fluid densities, initial state, 
and fixed-domain boundary conditions are assumed known. The 
inverse unknowns are the network parameters h representing uh; phð Þ
and the spatially and temporally constant viscosity l. No interior 
fluid-velocity or pressure observations are supplied to the inverse 
optimization.

The motion record plays two roles in the inverse solve, but only 
one augments the forward PINN loss. First, it prescribes the moving- 
wall data already enforced through Eqs. (6), (12), and (17). Second, 
after temporal differentiation and application of the solid momentum 
balance, it supplies a motion-inferred target for an additional body- 
level force-consistency term. These two uses originate from the same 
velocity record and therefore do not constitute independent 
measurements.

Motion-prescribed moving boundary. The observed velocity 
sequence and the known initial centroid position determine the dis
crete solid motion used to position the known body geometry. The 
solid positions are propagated using the same discrete solid time- 
integration rule as in the forward formulation. The resulting motion 
is imposed through the no-slip condition in Eq. (12) on the corre
sponding moving boundary @Xs;bðtÞ. No additional moving- 
boundary equation or separate moving-boundary loss is introduced 
in the inverse formulation. The pointwise velocity mismatch remains 
part of the boundary-condition loss Lbc defined in Eq. (6). The dis
tinction from the forward problem lies in the source of its boundary 
data: in the forward solve, the solid motion is updated from the 
Newton–Euler equations during the outer fluid–solid iteration, 
whereas in the inverse solve it is prescribed by the processed motion 
record and remains fixed during optimization.

Motion-inferred integral-force constraint. The same velocity 
record is differentiated to obtain the solid acceleration required by the 
momentum balance. The acceleration is evaluated as 

FIG. 2. Configuration of updated sampling points at an iteration. 
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an
b;obs ¼

−3v1
b;obs þ 4v2

b;obs − v3
b;obs

t3 − t1 ; n ¼ 1;

−vn−1
b;obs þ vnþ1

b;obs

tnþ1 − tn−1 ; 1 < n < Nobs;

vNobs−2
b;obs − 4vNobs−1

b;obs þ 3vNobs
b;obs

tNobs − tNobs−2 ; n ¼ Nobs;

8
>>>>>>>>><

>>>>>>>>>:

(27) 

which are the standard second-order forward, centered, and backward 
differences for uniformly sampled time sequence. Decomposing the 
net force in Eq. (13) as Fb ¼ Fh;b þ Fknown;b yields the motion- 
inferred hydrodynamic force, 

Fmot;n
h;b ¼ mban

b;obs − Fn
known;b: (28) 

Here, the superscript “mot” denotes a force inferred from the solid- 
motion record rather than a directly measured force. Fn

known;b collects 
all prescribed or analytically known load contributions that are 
excluded from the surface-traction integral. The corresponding PINN 
force, FPINN

h;b , is evaluated from the surface-stress integral in Eq. (15) 
over the motion-prescribed boundary @Xs;bðtÞ. It is not obtained 
from the empirical drag-force initializer in Eq. (21), which is not used 
in the inverse solve. The additional force-consistency loss matches the 
motion-inferred and PINN-predicted surface-integrated forces, 

LFh;bðh; lÞ ¼
1

Nobs

XNobs

n¼1

�
�
�FPINN

h;b ðt
n; h; lÞ − Fmot;n

h;b

�
�
�

2

2
: (29) 

Equation (29) is therefore a motion-to-traction consistency condition 
at the body level. It compares the force inferred from the observed 
rigid-body acceleration with the force obtained by integrating the 
PINN-predicted surface stresses; it does not introduce an additional 
force-sensor measurement.

Joint inverse objective. Extending the notation of Eq. (4) to 
include the trainable viscosity, the inverse objective is 

Linvðh; lÞ ¼ Lðh; lÞ þ kFhLFhðh; lÞ: (30) 

Here, Lðh; lÞ retains the initial condition, boundary condition, and 
governing-equation residual terms defined in Eqs. (4)–(7). Relative to 
the forward formulation, the inverse objective augments Eq. (4) only 
with the force-consistency term LFh , while promoting the viscosity l 

from a prescribed material parameter to a trainable scalar parameter. 
No interior velocity- or pressure-data mismatch terms are included in 
Eq. (30). The solid-velocity history is therefore the only time- 
dependent measurement stream entering the inverse calculation; all 
other inputs are prescribed physical and configuration information, 
rather than additional observations.

Identifiability rationale. Reconstructing an interior flow from 
moving-boundary kinematics alone is, in general, ill-posed. The pre
sent formulation avoids that form of the problem for two structural 
reasons: the unknown field collapses to a single scalar, and the obser
vation record itself supplies the datum that selects this scalar.

The collapse follows from the forward structure of the con
straints. Conditional on any admissible viscosity l > 0, the flow fields 
must satisfy a completely specified prescribed-motion forward prob
lem, Eqs. (8)–(12) with the recorded motion entering through Eq. (17), 
whose velocity solution is unique at finite Reynolds number and finite 
time. The latent field is therefore not an independently adjustable 

unknown but the forward solution associated with l, and field recon
struction reduces to identifying one scalar.

The governing equations, the initial state, and the boundary con
dition—including the record itself—cannot, however, determine this 
scalar: for every admissible l, the corresponding forward solution sat
isfies them exactly. The viscosity is thus a flat direction of the physics 
loss. Equation (29) removes this degeneracy by using the record a sec
ond time. Differentiated and inserted into the solid momentum bal
ance, Eqs. (27) and (28), the record yields the hydrodynamic force 
history that the predicted surface traction must reproduce. This force- 
consistency condition thereby plays the role of the missing interior 
probe.

In the inverse solve, every candidate viscosity is evaluated against 
the same recorded motion, so the question is whether two viscosities 
can produce the same force history at identical kinematics. A qualita
tive argument indicates that they cannot. At fixed kinematics, the 
quasi-steady drag force increases monotonically with l across low-to- 
moderate Reynolds-number range (Re / 1

l 
and dCD

dRe < 0), so distinct 
viscosities produce distinct force histories. It is therefore reasonable to 
expect, although not proven here, that exactly one viscosity is consis
tent with the observed record; through the conditional forward prob
lem, this also fixes the flow field. Section III F tests this expectation 
empirically.

The core notation is collected here, after all elements of the for
ward and inverse formulations have been introduced and before the 
results. Subscripts identify physical objects, components, parameter
izations, or data roles; upright superscripts identify a solution or load 
source. The simulations are posed in the x; yð Þ plane, with rigid-body 
rotation about the z-axis (Table II).

III. RESULTS AND DISCUSSION
This section follows a verification-to-capability sequence. We 

first verify the numerical components and their two-way-coupled 
assembly with manufactured solutions. We then define the paired 
physical forward and inverse configurations and the distinct roles of 
their ALE references. The forward branch is validated first, with a 
circular-particle regime stress test delimiting its demonstrated scope. 
The next two sections examine iteration-level TL and reuse across 
related FSI cases. The section closes by testing empirical viscosity 
recovery and flow reconstruction in the motion-only inverse branch.

A. Manufactured-solution verification
Using the method of manufactured solutions (MMS), we verify 

the proposed framework progressively: first its numerical compo
nents, then an imposed-kinematics moving-boundary fluid problem 
(one-way coupling), and finally a complete two-way coupling 
problem. This hierarchy follows the verification architecture of 
Barbeau et al.72

1. Manufactured target and verification protocol

For a translating cylinder in two dimensions, the absence of a 
steady Stokes solution precludes the usual construction from a closed- 
form base flow. We instead use a dipole–rotlet stream function. Let 
X ¼ x − Xb tð Þ, Y ¼ y − Yb tð Þ, and r2 ¼ r2

b ¼ X2 þ Y2 for coordi
nates relative to the circular particle center; the manufactured velocity 
and pressure fields are 
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wMMS ¼ Vx tð ÞY − Vy tð ÞX
� �

b rð Þ − xb tð ÞR2 ln
r
R
;

b rð Þ ¼
2R2

r2 −
R4

r4 ;

(31) 

uMMS ¼
@wMMS

@y
;−

@wMMS

@x

 !

;

pMMS ¼ p0 þ cl
Vx tð ÞX þ Vy tð ÞY

r2 ;

(32) 

where the subscript MMS marks the manufactured target; xb tð Þ
denotes the angular velocity of the particle; and p0 is an arbitrary 
gauge constant, removed before pressure errors are evaluated. The 
amplitude c of the manufactured pressure is a free design parameter, 
any value yields an exact manufactured pair (uMMS, pMMS), and is set 
to c¼ 4 so that the pressure integral carries one-third of the closed- 
form hydrodynamic load, 

FMMS
h;b ¼ −8pl Vb

|fflfflfflfflffl{zfflfflfflfflffl}
viscous shear

−cpl Vb
|fflfflfflfflffl{zfflfflfflfflffl}

pressure

¼ −12pl Vb;

MMMS
h;b ¼ −4plR2 xb:

(33) 

Appendix A gives exactness, traction, and load-integration in full.
Mirroring the oscillating kinematics of Barbeau et al.,72 the pre

scribed motion is a vertical oscillation without spin, 

Yb tð Þ ¼ Y0 þ A sin xosctð Þ;

Vb tð Þ ¼ 0; Axosc cos xosctð Þð Þ; xb � 0;
(34) 

so a single translational load channel is exercised. We use A¼ 0.25R 
and xosc ¼ 2:0 on the domain [0, 6R]2 with the oscillation centered at 
(3R, 3R), T¼ 0.5, and R ¼ qf ¼ l ¼ 1, giving Re ¼ 2Rqf maxt 
k Vb tð Þk2=l ¼ 2RAxosc ¼ 1. The momentum source is defined 
through the residual operator of Eq. (9), Rm u; pð Þ

¼ qf @tuþ u � rð Þu½ � þ rp − lr2u: the source sMMS ¼

Rm uMMS; pMMS
� �

is generated symbolically and supplied at the collo
cation points. The loss penalizes Rm uh; phð Þ − sMMS

h i
=qf , which 

vanishes identically at the manufactured pair. Manufactured Dirichlet 
and initial data complete the exact target.

Increasing the number of PINN collocation points at fixed net
work architecture and training budget refines the space–time sam
pling, but need not produce a uniform power law in the total field 
error.72,73 We therefore report measured orders for the isolated quad
rature and time-integration tests, and fit an observed space–time 
collocation-refinement rate only where the field data exhibit a coher
ent descending branch.

The study spans a nine-level collocation ladder, Nr ¼ 102 to 
4� 104 interior points, with the boundary and initial point counts 
scaled as N2=3

r so that Nr is the single resolution control; every level is 
repeated over three random seeds and reported as mean 6 standard 
deviation. Field errors are evaluated on an independent, denser 
space–time test set (�8:4� 104 points, excluding the particle inte
rior); the pressure is compared after removal of the optimal constant 
(gauge) shift, p�h ¼ ph − hph − pMMSi. The space–time relative L2 
error for velocity and pressure are 

TABLE II. Core symbols and index conventions for the 2D planar formulation. 

Symbol Meaning

u ¼ u; vð Þ; u0 Fluid velocity and prescribed initial velocity field
p Dynamic pressure (with the hydrostatic body force absorbed); no separate total-pressure vari

able is used
qf ; qs; l; � Fluid and solid densities, dynamic viscosity, and kinematic viscosity � ¼ l=qf
Xf ; Xs;b tð Þ Fluid domain and time-dependent domain of body b
Xb; Vb; ab Centroid position, velocity, and acceleration of body b
/b; xb; _xb Rotation angle, angular velocity, and angular acceleration of body b
mb; Jb; I2 Mass and planar moment of inertia (both per unit span), and two-dimensional identity tensor
nb; rb Centroid-relative position nb ¼ x − Xb and distance rb ¼k nbk2
Fb; Mb Net external force and moment on body b
Fh;b; Mh;b Full surface-stress hydrodynamic force and moment; only a force component along the 

relative-flow direction is called drag
Fqs; 1ð Þ

D;b Quasi-steady drag used only to initialize the first outer iteration
Deq; D?; Dc Area-equivalent diameter, cross-stream reference width, and circular-cylinder diameter
h; f; eout Network parameters, load-relaxation factor, and outer-coupling tolerance
Nt; NDt ¼ Nt − 1; Nobs Number of time nodes, time steps, and observation records
NIC; NBC; Nr; Nq Numbers of initial, boundary, residual-collocation, and surface-quadrature points
b 2 1;…;Nbf g Rigid-body index; Nb ¼ 2 for the two-particle drafting case and Nb ¼ 1 otherwise
Subscripts c; j; q Vector/load component, spatial or test point, and surface-quadrature point
Superscripts n; ‘ð Þ Discrete-time or observation-record index and outer-iteration index
Upright labels Descriptive/data labels are subscripts (e.g., IC; BC; and obs); solution or load sources are super

scripts (e.g., PINN;ALE; est;mot; and MMS)
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EU ¼

X

t

�
�
�uh − uMMS

�
�
�

2

L2

 !1=2

X

t

�
�
�uMMS

�
�
�

2

L2

 !1=2 ;

Ep ¼

X

t

�
�
�p

�

h − pMMS
�
�
�

2

L2

 !1=2

X

t

�
�
�pMMS

�
�
�

2

L2

 !1=2

: (35) 

Solid-response accuracy is measured by the relative L2 errors of the y- 
position, y-velocity, and drag time series, denoted Ex, Evel, and EF . 
These definitions apply to each run; unless stated otherwise, all E� val
ues reported below are three-seed means, and the error bars in Fig. 3 
denote one standard deviation.

2. Isolated-component verification

We first isolate the surface integration (Sec. II C, Step 4) and 
solid time integration (Step 2), both of which enter the coupled solver. 

