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A B S T R A C T

This paper presents GeoDualSPHysics, an open-source, graphics processing unit (GPU)-accelerated smoothed 
particle hydrodynamics (SPH) solver designed for simulating large-deformation geomaterial and their in
teractions with multi-body systems. Built upon the popular open-source SPH solver DualSPHysics, the solver 
leverages its highly parallelised SPH scheme empowered by the CUDA parallelisation while extending its ca
pabilities to large-deformation geomechanics problems with particles up to the order of 10⁸ on a single GPU. The 
SPH geomechanics model is enhanced by a noise-free stress treatment technique that stabilizes and accurately 
resolves stress fields, as well as an extended modified Dynamic Boundary Condition (mDBC) ensuring first-order 
consistency in solid boundary modelling. Additionally, the coupling interface between DualSPHysics and the 
multi-body dynamics solver Project Chrono is adapted for simulating interactions between geomaterials and 
multiple interacting rigid bodies. Benchmark validations confirm the solver’s accuracy in resolving geotechnical 
failures, impact forces on solid boundaries, and geomaterial-multibody system interactions. GPU profiling of the 
newly implemented CUDA kernels demonstrates their performance metrics are similar to those of the original 
DualSPHysics solver. Performance evaluations demonstrate its saving in memory usage of 30-50% and im
provements in computational efficiency over existing SPH geomechanics solvers, achieving practical simulation 
speeds for systems with tens of millions of particles and showing a speedup of up to 180x compared to the 
optimised multi-core CPU implementation. These advances position GeoDualSPHysics as a versatile, efficient 
tool for high-fidelity simulations of complex geotechnical systems.
Program summary: Program title: GeoDualSPHysics
CPC Library link to program files: https://doi.org/10.17632/z4sh62y97g.1
Licensing provisions: GNU Lesser General Public License
Programming language: C++ and CUDA
Nature of problem: Simulating large deformations in geomaterials and their interactions with movable or fixed 
solid bodies is critical for addressing engineering challenges such as landslides, soil-machine interactions, and 
off-road vehicle mobility. While the Smoothed Particle Hydrodynamics (SPH) method is well-suited for 
modelling continuum-based geomaterial behaviour in these scenarios, critical computational barriers persist, 
including: (1) numerical instabilities and unphysical noise in large-deformation regimes, (2) inefficiency in 
scaling simulations to millions of particles for real-world systems, and (3) inadequate frameworks for robust, 
two-way coupling between deformable geomaterials and multi-body systems. Overcoming these limitations 
demands stabilized SPH formulations, high-performance computing architectures, and two-way coupling with 
multibody dynamics solvers.
Solution method: The GeoDualSPHysics solver addresses the above challenges by combining (1) a stabilised SPH 
formulation for geomaterials, featuring a noise-free stress treatment to eliminate spurious oscillations in large 
deformations and an extended modified Dynamic Boundary Condition (mDBC) for first-order consistent solid 
boundary modelling; (2) high-performance CUDA-based GPU parallelization inherited from DualSPHysics, 
enabling efficient simulations of tens of millions of particles; and (3) two-way coupling with Project Chrono via 
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the DSPHChronoLib library, which integrates collision detection, frictional contact models, and joint constraints 
to resolve interactions between deformable geomaterials and multi-body systems.

1. Introduction

The simulation of geomaterials and their flow behaviour has broad 
applications across various scientific and engineering disciplines, 
including snow and rock avalanches, debris flows, soil cutting and 
tillage, and terramechanics. In the numerical modelling of such prob
lems, the main challenges are the presence of free surfaces and 
extremely large deformations with complex topological changes. 
Discrete methods, such as the discrete element method (DEM) [1–3], 
and continuum-based meshfree methods, including material point 
method (MPM) [4–6], smoothed particle hydrodynamics (SPH) [7–10], 
particle finite element method (PFEM) [11,12], and peridynamics (PD) 
[13–15] are generally two types of numerical approaches that have 
demonstrated the capacity to address these challenges.

DEM excels at modelling the behaviour of granulate material and 
discontinuous interactions but fully resolved DEM simulations of prac
tical granular flows in a large scale typically generate large degrees of 
freedom, presenting demanding computational cost and data storage 
challenges. For such large-scale applications, continuum-based mesh
free methods are particularly advantageous. Among the aforementioned 
meshfree methods, SPH is a truly meshfree, Lagrangian method. No grid 
is required for the integration of the governing partial differential 
equations in SPH, thereby avoiding grid-related constraints and nu
merical issues. In the recent years, SPH has gained increasing popularity 
for efficiently modelling geomechanics problems (e.g., [16–23]).

Although SPH has demonstrated many advantages in modelling 
highly nonlinear free-surface flow, its relatively high computational cost 
is the main challenge for large-scale simulations, as the SPH interpola
tion for a single particle requires computing interactions with a large 
number of neighbours and the explicit scheme necessitates a small 
timestep [24]. However, the local interpolation nature and explicit 
formulation of SPH make it particularly suitable for parallel computa
tion. Leveraging advances in parallel computing architecture, research 
attempts have been made to accelerate the SPH simulation in geo
mechanics problems. Peng et al. [25] initiated the use of NVIDIA 
Compute Unified Device Architecture (CUDA) in SPH modelling of 
geotechnical problems. A maximum 15 million number of particle 
simulation has been achieved on GTX 1080Ti 11 GB with 0.41 timesteps 
per second for the ratio of the smoothing length (h) to initial particle 
distance (dp) of h/dp = 2.8. Yang et al. [26] developed a parallelized 
SPH scheme for simulating granular flow using message passing inter
face (MPI) communication which is scalable on large CPU clusters. Their 
implementation features a simulation with 11.7 million particles 
running on 512 CPU cores to simulate 140,000 time-steps in 12–24 
hours (1.62-3.24 steps/s). Huang et al. [27] simulated granular flow 
with up to 50 million particles using DualSPHysics (v.4.0), requiring one 
week of computation time for a 1 s physical time simulation on TITAN 
RTX 24 GB. The surging needs for larger-scale, higher-resolution simu
lations is driving the development of a more efficient solver in terms of 
both computational speed and memory consumption.

In the past decade, several open-source codes have been developed 
for SPH applications in geomechanics, such as the C++ code on the 
Linux platform, PersianSPH [28], the GPU-accelerated C++/CUDA code 
LOQUAT [25], and the Fortran code SPHERA [29]. While existing 
open-source solvers have enabled effective simulation of geomaterials, 
few of them have been extended to simulate geophysical flows inter
acting with structures. The recently released software GeoXPM (htt 
ps://www.geoxpm.com), developed by Bui et al. [30], offers the possi
bility to simulate complex large-deformation geomechanics problems 
involving soil-structure interactions. However, the software is not yet 
open-source and adopts a CPU-based parallel