For the exact fields, the end point-averaged trapezoidal panel rule 
exhibits second-order convergence with the number of surface points 
[slope −2.02; Fig. 3(a)]. Its relative load error is 6:71� 10−4 at the 
benchmark setting Nq ¼ 100 and 2:52� 10−5 at the MMS setting 
Nq ¼ 512. The latter is used throughout the assembled MMS tests, 
making the surface-integration error negligible relative to the field 
errors. For the isolated solid-update test, the implemented integrator 
is driven by the closed-form load Fb ¼ −12plVb þ Fext;b, for which 
the manufactured trajectory is exact. Evaluating the force at the half- 
step velocity gives successive temporal orders of 0.87, 0.94, and 0.97 
over NDt ¼ 20–160 [Fig. 3(b)]; thus qt ! 1, as expected for velocity- 
Verlet with a velocity-dependent force.69

3. One-way coupling verification

We next prescribe the exact kinematics to define the imposed- 
kinematics problem (one-way coupling). Removing the load-to- 
motion update thereby isolates the moving-boundary fluid PINN, no- 
slip condition, and traction integration. With the kinematics pre
scribed, the error curves in Figs. 3(c) and 3(d) exhibit two clearly sep
arated regimes. Below Nr � 500; the error is collocation-controlled: 
refining from Nr ¼ 100 to 500 reduces EU tenfold, from 10.1% to 
1.0% (observed collocation-refinement rate −1.42 against Nr), and 

FIG. 3. Progressive manufactured-solution 
verification for the oscillating-cylinder dipole– 
rotlet case. (a) Exact-field force error EF vs 
surface points Nq; (b) half-step solid-update 
error Evel vs time steps NDt ; (c) and (d) 
space–time EU and gauge-pressure Ep for 
imposed (one-way) and coupled (two-way) 
dynamics; (e) drag error for both problems; 
and (f) coupled Ex and Evel. Panels (c)–(f) 
show three-seed mean and standard devia
tion over Nr ¼ 102 − 4� 104; the anno
tated imposed slopes fit Nr ¼ 100–500.
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Ep from 12.3% to 4.3% (rate −0.64), with the three seeds tightly clus
tered. Beyond Nr � 500, the changes become modest and non- 
monotone at fixed architecture and training budget, which means the 
network-approximation error and the optimization error dominate. 
We therefore fit the rates only over the initial descending interval; the 
later points do not form a second power-law regime. The drag error 
decreases from 7.1% to 0.75% across the ladder.

4. Two-way coupling verification

Finally, we restore two-way coupling. This is the assembly test of 
the proposed framework. The computed hydrodynamic load advan
ces the solid, and the computed state relocates and updates the 
moving-boundary condition. To retain the same manufactured trajec
tory as the exact coupled solution, we add the external load 
Fext;b ¼ mb €Xb − FMMS

h;b , with mb ¼ qspR2 and qs=qf ¼ 2:5. The pro
duction relaxation parameters are f ¼ 0:1 and eout ¼ 0:005. To test 
robustness to the initial guess, the first drag estimate is set to zero 
rather than taken from the empirical initialization. All 27 runs (nine 
resolutions and three seeds) converge from this uninformative guess 
to the prescribed tolerance within 35–44 outer iterations. The recov
ered trajectory remains within 0:4% of R for Nr � 103 and within 
0.94% even at Nr ¼ 100. At the finest level, Ex ¼ 1:2� 10−4, 
Evel ¼ 0:44%, and EF ¼ 0:66% [Fig. 3(e)].

Recovery of the exact trajectory in every coupled run verifies the 
consistent assembly of the fluid field, hydrodynamic load, solid 
update, and moving boundary. Figures 3(c) and 3(d) then shows how 
replacing prescribed kinematics with the computed motion affects 
field accuracy. Below Nr ¼ 500, the two problems are nearly indistin
guishable in velocity and pressure error. Between Nr ¼ 200 and 500, 
the imposed curve continues its collocation-controlled decrease, 
whereas the coupled curve departs earlier from this trend and enters a 
higher, non-monotone band with a visibly larger three-seed spread. 
At Nr ¼ 4� 104, the coupled errors are EU ¼ 1:3% and Ep ¼ 4:9%, 
compared with 0.50% and 2.7% under imposed dynamics.

This departure is consistent with the structural difference 
between the two problems. Under imposed dynamics, a load discrep
ancy remains an output; under coupled dynamics, it perturbs the solid 
state, hence the moving-boundary condition and subsequent fluid 
and load solutions. The mean net-drag errors nevertheless remain 

comparable over the six levels with Nr � 103 (coupled/imposed ratio 
0.72–1.13), so the field departure is not accompanied by a systematic 
increase in drag error. The resulting field errors fluctuate instead of 
forming a power-law regime, and no independent space–time 
collocation-refinement rate is inferred. A tolerance-continuation test 
excludes premature outer termination as the primary cause of this 
departure. Tightening the coupling tolerance tenfold to eout ¼ 5� 10−4 

changes the coupled field errors by less than 20%, produces little further 
change below eout ¼ 10−3, and does not bring them back to the imposed 
reference.

Together, these tests establish the quadrature and time- 
integration orders, verify the moving-boundary field and load evalua
tion under prescribed motion, and recover the manufactured trajec
tory with two-way coupling.

B. Physical benchmark setups and reference solutions
Figure 4 organizes the physical study around a common gravity- 

driven moving-boundary setting and two opposite information flows. 
In the forward benchmarks, the material properties are prescribed 
and the transient flow and rigid-body motion are predicted jointly, 
without ALE flow-field supervision or prescribed trajectory data. In 
the controlled inverse benchmark, one time-resolved particle-centroid 
vertical-velocity record supplies both the moving-wall kinematics 
and, through the momentum balance, the integral-force target, while 
the viscosity and latent flow are inferred without interior velocity or 
pressure observations. The comparison is therefore at the level of 
information flow.

Across these physical configurations, no-slip conditions are 
imposed on the lateral and bottom boundaries, as well as at the solid– 
fluid interface. A free-slip condition is applied at the top boundary 
(i.e., vertical velocity v¼ 0, and @u=@y ¼ 0). Because free-surface 
deformation and gas-phase dynamics are not resolved in the present 
model, the upper boundary is treated as a flat, shear-free rigid lid, 
consistent with the intended single-phase, non-deforming-surface 
approximation.74 The confinement level is quantified by the blockage 
ratio (D?=W), which ranges from 0.15 to 0.335 across the primary 
benchmarks (Table III).

All dimensional quantities are reported in SI units. The baseline 
forward benchmarks use l ¼ 1� 10−3 Pa s, qf ¼ 1 kg=m3, and 

FIG. 4. Physical configurations and reversed 
information flow. The forward branch (left) 
predicts fluid and rigid-body motion from pre
scribed material properties. The motion- 
constrained inverse branch (right) uses the 
observed vertical particle-centroid velocity 
vb;obs to infer l, u, and p without interior flow 
observations. Both are gravity-driven and 
share the wall-condition pattern; Table III lists 
the case-specific parameters.
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qs ¼ 2:5 kg=m3, giving qs=qf ¼ 2:5 and Galileo number Ga ¼ 7:0 at 
the area-equivalent particle diameter Deq ¼ 15 mm particle scale 
(Table III). For the incompressible Newtonian fluid–rigid-body prob
lem considered here, at fixed geometry, gravity, and initial and 
boundary conditions, the common scaling ðqf qslÞ ! cðqf qslÞ leaves 
both qs=qf and Ga unchanged. Under the same scaling, the dynamic 
pressure and hydrodynamic force and moment scale by c, as do the 
rigid-body inertia, gravity, and buoyancy terms. The rescaled contin
uum problem therefore admits the same fluid velocity and rigid-body 
kinematics. The wider-regime tests in Sec. III C 6 uses l ¼ 0:373 Pa s, 
qf ¼ 970 kg=m3, and qs ¼ 1120 kg=m3, while the motion-only 
inverse case in Sec. III F uses l ¼ 0:373 Pa s, qf ¼ 970 kg=m3, and 
qs ¼ 1120 kg=m3.

The relevant nondimensional parameters for the physical cases 
are summarized in Table III. The Reynolds number is defined as 
Re ¼ qf Deqmaxt k VALE

b tð Þk2=l, where Deq is the area-equivalent 
particle diameter and maxt k VALE

b tð Þk2 is the maximum particle- 
centroid settling speed of the corresponding ALE reference solution. 

The Galileo number is defined as Ga ¼ 1 − qs=qf
�
�

�
� gD3

eq

� �0:5
=�, 

where � ¼ l=qf . The confinement, or blockage, ratio is defined as is 
D?=W, where D? is the particle width normal to the principal settling 
direction and W is the domain width. For circular particles, 
Dc ¼ Deq ¼ D?.

Reference solutions were obtained using COMSOL Multiphysics 
with the Arbitrary Lagrangian–Eulerian (ALE) moving mesh 
method.74 The ALE solutions play different evidentiary roles in the 
two branches. For the forward benchmarks, they are used only for 
post-solve validation; no ALE flow field or particle trajectory super
vises the PINN solve. For the inverse benchmark, ALE supplies the 
synthetic particle-centroid velocity record, while its velocity and pres
sure fields are withheld until post-training evaluation. For every 
physical-case field error reported below, each evaluated snapshot is 
treated independently. We triangulate the retained irregular 
COMSOL points by Delaunay reconstruction and accumulate 
one-third of each retained triangle’s area at each vertex to 
obtain lumped weights wj. For f 2 u; vf g, the snapshot error is 
P

j wj f#;j − f ALE
j

� �2
=
P

j wj f ALE
j

� �2
� �1=2

. Before applying the same 

norm to pressure, the predicted and ALE pressures are each centered 
by their own weighted spatial mean at that snapshot. The reported 
run value is the unweighted arithmetic mean of the snapshot relative 
errors. The forward physical studies use T ¼ 0:5 s with Nt ¼ 101 
time nodes (NDt ¼ 100 and Dt � 5:0� 10−3 s) and Nq ¼ 100 surface 

points per time slice. Their coupling controls are f ¼ 0:1 and 
eout ¼ 0:005. The motion-constrained inverse study uses T ¼ 1:0 s, 
Nobs ¼ 101, and Nq ¼ 100, without an outer load iteration. Appendix B 
gives the physical-study network, loss, sampling, and optimizer 
configurations; Appendix C reports the tested sensitivities.

C. Forward benchmark validation
We consider the following benchmark cases, chosen to represent 

a range of typical FSI scenarios involving different particle shapes and 
dynamics:

1. Settling of a single circular particle

This fundamental case involves a single circular particle (diameter 
15 mm) settling under gravity in quiescent fluid within a domain mea
suring 0.10 m by 0.16 m. Initially, the particle is positioned 0.12 m above 
the bottom wall before being released to drop. Figure 5 presents the 
training loss of the TL-enhanced iterative strategy. The run comprises 
one initial solve followed by 18 warm-started iterations (19 fluid solves 
in total) and satisfies Eq. (26) (eout ¼ 0:005) in approximately 129 min. 
In the first iteration, the model is trained using the Adam optimizer 
with a learning rate of 0.001 for the initial 10 000 epochs. This approach 
helps prevent convergence to a local minimum due to the random ini
tialization of the neural network. Afterward, the limited-memory 
Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) optimizer is employed 

FIG. 5. Training loss curve for the TL–enhanced iterative strategy. 

TABLE III. Nondimensional parameters of the physical benchmark. 

Case Re qs=qf Ga Blockage D/W

Single circular particle 2.8 2.5 7.0 0.15
Ellipses (AR 1.0–0.2) 2.9–3.2 2.5 7.0 0.168–0.335
Drafting (two particles) 3.4 2.5 7.0 0.15
Inclined ellipse (30�) 3.1 2.5 7.0 0.194
Wider regime 31.8–117.9 1.167 38.9–112.8 0.15
Inverse problem 2.0 1.155 5.9 0.15
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to fine-tune the model. Starting from the second iteration, and in subse
quent iterations, only the L-BFGS optimizer is used for training, as the 
neural network is initialized using the results from the previous iteration 
and the low relaxation factor (f¼ 0.1) for drag force updates ensures 
that the solution between consecutive iterations remains close. 
Subsection 2 of Appendix C shows that this strong under-relaxation is 
necessary rather than incidental: with every other control unchanged, 
the same benchmark is terminated as divergent for f¼ 0.3 and above.

Figure 6 demonstrates close quantitative agreement (relative-L2 

errors of < 1% in position, velocity, and drag; Table IV) between the 
PINNs-based framework (denoted as ML or machine learning) and 
the COMSOL (ALE) reference for particle position, velocity, and drag 
force evolution. Figure 7 further illustrates a comparison of the spatial 
velocity and pressure fields at selected time. Table IV gives snapshot- 
mean relative-L2 errors of 2.1%, 1.6%, and 2.0% in u, v, and p, respec
tively. Figure 8 illustrates the convergence of the drag force 

FIG. 6. Comparison of particle set
tling dynamics over time between 
the PINNs-based framework (ML) 
and the COMSOL (ALE) reference 
solution. Domain: 0.10� 0.16 m2; 
single circular particle of diameter 
0.015 m released from rest; 
Ga¼ 7.0, and Re¼ 2.8.

TABLE IV. Relative L2 errors (%) of the PINN predictions with respect to the ALE reference solutions for the forward benchmarks. 

Case Particle trajectory Particle velocity Hydrodynamic load Flow field u/v/p

Single circular particle 0.23 0.55 0.88 2.1/1.6/2.0
Ellipses (AR¼ 0.8) 0.32 0.75 0.87 2.9/1.9/2.3
Ellipses (AR¼ 0.6) 0.37 0.87 2.47 3.1/2.0/2.2
Ellipses (AR¼ 0.4) 0.55 1.85 1.51 4.8/3.8/4.5
Ellipses (AR¼ 0.2) 0.79 4.26 2.62 7.9/8.7/9.0
Drafting (two particles) Leading: 0.59; trailing: 0.50 Leading: 1.13; trailing: 1.06 Leading: 0.81; trailing: 1.10 5.1/4.8/3.6
Inclined ellipse (30�) x/y//b: vx/vy/x: Fx/Fy/Mz: 3.5/2.5/2.3

0.24/0.42/0.41 2.76/0.90/2.32 7.47/2.19/3.03

FIG. 7. Comparative snapshots of 
velocity components and pressure 
fields over time between the 
PINNs-based framework (denoted 
as ML) and the COMSOL (ALE ref
erence). Domain: 0.10� 0.16 m2; 
single circular particle of diameter 
0.015 m released from rest; 
Ga¼ 7.0, Re¼ 2.8; snapshots at 
t¼ 0.1 s and t¼ 0.4 s.
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throughout the iterative process. The initial drag force estimate, 
derived from the empirical correlation [Eq. (21)], differs from the 
two-dimensional COMSOL reference. At the first iteration, a discrep
ancy emerges between the initial estimate and the drag force calcu
lated by PINNs, with the COMSOL reference typically residing 
between these two approximations. However, with progressive itera
tions, the drag force estimates and the drag force generated by PINNs 
gradually align and converge toward the COMSOL reference 
solutions.

2. Settling of elliptical particles with varying aspect 
ratios

To test the proposed PINNs-based solver’s capability in account
ing for particle shape, we simulate the settling of elliptical particles. The 
shape is characterized by the aspect ratio AR¼ b/a, where a and b are 
the semi-major axes along the x and y directions, respectively. Five cases 
with AR values of 1.0 (circular), 0.8, 0.6, 0.4, and 0.2 are considered, all 
having an equivalent diameter of 15 mm. Figure 9 depicts the evolution 
of the settling velocity for each particle shape. Under the present axis- 
aligned and confined configuration, the settling velocity decreases with 
decreasing AR. Because the equivalent diameter and gravitational driv
ing are unchanged, this difference mainly arises from hydrodynamic 
resistance. A smaller AR increases the particle projection normal to the 
settling direction and narrows the lateral fluid passages, thereby 
enhancing both pressure drag and gap-induced viscous resistance. 
The trend therefore reflects the combined effects of shape anisotropy 
and channel confinement, consistent with previous studies of non- 
spherical-particle drag and confined elliptical-particle sedimentation.75,76 

The predicted velocities closely match COMSOL results, thereby verify
ing our framework’s ability to recover the shape-dependent hydrody
namic loads associated with non-circular geometries. The 

corresponding trajectory, drag, and field errors are summarized in 
Table IV. The AR¼ 0.4 and 0.2 cases use the NA-B architecture rather 
than NA-A (Table X); Subsection 3 of Appendix C documents that this 
is forced by the regime, since NA-A carried unchanged to the most 
elongated case diverges under otherwise identical controls.

3. Drafting of two circular particles

This case involves two circular particles settling simultaneously 
in a rectangular channel (0.10 m by 0.22 m). The particles are initially 
positioned at 0.14 and 0.17 m from the bottom. The drafting phenom
enon is examined when the trailing particle enters the wake region of 
the leading particle. Figure 10 shows that prior to approximately 

FIG. 8. Drag force update over 
selected outer iterations for the sin
gle-circular-particle study. Panels 
(a)–(d) show outer iterations 1, 5, 
10, and 15, respectively. “Load 
estimate” denotes the force history 
entering that iteration, and “PINN 
surface load” denotes the traction- 
integrated result.

FIG. 9. Evolution of settling velocities for elliptical particles with AR values of 1.0, 
0.8, 0.6, 0.4, and 0.2. Domain 0.10� 0.16 m2; equivalent diameter 0.015 m; 
Ga¼ 7.0, and Re¼ 2.9–3.2. In the legend, “ML” denotes the PINN prediction and 
“ALE” denotes the COMSOL (ALE) reference.
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0.09 s, both particles settle at nearly identical speeds, indicating that 
the trailing particle has not yet been significantly influenced by the 
wake of the leading particle. As the trailing particle subsequently 
enters the developed wake, it encounters fluid that has been entrained 
downward by the leading particle. This downward wake flow reduces 
the slip velocity between the trailing particle and the surrounding 
fluid, while also lowering the stagnation pressure on its upstream sur
face. Consequently, the hydrodynamic drag acting on the trailing par
ticle decreases, whereas its buoyancy-corrected weight remains 
essentially unchanged. The resulting increase in the net downward 
force accelerates the trailing particle, causing the interparticle gap to 
decrease. This sequence constitutes the physical mechanism underly
ing the classical drafting stage observed in experiments and direct 
numerical simulations.1,77 The result predicted by the PINNs-based 
framework matches well with that in COMSOL (relative-L2< 1.2%, 
Table IV), thereby verifying our framework’s ability to capture the 
non-contact interaction between particles mediated by the surround
ing flow. Figure 11 further shows the downward-moving wake and 
the associated pressure variation extending toward the trailing parti
cle, providing a field-level explanation for the divergence of the two 
settling velocities. The corresponding trajectories and field errors are 
summarized in Table IV.

4. Settling of an elliptical particle with an initial 
slanting angle

An elliptical particle with an aspect ratio AR¼ 0.6 is released 
with an initial slanting angle of 30�. This case incorporates both trans
lational and rotational dynamics. Initial guesses for the hydrodynamic 
force in the x direction and the torque are set to zero. These values are 
only numerical initializations; the lateral force and torque subse
quently develop from the asymmetric flow around the inclined parti
cle. Figure 12 compares the translational and rotational motion of the 
particle over time between the PINNs-based solution and COMSOL, 
demonstrating high agreement (relative-L2 errors of <0:5% in trajec
tory, <3:0% in velocity; see Table IV). At a nonzero inclination, pres
sure and shear stresses are distributed asymmetrically over the two 
sides of the ellipse, producing both a lateral force and a hydrodynamic 
torque. The resulting rotation changes the projected area and flow 
separation around the particle, which in turn modifies its translational 
force. This feedback explains the observed coupling between horizon
tal motion, vertical settling, and rotation. Similar pressure- and shear- 

induced turning mechanisms have been identified for elliptical par
ticles settling in confined channels.76,78 Figure 13 provides a sequence 
of snapshots showing how the asymmetric velocity and pressure fields 
evolve together with the particle translation and rotation. The case 
with an initial slanting angle of 30� is selected as a representative 
example to demonstrate the capability of the proposed method in 
handling inclined elliptical particles. This choice does not imply any 
limitation of the method—our approach is applicable to other inclina
tion angles as well.

5. Accuracy and physics-consistency

Table IV summarizes the relative L2 errors of the PINN predic
tions with respect to the ALE reference solutions for all forward bench
marks, including particle trajectories, velocities, surface-integrated 
hydrodynamic loads, and the fluid velocity and pressure fields. Across 
all cases, the errors in particle trajectory and velocity remain below 5%, 
while those in the hydrodynamic loads remain below 8%. The corre
sponding field errors range from 2.1% to 7.9% for u, from 1.6% to 
8.7% for v, and from 2.0% to 9.0% for p. The largest discrepancies 
occur for the slenderest particle, AR¼ 0.2, but all reported errors 
remain below 10%. Overall, the results demonstrate that the proposed 
framework retains quantitative accuracy across variations in particle 
geometry, particle number, and coupled translational–rotational 
motion. Appendix C quantifies how far the entries of Table III move 
when the ingredients that are not fixed by the governing equations are 
perturbed: the initial-load model (Subsection 1 of Appendix C), the 
coupling controls f and e (Subsection 2 of Appendix C), and the net
work architecture (Subsection 3 of Appendix C).

Agreement with an ALE reference solution does not, by itself, 
establish that the learned fields satisfy the governing equations and 
boundary conditions. We therefore freeze each trained network and 
evaluate it on an independently resampled space–time audit set gener
ated after training and not used for any subsequent optimization. At 
each of 21 equally spaced times over the simulation interval, the audit 
set contains 8000 uniformly sampled candidates in the computational 
domain and 512 points on each outer and moving boundary. 
Candidates located inside the particles are discarded. Surface RMS 
quantities on elliptical boundaries are evaluated using local arc length 
weights. Each diagnostic is first computed as a spatial RMS quantity 
at fixed time and is then averaged uniformly over the 21 evaluation 
times.

To place the PDE residuals on a dimensionless, scale-aware 
basis, each is normalized by the RMS magnitudes of its constituent 
equation terms. For momentum component c 2 x; yf g, let 
Tc;t ¼ @tuc, Tc;a ¼ u � ruc, Tc;p ¼ q−1

f @cp, and Tc;� ¼ −�r2uc, with 
Rmom;c ¼

P
a2 t;a;p;�f g

Tc;a. Using �k kRMS to denote the spatial RMS at 
a given evaluation time, the normalized continuity and momentum 
imbalances are defined as 

gcðtÞ ¼
k@xuþ @yvkRMS

k@xukRMS þ k@yvkRMS
; gm;iðtÞ ¼

kRm;ckRMSX

a2 t;a;p;�f g

kTc;akRMS
:

(36) 

Boundary conditions with zero target values require an external 
physical scale for normalization. We take Uc ¼ maxt Vp;ALE tð Þ

�
�

�
� over 

FIG. 10. Time evolution of the settling velocities for two circular particles in the draft
ing test. Domain 0.10� 0.22 m2; particle diameter 0.015 m; Ga¼ 7.0, and Re¼ 3.4. 
“ML” denotes the PINN prediction and “ALE” the COMSOL (ALE) reference.
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FIG. 11. Snapshots of particle positions with corresponding velocity and pressure fields illustrating the drafting phenomenon at 0.1, 0.2, 0.3, 0.4, and 0.5 s. Two circular par
ticles (diameter 0.015 m) in a 0.10� 0.22 m2 domain; Ga¼ 7.0, and Re¼ 3.4; fields are the PINNs (ML) prediction.
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the reported trajectory (the larger value over the two particles for draft
ing) and Deq ¼ 15 mm. On moving and fixed no-slip boundaries, the 
velocity mismatch uPINN − uC is normalized by Uc. On the top free- 
slip boundary, the normal-velocity residual is normalized by Uc, 
whereas the normal gradient of tangential velocity is normalized by 
Uc=Deq. Table V reports the uniform temporal averages of these equa
tion and boundary residuals, denoted by �g and �e, respectively.

Table V focuses on the fluid governing equations and boundary 
conditions. Because the Newton–Euler equations are satisfied by 

construction in the discrete element method (DEM) update, a same- 
state rigid-body force balance would not constitute an independent 
diagnostic. Hydrodynamic-load accuracy relative to the ALE solution 
and stress-integration accuracy are already assessed in Table IV 
and the exact-field MMS tests, respectively. Across the post-training 
audit, the mean continuity imbalance ranges from 0.153% to 0.789%, 
while the two momentum imbalances range from 0.233% to 1.191%. 
All normalized velocity-based boundary residuals remain below 
0.804%, and the normalized free-slip shear-gradient residual remains 

FIG. 12. Comparison of the trans
lational and rotational dynamics of 
an elliptical particle with initial 
slanting angle between the PINNs- 
based framework and COMSOL. 
Domain 0.10� 0.16 m2; ellipse 
AR¼ 0.6, equivalent diameter 
0.015 m, released at 30�; 
Ga¼ 7.0, Re¼ 3.1; ML¼ PINN, 
ALE¼COMSOL reference.

FIG. 13. Sequential snapshots of particle 
position along with velocity and pressure 
fields for the elliptical particle with a 30�
initial slanting angle. Domain 
0.10� 0.16 m2; ellipse AR¼ 0.6, equiva
lent diameter 0.015 m, released at 30�; 
Ga¼ 7.0, Re¼ 3.1; fields are the PINNs 
(ML) prediction.
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below 0.0125%. Taken together, Tables IV and V provide complemen
tary evidence: Table IV quantifies the external accuracy of the predicted 
solution relative to the ALE reference, whereas Table V demonstrates 
the satisfaction of the Navier–Stokes equations and prescribed bound
ary conditions at the reported scale-aware residual levels.

6. Wider-regime assessment and wake-instability- 
induced failure mode

The primary benchmark cases correspond to a low-Reynolds- 
number regime of Re � 2–4. To assess the performance of the 
proposed framework at higher Reynolds numbers, we consider two 
additional configurations obtained by jointly modifying the solid–fluid 
density contrast and the fluid viscosity, while retaining the circular- 
particle diameter D ¼ 15 mm and the lateral blockage ratio 
D?=W ¼ 0:15. In both cases, qs ¼ 1120 kg=m3 and qf ¼ 960 kg=m3, 
giving qs=qf ¼ 1:167, while the dynamic viscosities are set to 0.058 
and 0.02 Pa s. These parameter combinations yield Ga¼ 38.9 and 
112.8, respectively, and produce characteristic Reynolds numbers of 
Re¼ 31.8 and 117.9 in the corresponding ALE reference solutions. 
The Re¼ 117.9 case employs a taller domain and a higher release posi
tion, 0.10� 0.24 m2 with y0¼ 0.20 m, compared with 0.10� 0.16 m2 

with y0¼ 0.12 m for Re¼ 31.8 case. Both configurations are simulated 
over a 1.0 s interval.

At Re ¼ 31:8 (Ga ¼ 38:9), the ALE reference exhibits centerline- 
aligned settling with a wake that remains approximately reflection- 
symmetric about the vertical centerline. At Re ¼ 117:9 (Ga ¼ 112:8), 
the reference solution develops appreciable transverse drift and particle 
rotation associated with an asymmetric, instability-driven wake, consis
tent with the dynamics reported for freely falling circular cylinders.79 

Within the present configurations, the two checkpoints therefore rep
resent qualitatively distinct wake responses: one in which wake instabil
ity remains dynamically weak and another in which it becomes an 
important component of the coupled particle motion.

At Re ¼ 31:8, the coupled iteration remains quantitatively accu
rate. The relative L2 errors in the vertical particle position, vertical 
velocity, and vertical hydrodynamic force are 1:0%, 1:2%, and 1:8%, 
respectively, while the corresponding field errors in u, v, and p are 
6:9%, 5:7%, and 5:1%. At Re ¼ 117:9, the dominant vertical settling 
response remains reasonably reproduced, with errors of 3:1%, 6:1%, 
and 3:5% in the vertical position, velocity, and hydrodynamic force, 

respectively. The flow-field errors, however, increase substantially to 
30:5%, 43:8%, and 25:1% in u, v, and p. The degradation is associated 
specifically with the instability-driven component of the response 
rather than with transverse or rotational motion in general. Over the 
simulated interval, the PINN predicts only approximately 44% of the 
transverse excursion and 57% of the rotation angle obtained from the 
ALE reference, indicating that it underpredicts the growth of the 
unstable wake modes.

This distinction is important because the framework accu
rately captures coupled transverse and rotational motion in the 
inclined-ellipse benchmark, where these responses arise from parti
cle anisotropy, initial orientation, and the resulting deterministic 
fluid–particle interaction. The deterioration observed at Re ¼ 117:9 
should therefore not be attributed to the presence of transverse 
translation or rotation per se. Rather, it reflects the difficulty of the 
present physics-only PINN formulation in recovering the growth 
and nonlinear evolution of instability-driven wake structures. This 
behavior is qualitatively consistent with previous observations that 
data-free PINNs may converge toward overly steady solutions and 
fail to reproduce vortex shedding in cylinder wakes.80,81 More gen
erally, nonphysical attractors and local minima associated with 
unstable dynamical systems have been identified as an important 
source of PINN failure.82

Taken together, these results show that the framework is not 
intrinsically restricted to the Re � 2–4 range represented by the pri
mary benchmarks. Its demonstrated range of validity extends to sub
stantially higher Reynolds numbers when instability-driven wake 
dynamics have not become dynamically dominant. The relevant limi
tation identified here is not the occurrence of transverse or rotational 
particle motion, but the ability of the present formulation to represent 
the emergence and growth of unstable wake modes. The transfer- 
learning results discussed next concern temporal conditioning and 
computational reuse within this demonstrated scope, not a remedy 
for wake-instability-driven dynamics.

D. Analysis of the transfer learning-enhanced iterative 
strategy

Iterative strategies are essential in resolving coupling problems, 
yet deploying PINNs as solvers within these strategies presents two 
critical challenges. First, PINNs often struggle with transient problems 

TABLE V. Post-training, scale-aware resampling audit of the fluid governing equations and boundary conditions for the forward benchmarks. Equation entries are uniform 
temporal means of term-normalized spatial RMS residuals, whereas boundary entries are uniform temporal means normalized by Uc or Uc=Deq. All entries other than Uc are 
percentages. “Side” denotes the larger of the left- and right-wall residuals; for the drafting case, the moving-wall entry is the larger of the two particle-surface residuals. 

Case Uc (m s−1) Continuity �gc (%)
Momentum  

x/y �gm;x=�gm;y (%)
Moving-wall  

no-slip �eC;u (%)
Side/bottom  

�eC;u (%)
Top free-slip  

�etop;n=�etop;s (%)

Single circular particle 0.1863 0.173 0.268/0.251 0.316 0.126/0.109 0.148/0.0022
Ellipses (AR¼ 0.8) 0.1758 0.180 0.293/0.287 0.290 0.135/0.426 0.161/0.0022
Ellipses (AR¼ 0.6) 0.1608 0.156 0.259/0.233 0.295 0.124/0.307 0.170/0.0029
Ellipses (AR¼ 0.4) 0.1367 0.417 0.599/0.756 0.651 0.214/0.249 0.367/0.0061
Ellipses (AR¼ 0.2) 0.0915 0.789 1.066/1.191 0.804 0.697/0.697 0.765/0.0124
Drafting (two particles) 0.2692 0.294 0.435/0.406 0.476 0.149/0.317 0.303/0.0032
Inclined ellipse (30�) 0.1603 0.153 0.249/0.238 0.294 0.132/0.183 0.125/0.0024
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exhibiting strong temporal dependencies,83 which can lead to non
physical solutions within an iteration which propagates errors 
throughout the iteration process. Second, PINNs need to be re- 
trained for each iteration to accommodate evolving boundary condi
tions, causing expensive computational costs.

We therefore examine whether transferring network parame
ters between successive outer coupling iterations can alleviate 
these difficulties. Specifically, using the benchmark case of a single 
circular particle settling under gravity (Sec. III C 1), we quantita
tively compare the performance with and without transfer learn
ing across iterations. In our strategy, neural network parameters 
from previous iterations serve as physics-informed initializations, 
providing a robust starting point. In contrast, the baseline 
approach initializes neural networks randomly for each iteration. 
We explicitly evaluate both strategies regarding: (a) the temporal 
distribution of the PDE residuals and (b) the computational effi
ciency across iterations.

1. NTK diagnostics and temporal residual distribution

To characterize the temporal optimization behavior, we analyze 
the empirical neural tangent kernel (NTK)66,84 associated with the 
temporal residual loss Lr h; tð Þ at each prescribed time slice. Let 
Rhðt; xiÞ denote the PDE residual evaluated at spatial point xi and 
time t. The empirical residual NTK is defined as 

Kh tð Þ½ �ij ¼

�
@Rh

@h
t; xið Þ;

@Rh

@h
t; xjð Þ

�

; i; j ¼ 1; 2;…;Nx tð Þ; (37) 

where NxðtÞ is the number of spatial points retained in the fluid 
domain at time t. For each diagnostic time slice, 2000 candidate 
points are initially sampled over the computational domain, after 
which points located inside the particle are removed. Consequently, 
the dimension of KhðtÞ is determined by the retained count NxðtÞ, 
rather than by the nominal candidate count of 2000.

Under the local NTK approximation, the eigenvalues of Kh(t) 
characterize the mode-wise rates at which the residual at time t can be 
reduced during optimization.66 Following Wang et al.,83 we use 
the mean NTK eigenvalue as a scalar temporal convergence rate 
diagnostic, 

CðtÞ ¼

XNx tð Þ

k¼1
kk tð Þ

Nx tð Þ
¼

Trace Kh tð Þð Þ

Nx tð Þ
; (38) 

where kkðtÞ
� �NxðtÞ

k¼1 are the eigenvalues of Kh(t). NxðtÞ is the number 
of spatial collocation points at time slice t, matching the dimensional
ity of the NTK matrix defined in Eq. (37).

Figure 14 illustrates the temporal residual loss Lrðh; tÞ and tem
poral convergence rate C(t) at the end of selected outer coupling itera
tions. The diagnostics are evaluated at 20 prescribed time slices. For 
both initialization strategies, C(t) generally increases with time, indi
cating faster local residual optimization at later times. This temporal 
imbalance is consistent with the “violation of causality” problem 
reported for PINNs: insufficient optimization near the beginning of 
the time interval can generate errors that propagate forward, so small 
later-time residuals do not necessarily imply an accurate transient 
solution.83

Without transfer learning across iterations [Fig. 14(a)], compara
tively large early-time residuals persist as the outer coupling iteration 
proceeds. In contrast, the TL-enhanced iteration strategy [Fig. 14(b)] 
progressively reduces both the early-time and overall residual levels 
while producing a more balanced temporal residual profile. At the 
common comparison point of outer iteration 19, the mean residual 
over the first five time slices and that over all 20 time slices are 
reduced to 12.6% and 13.6%, respectively, of the corresponding values 
obtained without transfer learning. Meanwhile, the ratio of the early- 
quarter to late-quarter mean residual decreases from 2.38 to 1.73, 
indicating that the residuals become less concentrated near the begin
ning of the time interval.

The NTK results nevertheless provide an important qualifica
tion. The convergence-rate diagnostic remains larger at later times 
under both strategies, and transfer learning does not reduce the late- 
to-early contrast in CðtÞ. Thus, parameter transfer does not eliminate 
the underlying temporal bias. Rather, it supplies a substantially better 
initialization that lowers the overall residual level and mitigates the 
resulting early-time residual concentration.

The same diagnostic was applied to an additional elliptical- 
particle benchmark with AR¼ 0.6. Between the end of the first outer 
iteration and the final evaluation, the early-quarter and all-slice mean 
residuals decrease to 25.7% and 30.1% of their initial values, respec
tively, while the early-to-late residual ratio decreases from 2.59 to 

FIG. 14. Temporal residual loss Lrðh; tÞ in the main panels and the empirical-NTK convergence-rate diagnostic CðtÞ in the insets, evaluated at 20 prescribed time slices at 
the end of selected outer coupling iterations for the single circular-particle benchmark: (a) independent random initialization at each outer iteration, without transfer learning 
across iterations, and (b) initialization from the parameters obtained at the preceding outer iteration, with transfer learning across iterations.
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2.08. This confirms that the improvement in temporal residual bal
ance is not case-dependent. Causal PINNs83 and time-marching 
PINNs85 address related temporal-training difficulties by, respectively, 
modifying the temporal weighting of the residual loss and decompos
ing the time domain into sequential subintervals. The present strategy 
instead retains a global-in-time loss and modifies the initialization 
between successive FSI coupling iterations. These approaches there
fore act through different mechanisms and are complementary; incor
porating causal weighting or temporal domain decomposition 
into the present coupling framework is a promising direction for 
future work.

2. Computational efficiency

Because the particle trajectory is not prescribed but obtained 
from the stress-integrated hydrodynamic load, each outer coupling 
iteration defines an updated moving-boundary fluid problem. The 
PINN must therefore be re-optimized after the particle position, 
velocity, and boundary data have been updated. This is an intrinsic 
cost of embedding a global-in-time PINN fluid solver inside a fixed- 
point FSI iteration. If these fluid solves were treated as independent 
trainings from random initialization (without TL across iterations), 
the resulting cost would indeed be prohibitive for a single FSI 
simulation.

The present strategy changes the cost structure of this repeated 
optimization. The loss functional, network architecture, and govern
ing physics are not redesigned at every outer iteration; rather, the 
same physics-informed objective is solved on an updated moving- 
boundary configuration. Only the first fluid solve is initialized ran
domly. All subsequent solves are initialized from the converged 
parameters of the preceding outer iteration, so that the optimization 
acts as a continuation or fine-tuning step from a nearby space–time 
solution rather than as a new solve from scratch. For the single-circu
lar-particle benchmark, both strategies are converged after 19 fluid 
solves: one initial solve followed by 18 outer-iteration updates. Table VI 
combines the solver-level comparison with an iteration-resolved 
decomposition of this repeated-optimization cost.

The iteration-resolved timing data make this distinction quanti
tative. The first solve costs essentially the same with and without TL 

across iterations, 55.37 and 57.38 min, respectively, as expected 
because no preceding network is yet available for a warm start. Over 
the full 19 fluid solves, however, independent retraining accumulates 
1270.8 min, whereas the TL-enhanced strategy accumulates 
129.1 min, giving a total speedup of 9.8�. More revealingly, after 
excluding the first solve, the 18 subsequent fluid updates require 
1213.42 min without TL but only 73.73 min with TL. Thus, the mean 
cost of a repeated update decreases from 67.41 to 4.09 min, corre
sponding to a 16.5� speedup for the repeated-update phase.

This result clarifies the practical role of transfer learning in the 
proposed solver. The coupled PINN framework still requires multiple 
fluid-network optimizations for one FSI trajectory; TL does not 
remove this requirement. Instead, it converts the repeated trainings 
from independent full optimizations into inexpensive continuation 
updates. Therefore, all 18 repeated updates together require only 1.33 
times the cost of the first solve. The accuracy is not degraded by this 
reduction in cost: the particle-velocity relative error is 0.55% with TL, 
compared with 0.78% without TL.

The comparison with COMSOL/ALE should be interpreted in 
the same spirit. The ALE reference requires only 3.0 min for this for
ward benchmark and remains substantially faster than the PINN 
solver. The present result therefore does not establish a computational 
advantage over mature mesh-based forward solvers. Rather, it identi
fies transfer learning as the enabling mechanism that makes the 
repeated moving-boundary PINN solves tractable within the pro
posed two-way neural FSI framework.

In summary, our analysis shows that the transfer learning sub
stantially alleviates, but does not eliminate, both major challenges 
associated with applying PINNs as the solver in the iterative strategy. 
It provides a warm start that markedly reduces the temporal residual 
magnitude, improves the balance between early- and late-time resid
uals, and decreases the cost of the repeated fluid-network optimiza
tions. At the same time, the persistent late-time bias in the NTK 
diagnostic and the substantially lower cost of the ALE reference 
delimit the scope of the conclusions. Within the tested benchmarks, 
transfer learning should therefore be viewed as a key enabling compo
nent of the proposed PINN-based iterative strategy, rather than as a 
complete remedy for temporal optimization bias or a computational 
replacement for conventional forward solvers.

TABLE VI. Computational cost, peak memory, and particle-velocity accuracy for the single circular-particle benchmark: (a) solver-level computational cost and accuracy and 
(b) iteration-level decomposition of the PINN training time. 

(a)

Solver Number of outer-iteration Wall-clock time Peak memory Accuracy (vel. rel. L2)

COMSOL/ALE � � � 3.0 min 2.21 GB Reference
PINN without TL across iterations 19 1270.8 min 2.7 GB 0.78%
PINN with TL across iterations 19 129.1 min 2.7 GB 0.55%

(b)

Across-iteration strategy Initial solve, iteration 1 Subsequent updates, iterations 2–19, total Mean subsequent-update time

Without TL 57.38 min 1213.42 min 67.41 min/iteration
With TL 55.37 min 73.73 min 4.09 min/iteration
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E. Transfer learning across different cases
In addition to improving convergence within iterative solutions 

(discussed in Sec. III D), the PINNs-based framework inherently ena
bles effective transfer learning across different but related FSI scenar
ios. Unlike traditional numerical solvers, PINNs can repurpose the 
learned neural network to solve slightly modified problems, signifi
cantly accelerating convergence for new cases with common underly
ing physics. To demonstrate this advantage, we investigated transfer 
learning performance across three representative scenarios, as sum
marized in Table VII. In each case, the PINN pretrained on a base 
case was used to initialize training in a related but distinct target case. 
The scenarios include: (i) a change in particle shape (from circular to 
elliptical), (ii) a change in initial orientation of an elliptical particle, 
and (iii) a change in the number of particles and domain size (from 
single to two interacting particles).

Across all three scenarios, TL yields speedup of 1.343, 1.183, 
and 1.203 for shape, orientation, and particle-count transfers, respec
tively. Meanwhile, the final L2 relative errors (L2RE) for the predicted 
particle velocities remained comparable, or lower than, those obtained 
by training from scratch. These results demonstrate that the reduction 
in computational cost does not compromise the accuracy of the con
verged solutions. This efficiency gain primarily arises from two key 
factors. First, provided the physical properties and governing equa
tions remain consistent, the previously learned parameters encode 
valuable physics insights, thereby positioning the solution closer to 
the global optimum from the outset. Second, initial drag force esti
mates derived from the base-case scenarios provide a more accurate 
initial guess than traditional empirical drag models, making them 
closer to the true drag forces experienced for the target-case particles.

F. Viscosity identification and flow-field reconstruc
tion from particle-motion observations

We now evaluate the motion-constrained inverse formulation of 
Sec. II D using the motion-only information flow illustrated in Fig. 4 
(right). The evaluation addresses a joint parameter–state inverse prob
lem: whether one time-resolved rigid-body motion record is sufficient 
to identify the viscosity while simultaneously reconstructing velocity 
and pressure fields that are never supplied during training. The con
trolled configuration is the gravity-driven settling of a single circular 
particle described in Sec. III B and Table III. The reference dynamic 
viscosity is lref ¼ 0:373 Pa s, and the characteristic Reynolds number 
is Re � 2. Symmetry restricts the motion to vertical translation, with 

neither horizontal displacement nor rotation, and the force- 
consistency constraint is therefore applied only in the vertical direc
tion. Under the dynamic-pressure convention, the analytically known 
load is constant in time and reduces to the submerged weight, 
Fknown;b ¼ 1 − qf=qsð Þmbg.

The inverse solve receives only the COMSOL ALE particle- 
centroid vertical-velocity record over t 2 0; 1½ � s, sampled at 
Dtobs ¼ 0:01 s (Nobs ¼ 101 observations). No interior fluid velocity or 
pressure sample from the reference solution enters the objective in 
any form, and no independently measured force is supplied: the ALE 
velocity and pressure fields are withheld entirely and used only for 
post-training evaluation. Reconstructing an interior Navier–Stokes 
field from moving-boundary kinematics alone would be ill-posed, 
and the formulation does not rely on doing so. As set out in Sec. II D, 
the record is used twice, both times through its temporal derivative. 
Differentiation and the solid momentum balance give the motion- 
inferred vertical-force target of Eq. (28), which is enforced through 
Eq. (29); propagating the same motion-derived acceleration sequence 
with the discrete solid time-integration rule gives the trajectory that 
prescribes the moving no-slip boundary. The raw record is therefore 
not imposed pointwise as wall data; it enters through the recon
structed trajectory. It is the second use, the body-level integral-force 
constraint, that supplies the observable the moving-wall condition 
cannot, and it is this constraint, rather than any interior measure
ment, that makes l identifiable in practice.

Continuity with the forward branch is deliberate. The inverse 
runs use the same network architecture as the forward benchmarks 
(NA-A), the same surface-traction quadrature, and the same sampling 
scheme (S-A); the objective adds a single body-level term to the for
ward loss (LW-B, with force weight kFh ¼ 100). Because the motion 
and its force target are fixed by the record, the outer fixed-point itera
tion on the hydrodynamic load is not needed at all: each inverse result 
below is a single Adam-L-BFGS training run. The same physics and 
the same machinery therefore carry the framework from forward pre
diction to inverse identification.

Three claims are assessed in turn: that viscosity and the withheld 
flow state are recovered together from the clean record and that this 
outcome is stable with respect to network initialization; that the 
recovery degrades in a characterizable way when the record is per
turbed; and that the resulting capability, while distinct from classical 
falling-body viscometry, remains a controlled proof of concept. Only 
quantities compared against data that never enter the objective are 
reported as errors: the withheld ALE fields for the state and lref for 

TABLE VII. Quantitative comparison of training runtime and accuracy between training from scratch and transfer learning (TL) across three test scenarios. 

Scenario Base case! target case Metric
Train from  

scratch
Transfer  
learning

Speedup  
with TL

Different particle  
shapes

Circular particle (Sec. III C 1)! elliptical  
particle with equivalent diameter (Sec. III C 2)

Runtime (min) 119.5 89.0 �1.34
L2RE (%) 0.87% 0.86%

Different particle  
orientations

Section III C 2! Sec. III C 4 Runtime (min) 149.4 125.9 �1.18
L2RE (%) 0.90% 0.81%

Different particle  
count and fluid domain

A single circular particle  
(Sec. III C 1)! two circular  

particles (Sec. III C 3)

Runtime (min) 177.3 147.6 �1.20
L2RE (%) 1.13% 0.68%
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the parameter. We write l̂ for the terminal viscosity estimate and 
El ¼ l̂ − lrefj j=lref for its relative error.

1. Joint recovery of viscosity and latent flow, and 
stability of the joint optimization

Because l and the network parameters are optimized together, 
the first question is whether the outcome is a property of the formula
tion or of a particular initialization. The clean inversion is therefore 
repeated with network seeds 1234, 2345, and 3456. The observation 
record and the viscosity initialization, l0 ¼ 0:1 Pa s, a factor of 3:7 
below lref , are held fixed so that the comparison isolates the effect of 
network initialization within this tested setting.

Figure 15 illustrates the convergence history of the inferred vis
cosity under three different random initializations of the neural net
work parameters (seeds 1234, 2345, and 3456). In all cases, the 
inferred viscosity converges robustly to the true value (0.373 Pa s), 
despite differences in initialization. During the early stages of training, 
due to insufficient training of the neural network, the PINNs underes
timate the flow-induced drag force, prompting the optimizer to artifi
cially elevate the viscosity to compensate. With progressive training, 
the network predictions improve, leading to a gradual reduction and 
stabilization of the viscosity estimate at the true value. The final esti
mates are 0.3772, 0.3736, and 0.3723 Pa s, respectively, with mean 
0.3744 Pa s. The mean estimate is approximately 0.38% above the ref
erence, the largest individual error is El ¼ 1:13%, and the peak-to- 
peak spread is 1.31% of the three-run mean.

Parameter agreement alone, however, does not establish recov
ery of the latent flow. Table VIII therefore places the terminal viscos
ity and the withheld-field errors on the same seed-wise basis. The 
withheld ALE fields provide the independent state-reconstruction 
test. The u and v errors occupy comparatively narrow ranges of 
7.85%–8.93% and 6.34%–7.54%, respectively. The pressure recon
struction is more sensitive to network initialization, with p errors 
ranging from 5.56% to 10.78%. Hence, the small spread in the identi
fied viscosity does not imply equally small seed-to-seed variability in 

every latent variable. Nevertheless, all three runs recover velocity and 
pressure fields of comparable accuracy without receiving any interior 
flow data.

Two statements follow from the clean benchmark. The viscosity 
and the withheld flow state are recovered together from a single 
motion record: all three runs reach l̂ within 1.13% of lref and recon
struct fields never used in training to the accuracy of Table VIII, with
out interior observation of any kind. That outcome is reached from 
markedly different network initializations, so the joint parameter- 
state training is stable in the sense tested here. The robustness to 
errors in the measured motion is examined next.

2. Noise propagation and empirical robustness limits

The inverse demonstration above uses clean synthetic data. We 
next probe one practical vulnerability, measurement noise, by per
turbing only the quantity that is directly measured (the observed set
tling velocity) and propagating that perturbation through the same 
preprocessing chain used to generate each noisy solver input. 
Specifically, the differentiation [Eq. (27)] defined in Sec. II D maps 
velocity to acceleration, Eq. (28) gives Fh;b;y, and re-integration of the 
same acceleration sequence supplies the corresponding moving 
boundary. The perturbation therefore affects both the moving- 
boundary condition in Eq. (12) and the force mismatch in Eq. (29). 
Two error sources accompany the differentiation in Eq. (27), and 
both reach the two consumers of the record, the motion-inferred 
force target of Eq. (28) and the re-integrated moving boundary. On 
the clean record the finite-difference contribution is the OðDtobs

2Þ

truncation error of the second-order stencils, proportional to the third 
time derivative of the record, entering the force target scaled by mb, 
with a corresponding finite-step error in the reconstructed boundary. 
The clean identification of Sec. III F 1 already contains the combined 
effect of these terms together with optimization and representation 
error, El� 1.13% across seeds (Table VIII); this is an end-to-end 
bound on the clean pipeline, not an isolated estimate of the finite- 
difference contribution.

Let sVy denote the sample standard deviation of the clean vertical 
particle-velocity history. For realization k, the perturbed observation 
at time tn is 

Vn; kð Þ
b;obs;y ¼ Vn

b;clean;y þ aV sVy Zn
k ; k ¼ 1; 2; 3: (39) 

Here, Zn
k are the independent standard Gaussian variables across 

times n and realizations k. Thus, aV ¼ 0:01 denotes a noise standard 

TABLE VIII. Clean-data motion-only inverse results across network initializations. 
El ¼ l̂ − lrefj j=lref is relative error of the terminal viscosity estimate. The u, v, 
and p entries are relative-L2 errors against ALE fields withheld from training. 

Network  
seed

Runtime  
(min) El (%)

Withheld-field error (%)

u v p

1234 36 1.13 8.93 7.54 10.78
2345 43 0.16 7.95 6.34 5.56
3456 35 0.19 7.85 6.65 5.79
Mean 38 0.49 8.24 6.84 7.38

FIG. 15. Optimization histories of the jointly learned viscosity for the clean motion- 
only inverse benchmark. The gray vertical line marks the switch after 5000 Adam 
epochs to L-BFGS. All runs start from l0¼ 0.1 Pa s; the horizontal dashed line 
denotes lref¼ 0.373 Pa s.
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deviation equal to 1% of the temporal standard deviation of the clean 
record, rather than 1% of each instantaneous velocity. We consider 
aV 2 0:005; 0:01; 0:02; 0:05f g, reported as 0:5%, 1%, 2%, and 5%, 
using noise seeds 1001–1003. The network initialization is fixed at 
seed 1234. On a perturbed record, differencing in Eq. (27) additionally 
amplifies the noise: independent velocity noise of standard deviation 
rv ¼ aV � sVy produces acceleration noise of standard deviation 
rv=

ffiffiffi
2
p

Dtobs
� �

at interior time levels and 
ffiffiffiffiffi
26
p

=2
� �

rv=Dtobs at the two 
one-sided end levels. At Dtobs ¼ 0:01 s, this corresponds to differen
tiation gains of approximately 71 and 255 s−1, respectively. This 
acceleration noise enters the motion-inferred force target in Eq. (28) 
scaled by mb, and hence the force-consistency loss of Eq. (29). 
The boundary branch does not retain this amplification: re- 
integration removes the 1=Dtobs scaling at leading order, cumulative 
sums of the differentiated perturbations reduce to O rvð Þ combina
tions of the original velocity perturbations, while the boundary posi
tion acquires the corresponding time-integrated error. No smoothing 
or regularized differentiation is applied at any aV : each perturbed 
record is propagated raw through this chain, so Table IX reports the 
end-to-end sensitivity of the unfiltered preprocessing chain. Filtering 
or regularized differentiation could alter these sensitivities, but is not 
evaluated here.

Table IX summarizes the sensitivity of viscosity identification 
and withheld-field reconstruction to raw velocity noise. The mean vis
cosity error grows monotonically with aV , from 0.31% to 1.93%. The 
most accurate realization shows no systematic degradation across the 
whole range tested, 0.18%, 0.14%, 0.16%, and 0.12%, while the least 
accurate deteriorates steadily, from 0.40% to 1.33%, 3.25%, and 
4.97%. Therefore, the rising mean is a consequence of that lengthen
ing upper tail rather than a shift of the whole distribution.

The withheld fields degrade in step with the scalar parameter. At 
0.5% and 1% noise, the mean u/v/p errors remain comparable to the 
clean seed-1234 values 8.93%/7.54%/10.78% in Table VIII. At 2%, the 
pressure error rises to 12.40% while the velocity-field errors hold at 
9.15%/7.62%; at 5%, all three increase to 10.81%/9.93%/14.10%. This 
progression attributes the loss of accuracy to perturbations of the 
observed motion within the present test.

The relatively modest viscosity errors despite the differentiation 
gains above can be interpreted in terms of two structural features of 
the inverse formulation. These are qualitative explanations, not 
bounds. First, the force-consistency loss of Eq. (29) distributes the 
constraint over all Nobs observation levels rather than allowing any 
single amplified acceleration sample to determine l, and zero-mean 
fluctuations can partially average across the force history; the differen
tiated errors are temporally correlated, and no quantitative attenua
tion rate is claimed. Second, as noted above, the boundary branch 
carries the perturbation at the scale of the raw record, not at the 
amplified one. Table IX is the measurement.

Because an experiment yields one record rather than an ensem
ble, what matters in practice is the upper end of these spreads rather 
than their means, and that upper end stays bounded across the whole 
tested decade of amplitude. Over all 12 noise runs, no realization 
exceeded 4.97% in El, or 11.97%, 10.99%, and 16.36% in u, v, and p; 
each bound is attained at aV ¼ 5%, so the largest amplitude tested 
bounds the study as a whole. Nor does a perturbed record put accu
rate recovery out of reach: at that same amplitude, one realization 
returned lref to within 0.12%. What noise removes is the assurance 
that any particular inversion will be accurate, not the accuracy attain
able in principle, and degradation over a tenfold increase in perturba
tion amplitude is in this sense gradual rather than abrupt.

3. Synthesis and relation to falling-body viscometry

Taken together, the clean-benchmark and perturbed-record 
results validate our inverse formulation in Sec. II D and test two dif
ferent aspects of stability. The clean runs share the same viscosity ini
tialization but use independent network initializations and converge 
to a narrow terminal viscosity band; this supports training repeatabil
ity with respect to the tested network seeds. The noise runs, for which 
the network initialization is fixed, instead assess the end-to-end sensi
tivity of the inverse pipeline to perturbations of the observed velocity 
and support recovery in the tested noise regime. Together with the 
withheld-field comparison, these results support viscosity recovery 
and flow reconstruction from one transient particle-velocity record, 
without interior fluid supervision, for the present settling configura
tion and the clean and low-noise settings examined here.

Classical falling-ball viscometry infers fluid viscosity from the 
settling speed of a spherical particle, generally after terminal motion 
has been established. Its simplest analytical interpretation relies on a 
low-Reynolds-number drag relation, while finite tube diameter and 
length necessitate corrections for wall and end effects.61–63 The pre
sent inverse formulation instead uses the time-resolved transient 
velocity record and represents confinement through the modeled 
geometry and boundary conditions. It therefore does not require the 
particle to attain terminal velocity or the measurement to be reduced 
to an unbounded-domain Stokes relation. Moreover, rather than 
returning only a scalar viscosity, the same optimization reconstructs 
the time-dependent velocity and pressure fields throughout the mod
eled domain. This joint parameter-and-state inference constitutes an 
important distinction from conventional falling-body viscometry.

These findings should nevertheless be interpreted as a controlled 
proof of concept rather than evidence of immediate experimental 
readiness. The present validation is limited to a two-dimensional syn
thetic setting, a single settling configuration, and the clean and low- 
noise records examined here. Sparse temporal sampling, uncertainty 

TABLE IX. Sensitivity of viscosity identification and withheld-field reconstruction to raw 
velocity noise. For each velocity-noise amplitude aV , entries are the mean 6 sample 
standard deviation [minimum–maximum] over three independent noise realizations 
(seeds 1001–1003). El ¼ l̂ − lrefj j=lref is relative error of the terminal viscosity esti
mate. The u, v, and p entries are relative-L2 errors against ALE fields withheld from 
training. 

aV (%) El (%)

Withheld-field error (%)

u v p

0.5 0.31 6 0.12 8.63 6 0.16 7.13 6 0.20 9.97 6 1.66
[0.18–0.40] [8.46–8.78] [6.97–7.36] [8.93–11.88]

1.0 0.82 6 0.61 8.61 6 0.76 7.07 6 0.16 11.32 6 1.72
[0.14–1.33] [7.88–9.40] [6.94–7.24] [9.54–12.96]

2.0 1.38 6 1.64 9.15 6 0.59 7.62 6 0.42 12.40 6 1.37
[0.16–3.25] [8.79–9.83] [7.31–8.10] [11.01–13.76]

5.0 1.93 6 2.64 10.81 6 1.75 9.93 6 1.42 14.10 6 2.89
[0.12–4.97] [8.79–11.97] [8.32–10.99] [10.84–16.36]
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in the prescribed initial state, and errors in the assumed particle den
sity or geometry were not perturbed in the present study. Translation 
to practical inverse analysis will therefore require extension to three 
dimensions and systematic evaluation of these factors, together with 
broader sources of experimental and model discrepancy. Accordingly, 
the present contribution is not a replacement for established viscome
try, but the demonstration of a motion-constrained, physics-informed 
route that jointly identifies viscosity and reconstructs an otherwise 
unobserved flow field from one transient particle-velocity record 
without interior fluid supervision.

IV. CONCLUSION
We have addressed two questions posed at the outset: whether a 

physics-informed solver can determine the free translation and rota
tion of a rigid particle from hydrodynamic loads integrated over its 
own predicted stress field, with no labeled flow or trajectory data; and 
whether the observed kinematics of the body alone, without any inte
rior velocity or pressure datum, can identify a fluid material property 
together with the entire unsteady interior state. Within the regime 
delineated below, we have provided affirmative answers and delivered 
one formulation rather than two solvers. Neural networks represent 
velocity and pressure on the moving space–time domain; the surface- 
integrated traction closes the planar Newton–Euler balance; and the 
two readings of that balance, law of motion and constraint on 
observed motion, define the forward and inverse modes. Only two 
ingredients separate them: the inverse objective adds a body-level 
force-consistency term, and the viscosity becomes trainable.

The forward mode was verified hierarchically against manufac
tured solutions, confirming second-order surface quadrature, the 
expected first-order solid update under velocity-dependent loading, 
and recovery of the exact coupled trajectory from an uninformative 
zero initial load in all 27 assembled runs. It was further validated 
against ALE references on seven benchmarks spanning particle shape, 
count, and inclination. Trajectory and velocity errors remain below 
5%, hydrodynamic-load errors below 8%, and field errors within 
9.0%; an independently resampled post-training audit bounds the 
term-normalized equation imbalances by 1.2% and the boundary 
residuals by 1%, so agreement with the reference is corroborated by 
direct satisfaction of the governing equations. Transfer learning across 
outer iterations is what renders the solver tractable: warm starts con
vert the repeated moving-boundary trainings into continuation 
updates, reducing the mean update cost from 67.4 to 4.1 min and the 
total wall-clock time by 9.8� at slightly improved accuracy, and 
relieving the early-time residual concentration, although the neural- 
tangent-kernel diagnostic shows that the late-time convergence bias 
remains; reuse across related cases yields a further 1.18–1.34�. Since 
a mature ALE code remains faster on any single fully specified solve, 
the framework’s claim rests on its unified, mesh-free, label-free 
forward-inverse formulation, not on forward economy. A wider- 
regime stress test identifies one clear failure mode: accuracy persists at 
Re¼ 31.8, whereas at Re¼ 117.9 the field errors grow to 25%–44% 
because the physics-only formulation underpredicts the growth of 
unstable wake modes, capturing only about half of the transverse drift 
and rotation—a limitation of instability representation rather than of 
transverse or rotational motion as such, which the inclined-ellipse 
benchmark recovers accurately.

In the inverse mode, one transient centroid-velocity record is 
used twice, first as moving-boundary kinematics and differentiated 

through the momentum balance, and second as an integral-force tar
get. We show that it suffices for joint parameter–state recovery. 
Starting from a viscosity a factor of 3.7 below the reference, indepen
dent network initializations identify it to within 1.13% and recon
struct the withheld velocity and pressure fields to 6.8%–8.2% mean 
error, with no interior observation of any kind; under record noise up 
to 5% of the signal’s temporal standard deviation, recovery degrades 
gradually rather than abruptly, the worst realization remaining within 
4.97% in viscosity and 16.4% in field error. The formulation thereby 
extends falling-body viscometry: it requires neither terminal motion 
nor an unbounded-domain drag relation, represents confinement 
through the modeled geometry, and returns the unsteady flow along 
with the coefficient.

Of the boundaries encountered in this study, instability-driven 
wake dynamics constitutes a directly observed failure mode; the 
others largely mark untested regimes or extensions rather than dem
onstrated failures. Extension to three dimensions, which enlarges the 
rotational state and the collocation budget but preserves the same 
field-load-motion closure structure, and to experimental records, 
whose sparse sampling and uncertainties in initial conditions and 
body properties must be systematically assessed, are natural next 
steps. Near-contact configurations, particle–particle collisions, and 
particle–wall collisions lie beyond the pre-contact drafting stage vali
dated here and will require lubrication-resolving sampling together 
with an explicit contact closure. Long-horizon settling compounds 
the temporal-causality bias exposed by the same diagnostic and the 
cost of a single global-in-time representation, pointing to causal 
weighting or temporal domain decomposition as complements to 
cross-iteration transfer. Deformable solids would require replacing 
the Newton–Euler balance by a structural model with interface conti
nuity, while retaining the broader field-load-motion coupling princi
ple. Low solid-to-fluid density ratios are likewise uncharacterized; in 
the present fixed-load-history, under-relaxed outer iteration, reduced 
solid inertia may make the history-level fluid–solid fixed point harder 
to converge. Confronting the identified instability and completing 
these extensions are the steps that separate this controlled proof of 
concept from predictive and metrological use.
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and Appendices. The code and the COMSOL ALE setup files will be 
released at https://github.com/wwangdg/TwoWayFSI2D, Ref. 87.

APPENDIX A: THE MANUFACTURED SOLUTION: 
EXACTNESS AND CLOSED-FORM LOADS

This appendix supports Sec. III A along two short derivation 
routes, 

wMMS; pMMS
� �

! uMMS ! no � slip; incompressibility! sMMS

exactness: Subsection 1 of Appendix Að Þ; (A1) 

uMMS; pMMS
� �

! rMMSn! FMMS
h;b ;MMMS

h;b

� �

closed − form loads: Subsections 2–5 of Appendix A:ð Þ (A2) 
Notation follows Sec. III A; the auxiliary symbols (s, f, u, er, eu) 

are defined below. Three frames are used, each with a fixed role 
(Fig. 16): the global Cartesian frame (x, y) of Sec. II, in which the gov
erning equations and the load integrals of Eqs. (15) and (16) are 
posed; the relative Cartesian frame X ¼ x − Xb tð Þ, Y ¼ y − Yb tð Þ, 
r2 ¼ X2 þ Y2, in which the manufactured fields are written; and the 
polar basis of the relative frame (with u its standard polar angle), 

er¼
ðX;YÞ

r
¼ðcosu; sinuÞ; eu¼ ẑ� er ¼

ð−Y;XÞ
r

; r> 0; (A3) 

which on the interface Cs;b (the circle r ¼ R) coincides with the 
surface basis of Sec. III A, n ¼ er and t ¼ eu, the normal pointing 
from the solid into the fluid. All spatial derivatives below are 
taken at fixed time t, and the two-dimensional loads are per unit 
spanwise length. The derivation is carried in terms of the projec
tions Vb � er and Vb � eu. For presentation, when k Vbk2 > 0, their 
angular dependence may be represented by the derived, signed 
angle, 

v ¼ atan2 ẑ � Vb � erð Þ;Vb � erð Þ; (A4) 

so that 

cos v ¼
Vb � er

k Vbk2
; sin v ¼

ẑ � ðVb � erÞ

k Vbk2
: (A5) 

The angle is used for presentation only. At Vb ¼ 0, it is undefined, 
but both projections, and hence the derivation, remain well 
defined. It is distinct from the particle rotation angle /b of Sec. II B 
(identically zero in the verification case) and from the network 
parameters h.

1. Velocity field and exactness
Writing the stream function of Sec. III A as wMMS 

¼ sb rð Þ − xbR2ln r=Rð Þ with s ¼ VxY − VyX, and using @xs ¼ −Vy, 
@ys ¼ Vx, @xr ¼ X=r, @yr ¼ Y=r, the components of uMMS 

¼ @yw
MMS;−@xw

MMS
� �

follow by direct differentiation, 

uMMS ¼ @yw
MMS ¼ Vxb rð Þ þ sb0 rð Þ

Y
r

− xbR2 Y
r2 ; (A6) 

vMMS ¼ −@xw
MMS ¼ Vyb rð Þ − sb0 rð Þ

X
r
þ xbR2 X

r2 ; (A7) 

i.e., in vector form, since Y;−Xð Þ=r ¼ −eu and −Y;Xð Þ=r ¼ eu, 

uMMS ¼ Vbb rð Þ − sb0 rð Þeu þ xb
R2

r
eu: (A8) 

At r¼R, where b ¼ 1 and b0 ¼ 0, this reduces to uMMS ¼

Vb þ xbReu ¼ Vb þ xbẑ � x − Xbð Þ, the rigid-body surface veloc
ity of Eq. (17): the moving no-slip condition holds exactly. 
Incompressibility is automatic for any stream function. The 
momentum equation is satisfied by construction: with Rm 
the residual operator of Sec. III A, the source is 
sMMS ¼ Rm uMMS; pMMS

� �
, the time derivative including the chain- 

rule contribution of the moving frame, @tjx ¼ @tj X;Yð Þ − Vb � r; the 

loss penalizes Rm uh; phð Þ − sMMS
h i

=qf , which vanishes identically 
at the manufactured pair by definition.

2. Polar-basis projections
Two identities follow directly from the definitions: eu � er ¼ 0, 

and 

s ¼ VxY − VyX ¼ −r Vb � euð Þ ¼ r k Vbk2 sin v: (A9) 

Projecting uMMS of Eq. (A8) onto er (the eu terms drop out) gives 

ur ¼ uMMS � er ¼ b rð Þ Vb � erð Þ ¼k Vbk2b rð Þcos v; (A10) 

FIG. 16. General instantaneous configuration used in Appendix A: global frame (x, 
y); relative frame (X, Y) attached to the particle center Xb tð Þ; polar basis er , 
eu ¼ ẑ � er , coinciding with n; tð Þ on the interface Cs;b. The instantaneous 
translation Vb tð Þ and spin xb tð Þ are arbitrary. The directed angle v is measured 
from Vb toward er and is positive counterclockwise; and u is the standard polar 
angle of the relative frame.
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projecting onto eu and writing f rð Þ ¼ rb rð Þ ¼ 2R2=r − R4=r3, 

uu ¼ uMMS � eu ¼ Vb � euð Þb − sb0 þ xb
R2

r

¼ Vb � euð Þ bþ rb0
� �

þ xb
R2

r
¼ Vb � euð Þf 0 rð Þ þ xb

R2

r
; (A11) 

the middle step substituting s ¼ −r Vb � euð Þ and the last using the 
product rule f 0 ¼ bþ rb0. The surface values used below are 
f Rð Þ ¼ R, f 0 Rð Þ ¼ 1, and f 00 Rð Þ ¼ −8=R: the two derivatives are the 
origin of the coefficients 9 − 1 ¼ 8 in Eq. (A14).

3. Surface stresses
In the cylindrical components of the relative frame, 

rrr ¼ −pMMS þ 2l@rur and rru ¼ l r@r uu=r
� �

þ r−1@uur
� �

. The 
viscous normal stress vanishes on the surface, @rurjr¼R 
¼ Vb � erð Þb0 Rð Þ ¼ 0 (and the rotlet has ur ¼ 0). The shear stress is 
linear in the velocity field, so the translational and rotlet parts 
of uu ¼ utr

u þ urot
u from Eq. (A11), with utr

u ¼ Vb � euð Þf 0 rð Þ and 
urot

u ¼ xbR2=r, contribute separately. The translational part enters 
through both terms of rru: using @uer ¼ eu, 

r@r
utr

u

r

� �

¼ Vb � euð Þ f 00 −
f 0

r

� �r¼R

¼ −
9
R

Vb � euð Þ;

1
r
@uur ¼

b rð Þ
r

Vb � euð Þ
r¼R ¼

1
R

Vb � euð Þ;

(A12) 

the rotlet part has ur ¼ 0, so it enters through the first term only, 

r@r
urot

u

r

� �

¼ r@r
xbR2

r2

� �r¼R

¼ −2xb: (A13) 

Assembling the three contributions, 

rrukr¼R ¼ l −9þ 1ð Þ
Vb � eu

R
− 2xb

� �

¼ −
8l

R
Vb � euð Þ − 2lxb

¼ 8l
k Vbk2 sin v

R
− 2lxb; (A14) 

the last equality using Vb � eu ¼ − k Vbk2sinv [Eq. (A9)].

4. Traction
On Cs;b, where n ¼ er and t ¼ eu, the traction is rMMSn 

¼ rrrnþ rrut; with rrrjr¼R ¼ −pMMS Subsection 3 of Appendix A 
and the decomposition I2 − nn>ð ÞVb ¼ Vb � tð Þt, 

rMMSnkCs;b
¼ −pMMSn −

8l

R
I2 − nn>
� �

Vb − 2lxbẑ � n: (A15) 

5. Load integrals
On Cs;b the position vector is X;Yð Þ ¼ R n, so pMMSjr¼R 

¼ p0 þ cl Vb � nð Þ=R. With n ¼ cos u; sin uð Þ and dC ¼ R du, 
þ

Cs;b

n dC ¼ 0;
þ

Cs;b

t dC ¼ 0; (A16) 

þ

Cs;b

nn>dC¼R
ð2p

0

cos2u sinucosu
sinucosu sin2u

� �

du¼ pRI2: (A17) 

Substituting the traction of Eq. (A15) into the force integral of Eq. (15), 

FMMS
h;b ¼ −p0

þ

n dC −
cl

R

þ

nn>dC

� �

Vb

−
8l

R

þ

I2 − nn>
� �

dC

� �

Vb − 2l xb

þ

ẑ � n dC

¼ 0 −
cl

R
pR Vb −

8l

R
2pR I2 − pR I2ð ÞVb − 0

¼ −cpl Vb − 8pl Vb ¼ − 8þ cð Þpl Vb; (A18) 

which for c ¼ 4 is −12pl Vb. For the torque, Eq. (16) with 
nb ¼ Rn: the pressure traction is parallel to n (R n� n ¼ 0), only 
the tangential traction contributes (n� t ¼ ẑ), and 

MMMS
h;b ¼ R

þ

rru dC

¼ R −
8l

R

þ

ðVb � tÞ dC

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

¼Vb�

þ

tdC ¼ 0

−2l xb

þ

dC

2

6
6
6
6
4

3

7
7
7
7
5

¼ −4plR2xb;

(A19) 

the classical rotlet torque. In the verification case of Sec. III A, 
xb � 0, so MMMS

h;b ¼ 0 and only the translational channel carries 
load.

APPENDIX B: TRAINING CONFIGURATIONS

Table X below outlines the configurations adopted for loss 
weighting, neural network architecture, sampling strategies, and 
optimization procedures across all tested cases: Apart from the col
location counts, which scale with domain size and particle number, 
the network architecture is the only case-dependent entry; 
Subsection 3 of Appendix C reports the evidence supporting that 
one exception.

1. Loss weights
• LW-A: (1, 1, 1, 10, 10, 100, 100), corresponding to: continuity, 

x-momentum, y-momentum, initial condition (IC), free-slip 
condition, fixed wall, and moving wall, respectively.

• LW-B: (1, 1, 1, 10, 10, 200, 1000, 100), with an additional term 
for drag force loss.

2. Network architecture
• NA-A: A standard fully connected network (FCN) comprising 

seven hidden layers, each with 50 neurons, and using the tan h 
activation function.

• NA-B: A modified FCN incorporating random Fourier feature 
embeddings (with embedding dimension 128 and scale 10.0) at 
the input layer, combined with random weight factorization 
(mean 0.5, standard deviation 0.1) applied to the network 
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parameters. The hidden layers use the GELU activation function 
and consist of four layers with 128 neurons each. Further details 
on the implementation of random Fourier feature embeddings 
and random weight factorization can be found in Ref. 86.

3. Sampling strategy
• S-A: Hammersley sampling is used unless otherwise specified. 

• Initial condition: 3000 points
• Boundary conditions: 

• Fixed wall (x direction): 5000 points
• Fixed wall (y direction): 3000 points
• No-slip condition: 3000 points
• Moving wall: 10 000 points sampled in the angular- 

temporal space [0, 2p]� [0, T], representing local polar 
coordinates (angle and time) for moving wall. These points 
are first mapped onto the particle’s local surface using para
metric expression (e.g., circles or ellipses in Cartesian 
space) and then transformed to the global frame via time- 
dependent rigid-body rotation and translation.

• Collocation points: 
• 20 000 points over [0, L]� [0, H]� [0, T]
• Refinement near fixed walls: 

• Left/right walls (x direction): 5000 points each within 
0.1L

• Down wall (y direction): 3000 points within 0.07H
• Refinement near moving wall: 10 000 points sampled in the 

space [r, u, t] 2 [1, 3]� [0, 2p]� [0, T], where r is a nor
malized radial scaling factor applied to the parametric 
boundary shape. These points are mapped to Cartesian 
coordinates using the parametric form (e.g., ellipses or 
circles in Cartesian space) scaled by r, and then subjected to 
time-dependent rigid-body motion to obtain their global 
positions.

• Wall drag force calculation: 10 000 points sampled on a 
structured 100� 100 grid in angular-temporal space [0, 
2p]� [0, T]. These grid points ensure consistent spatial– 
temporal resolution for reconstructing a time series of drag 

force. The points are mapped to the local parametric sur
face and transformed to the global frame via time- 
dependent rigid-body motion.

• S-B: Identical to S-A, except 

• Boundary conditions: 
• Fixed wall (x direction): 7000 points

• Collocation points: 
• 30 000 points over [0, L]� [0, H]� [0, T]

4. Optimizer (OP)
• OP-A: 

• First iteration: Adam optimizer (learning rate¼ 0.001, 10 000 
epochs), followed by L-BFGS (using the PyTorch default 
settings).

• Subsequent iterations: L-BFGS (using the PyTorch default 
settings) only.

• OP-B: 

• In every iteration: Adam (learning rate¼ 0.001, 10 000 
epochs) followed by L-BFGS (using the PyTorch default 
settings).

APPENDIX C: SENSITIVITY TO THE INITIAL-LOAD 
ESTIMATE, COUPLING CONTROLS, AND NETWORK 
ARCHITECTURE

The forward results of Sec. III C rest on three ingredients that are 
not fixed by the governing equations: the empirical hydrodynamic- 
load estimate that starts the outer iteration [Eqs. (18)–(21)], the relaxa
tion factor f and outer tolerance eout that control it [Eqs. (22) and 
(26)], and the network architecture. None of the three is fixed by the 
physics, so each is a candidate explanation for the reported forward 
errors rather than a property of the formulation. This appendix quan
tifies how far those errors move when each ingredient is perturbed in 
turn.

A prior question is how much varies at all. Of the four control 
groups in Table X, two are identical for every one of the seven 

TABLE X. Summary of training configurations. 

Section Losses weights Network architecture Sampling Optimizer

III C 1 LW-A NA-A S-A OP-A
III C 2 (1.0) LW-A NA-A S-A OP-A
III C 2 (0.8) LW-A NA-A S-A OP-A
III C 2 (0.6) LW-A NA-A S-A OP-A
III C 2 (0.4) LW-A NA-B S-A OP-A
III C 2 (0.2) LW-A NA-B S-A OP-A
III C 3 LW-A NA-A S-B OP-A
III C 4 LW-A NA-A S-A OP-A
III C 6 LW-A NA-A S-A OP-A
III D (without TL across iterations) LW-A NA-A S-A OP-B
III D (with TL across iterations) LW-A NA-A S-A OP-A
III F LW-B NA-A S-A OP-A
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forward benchmarks: the loss weights (LW-A) and the optimizer 
schedule (OP-A). LW-B appears only in the motion-constrained 
inverse study of Sec. III F, which carries an additional observation 
term absent from the forward loss, and OP-B only in the no- 
transfer ablation of Sec. III D, where the warm start is removed by 
construction rather than by tuning. The sampling group 
changes once, from S-A to S-B for the drafting case, and only in 
point counts, which scale with the larger domain and the 
second particle. The single genuinely case-dependent choice is 
therefore the network architecture used for the AR¼ 0.4 and 0.2 
ellipses.

The outcome, in short, is that the initializer alters the iteration 
path but leaves the converged endpoints within bounded differ
ences (Subsection 1 of Appendix C); strong under-relaxation is 
necessary and the setting of the outer tolerance is adopted as a 
work–precision compromise (Subsection 2 of Appendix C); and 
the network architecture is immaterial for the single circular parti
cle but genuinely regime-dependent for strongly elongated bodies, 
which is the documented basis for the one case-dependent entry in 
Table X (Subsection 3 of Appendix C). Throughout, Nsolve ¼ ‘þ 1 
denotes the one-based number of fluid solves through outer itera
tion ‘, and “pp” denotes percentage points of a relative-L2 error. All 
seven forward benchmarks use the same coupling controls, f ¼ 0:1 
and eout ¼ 0:005.

Three conventions apply throughout. First, every comparison 
is paired: within a pair only the stated ingredient is changed, while 
the physical problem, sampling, loss weights, optimizer schedule, 
time grid, and solve budget are held at the production values of 
Appendix B. Second, all errors use the metrics defined in Sec. III B 
so that the entries below are directly comparable with Table IV. 
Third, unless stated otherwise each configuration is a single run at 
one random initialization; the seed-to-seed spread resolved by the 
three-seed protocol of Sec. III A is not resolved here, so differences 
of a few hundredths of a percentage point are not interpreted. A 
run is reported as divergent when the left-hand side of Eq. (26) 
remains above unity without showing a decreasing trend for three 
consecutive outer iterations. All runtimes are end-to-end wall- 
clock values obtained on the HKUST HPC4 cluster, with one 
NVIDIA GeForce RTX 4090D GPU, two CPU cores, and 16 GB of 
host memory allocated per run; they are recorded for reproducibil
ity and are not hardware-normalized, so they are not read as a 
throughput comparison.

1. The empirical initial-load model
Equations (18)–(21) supply only Fest; 1ð Þ

h;b ; from the second outer 
iteration onward, Eq. (22) progressively replaces that estimate with 
surface tractions evaluated from the two-dimensional PINN solu
tion. The question is therefore whether the fixed point inherits its 
starting estimate. We answer it with a paired study over all seven 
physical forward benchmarks, comparing the production two- 
dimensional-cylinder model against a deliberately mismatched 
alternative built from a three-dimensional sphere correlation, with 
every other control held fixed within each pair. The sphere-based 
arm is not an arbitrary perturbation. A three-dimensional sphere 
correlation is the drag law a particle-scale initialization would most 
naturally supply, and transferring it to a planar body is exactly the 

approximation whose consequences are at issue; the pairing there
fore measures that approximation rather than a generic 
disturbance of the initial guess.

The alternative is constructed as follows. Writing the planar 
body mass per unit span in terms of an area-equivalent diameter, 
Deq ¼ 4mb=pqsð Þ

1=2, a notional sphere of the same density and 
diameter has mass msph;b ¼ p=6qsD3

eq and drag, 

Fsph
h;b tð Þ ¼ −

p

8
qf D2

eqCsph
D Reeqð Þ k Vb!f tð Þk2Vb!f tð Þ;

Csph
D ¼

24
Reeq

1þ
Reeq

48

� �

;
(C1) 

with Reeq ¼ qf Deq k Vb!fk2=l. This force is not applied to the pla
nar Newton–Euler equation directly; the acceleration it implies is 
mapped to the planar body through mb=msph;b ¼ 3= 2Deqð Þ, which 
has dimensions of inverse length and therefore returns a force per 
unit span, 

Fsph; 1ð Þ
h;b tð Þ ¼

mb

msph;b
Fsph;b tð Þ

¼ −
1
2
qf DeqCsph

D;eff Reeqð ÞkVb!f tð Þk2Vb!f tð Þ;

Csph
D;eff ¼

3p

8
Csph

D : (C2) 

The two models differ in drag law, in their geometry and con
finement treatment, and in their added-mass prescription. The 
pairing therefore perturbs the complete initial-load model rather 
than isolating CD, and Csph

D;eff is a dimensionally consistent con
struction, not a physical drag coefficient for a two-dimensional 
cylinder.

Three observations follow from Table XI. First, both models sat
isfy the full outer criterion in all seven benchmarks: convergence of the 
coupled iteration is a property of the relaxation scheme, not of the 
starting estimate. Second, neither model holds a systematic path 
advantage. The cylinder-based model reaches the criterion earlier for 
the single circular particle, the AR ¼ 0:4 and 0:2 ellipses, and drafting; 
the sphere-correlation-based model does so for the AR ¼ 0:8 and 0:6 
ellipses and the inclined ellipse. The spread is one to three fluid solves, 
and the end-to-end wall times of both arms fall in the same 
103–177 min band with no consistent direction. Third, the paired end
points differ by at most 0:269=0:494=2:084 pp in the solid y=vy=Fh;b;y 
errors and 2:051=2:366=2:079 pp in the Delaunay-weighted u=v=p�
errors.

These bounds are absolute and for channels whose reported 
values are themselves of order 1%. We therefore claim bounded 
end point sensitivity to the two initial-load models tested, not 
initializer-independent digits. The bound is nevertheless consistent 
with the algorithmic role of the estimate, which enters only 
through Fest; 1ð Þ

h;b , and it is corroborated at a third, structurally unre
lated starting point: in the manufactured-solution setting of 
Sec. III A, all 27 coupled runs converge from a zero initial load and 
recover the exact trajectory. Read together, a quasi-steady cylinder 
estimate, a mapped sphere correlation, and a null estimate all drive 
the same iteration to the same solutions within the differences 
quantified above. The cylinder model of Eqs. (18)–(21) is retained 
for all primary results because it is the physically appropriate 
two-dimensional choice, not because it was found to converge faster.
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2. The coupling controls
The same pair f; eoutð Þ ¼ 0:1; 0:005ð Þ is used for every forward 

benchmark, so a single question governs this subsection: whether 
that uniform choice is necessary, whether it is sufficient, and 
whether it flatters the reported errors. The single circular-particle 
benchmark serves as the controlled setting, with the physical prob
lem, NA-A architecture, sampling, optimizer schedule, empirical 
initialization, and solve budget held fixed throughout.

a. The relaxation factor

The role of f is best read from Eq. (22), which gives the 
applied load increment exactly as 

Fest; ‘ð Þ
h;b − Fest; ‘−1ð Þ

h;b ¼ f FPINN; ‘−1ð Þ

h;b − Fest; ‘−1ð Þ

h;b

� �

;

so that f is a continuation step size in load space. A smaller f 
damps the load history passed to the solid update, limits the change 
in particle kinematics and moving boundary, and therefore 
presents the L-BFGS-only stage of Sec. III C 1 with a fluid 
problem closer to the one just solved—the mechanism on which 
the transfer learning across iterations depends. Varying only 
f 2 0:1; 0:3; 0:5; 0:7f g is consistent with this reading: the f ¼ 0:1 
arm meets the outer criterion after 19 fluid solves with a final rela
tive vertical-force change of 0:483%, whereas the f ¼ 0:3, 0:5, and 
0:7 arms are terminated as divergent outer-iteration after 12, 4, and 
4 fluid solves.

The observed failure sequence is consistent with a loss of 
cross-iteration tracking at the larger load steps. A larger f produces 
a larger change in the load history passed to the solid update and 
hence, in general, a larger change in the particle kinematics, surface 
velocity, and moving boundary between consecutive outer itera
tions. The inherited network parameters may then no longer 
provide a sufficiently close initialization for the updated fluid prob
lem. In the divergent arms, L-BFGS terminates while the composite 
loss remains large, so the resulting flow field and surface traction 
cannot be regarded as converged. Feeding this underconverged 
load back through Eq. (22) can further increase or disorder the 
next kinematic and boundary update, producing a self-reinforcing 
loss of warm-start tracking.

Under the stated optimizer schedule, Adam followed by L- 
BFGS for the initial solve and L-BFGS only for the warm-started 
updates, and the stated solve budget, strong under-relaxation 
is therefore required for this benchmark. The same f¼ 0.1 
brings all seven primary forward benchmarks to the outer criterion 
(Table XI), indicating that it is also sufficient over the tested range 
of cases.

b. The outer tolerance

Fixing f ¼ 0:1 and varying eout 2 0:01; 0:005; 0:001f g then 
separates cost from accuracy. All three arms meet their prescribed 
criteria, after 15, 19, and 39 fluid solves, with final relative vertical- 
force changes of 0:955%, 0:483%, and 0:0787%. The corresponding 
ALE-referenced relative-L2 errors in y=vy=Fh;b;y are 0:276=
0:707=0:992%, 0:226=0:545=0:885%, and 0:248=0:608=0:852%. 
Tightening the criterion by an order of magnitude therefore more 
than doubles the number of fluid solves while leaving the agree
ment with the ALE reference unchanged to within a few 
hundredths of a percentage point, and non-monotonically so.

Two consequences matter for the main text. The reported set
ting eout ¼ 0:005 is adopted as a work-precision compromise 
(relative to 0:001 it reduces the solve count from 39 to 19 at compa
rable ALE agreement) and, more importantly, the discrepancies 
reported in Table IV are not set by where the outer iteration was 
stopped. Over the tested range, they are controlled by the fluid- 
field approximation and the optimization instead, which is the 
same conclusion reached by the tolerance continuation of the 
manufactured-solution study in Sec. III A.

3. The network architecture
NA-A is used for every forward benchmark except the AR ¼

0:4 and 0:2 ellipses, which use NA-B, and that exception is 
expected on physical grounds. The five ellipses of Sec. III C 2 share 
an area-equivalent diameter, so reducing AR at fixed area does not 
shrink the body but stretches it across the stream, 
D? ¼ Deq=AR1=2, and that single stretching acts twice. It sharpens 
the tips, whose radius of curvature ðb2=a ¼ AR3=2Deq=2Þ contracts 
from 0:5Deq for the circle to 0:13Deq at AR ¼ 0:4 and 0:045Deq at 
AR ¼ 0:2; and it carries them toward the side walls, the blockage 
ratio rising from 0.15 to 0.335 (Table III) and the confinement 

TABLE XI. Paired sensitivity of the seven physical forward benchmarks to the initial hydrodynamic-load model. Paired entries are ordered cylinder-based/sphere-correlation-based, and 
the cylinder arm is the production run reported in Table IV. Here E0 is the error of each initial history with respect to the reference, and D0 ¼k Fest; 1ð Þ;sph

h;b;y − Fest; 1ð Þ;cyl
h;b;y k2= k Fref

h;b;yk2 is 
the separation of the two initial histories from each other. Nsolve is the one-based number of fluid solves through the first outer iteration at which every active load channel satisfies 
eout ¼ 0:005. Accuracy entries are absolute differences between the two arms’ relative-L2 error percentages, in percentage points; for drafting, each arm first takes the worse of its two 
particles. 

Case E0 cyl./sph. (%) D0 (%) Nsolve cyl./sph. Runtime cyl./sph. (min) Solid jDEy/vy/Fh,b,yj (pp) Flow jDEu/v/p�j (pp)

Single circular 6.72/7.27 6.30 19/21 129.1/103.0 0.007/0.063/0.026 0.515/0.246/0.066
Ellipse AR¼ 0.8 6.29/7.66 6.42 20/19 112.1/113.1 0.049/0.115/0.509 0.411/0.211/0.123
Ellipse AR¼ 0.6 5.67/8.56 6.98 22/19 119.5/125.5 0.017/0.110/0.285 0.007/0.091/0.449
Ellipse AR¼ 0.4 4.76/10.22 8.39 18/19 110.6/121.8 0.093/0.494/2.084 0.711/1.284/2.043
Ellipse AR¼ 0.2 3.20/13.16 11.48 25/27 125.5/153.5 0.178/0.491/1.526 1.665/0.057/2.079
Drafting 7.48/9.40 6.04 27/29 177.3/170.9 0.269/0.483/0.501 2.051/2.366/1.234
Inclined ellipse 5.21/7.79 6.98 34/32 149.4/157.2 0.019/0.055/0.100 0.167/0.0003/0.326
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multiplier carried by the initializer itself, MB ¼ 1=ð1 − 1:8BRÞ, 
from 1.37 to 2.52. At Re� 3, no thin shear layer sets the near- 
surface scales, so they are geometric: the most elongated case asks 
one network to resolve a tip an order of magnitude sharper than 
the circle’s while meeting a wall condition about one body width 
away. Its spectral content is correspondingly richer in high wave
numbers, and fully connected networks with smooth activations 
resolve such content far more slowly than low-frequency content, a 
bias visible in the NTK eigenspectrum.66 The random Fourier fea
ture embedding of NA-B counteracts that bias directly, with 
random weight factorization improving the conditioning of the 
optimization.86 Spectral enrichment should therefore buy little 
where the solution is already smooth and become enabling where it 
is not.

The exception nevertheless raises two distinct questions: 
whether the single-circle conclusions survive ordinary network- 
design choices, and whether it is forced by the regime or merely 
selected for favorable numbers. For the first, we perform a strict one- 
factor-at-a-time (OAT) audit about NA-A on the single circular- 
particle benchmark, varying width (30–128), depth (4–9 hidden 
layers), and activation (tanh/GELU/SiLU/sin) while holding the 
physical problem, sampling, optimizer schedule, relaxation, outer tol
erance, and budget fixed. For the second, we transfer the complete 
NA-A and NA-B architecture definitions reciprocally between the 
single circle and the strongly elongated AR ¼ 0:2 case. NA-B 
changes several attributes at once and is therefore used only as this 
bundled transfer control, never as an OAT variant (Table XII).

All 10 configurations meet the same outer criterion after 18– 
21 fluid solves. Their solid y=vy=Fh;b;y errors span 0:17%–0:59%, 
0:43%–1:20%, and 0:87%–2:21%; the flow fields are more sensitive, 
with u=v=p� spanning 1:37%–4:96%, 0:88%–4:17%, and 
1:14%–3:25%. The largest degradation follows the reduction of 
depth to four layers, and enlargement is not monotonically benefi
cial—width 128 approximately doubles the baseline runtime while 
worsening every displayed flow error. The activation variants 
reduce field errors but trade those gains against force error or run
time, so no tested variant dominates across solid motion, load, flow 
reconstruction, and cost simultaneously. The single-circle conclu
sions of Sec. III C 1 are consequently not an artifact of NA-A, and 
NA-A is retained as the production reference on those grounds 
rather than selected post hoc as the best performer of this sweep.

The reciprocal transfer answers the second question. Carried 
unchanged to the single circle, NA-B meets the criterion after the 
same 19 fluid solves but moves the solid errors from 
0:23=0:55=0:88% to 0:28=0:58=1:43% and the field errors from 
2:08=1:55=1:98% to 2:30=1:66=2:47%: it offers no systematic accu
racy gain where NA-A already works. Carried unchanged to the 
AR ¼ 0:2 ellipse under controls matched to the production arm, 
NA-A diverges during the third fluid solve, whereas NA-B con
verges to the values reported in Table IV. Both limbs of the 
expectation are thus borne out: where the field is smooth, the 
enriched NA-B architecture offers no systematic advantage over 
NA-A; where the tips are sharp and the walls close, it separates 
divergence from convergence. The exception recorded in Table X 

TABLE XII. Architecture sensitivity. (a) Strict one-factor-at-a-time audit about NA-A on the single circular-particle benchmark; the baseline row is the production run of 
Table IV and is printed once. (b) Reciprocal transfer of the complete NA-A and NA-B architecture definitions between the single-circle and AR ¼ 0:2 cases; NA-B is a bundled 
full-architecture control, not an OAT family variant. Within each comparison, all nonarchitecture controls are fixed at their production values. Solid entries are ALE-referenced 
relative-L2 errors in y=vy=Fh;b;y ; flow entries are u=v=p� errors formed from per-snapshot Delaunay lumped-area weights, independent pressure centering, and arithmetic 
averaging over snapshots. All errors are percentages. 

(a) Local audit on the single circular-particle benchmark.

Variation Type Layers�width Act. Nsolve Runtime (min) Solid y/vy/Fh,b,y Flow u/v/p

NA-A baseline FCN 7� 50 tan h 19 129 0.23/0.55/0.88 2.08/1.55/1.98
Width 30 FCN 7� 30 tan h 18 85 0.24/0.76/1.57 2.77/1.84/2.67
Width 80 FCN 7� 80 tan h 20 165 0.21/0.54/0.87 1.89/1.40/1.93
Width 128 FCN 7� 128 tan h 20 261 0.27/0.75/1.24 2.53/1.84/2.43
Depth 4 FCN 4� 50 tan h 20 97 0.59/1.20/2.21 4.96/4.17/3.25
Depth 5 FCN 5� 50 tan h 20 99 0.39/0.90/1.80 3.76/2.80/2.65
Depth 9 FCN 9� 50 tan h 18 120 0.25/0.71/1.32 2.90/1.85/2.32
GELU activation FCN 7� 50 GELU 20 85 0.20/0.47/0.89 1.70/1.15/1.60
SiLU activation FCN 7� 50 SiLU 21 137 0.17/0.43/1.36 1.37/0.88/1.14
Sin activation FCN 7� 50 Sin 20 118 0.17/0.52/0.89 1.57/1.09/1.67

(b) Reciprocal full-architecture transfer across regimes.

Case Architecture Outer-solve outcome Solid y/vy/Fh,b,y Flow u/v/p

Single circular NA-A (production) Met after 19 solves 0.23/0.55/0.88 2.08/1.55/1.98
Single circular NA-B, as is Met after 19 solves 0.28/0.58/1.43 2.30/1.66/2.47
AR¼ 0.2 ellipse NA-B (production) Met after 25 solves 0.79/4.26/2.62 7.9/8.7/9.0
AR¼ 0.2 ellipse NA-A, as is Diverged during solve 3 � � � � � �
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is therefore forced by the regime rather than adopted to improve 
already-converging results, and it is reported as a scope statement: 
the present configuration does not admit a single architecture 
across the full range of aspect ratios tested.
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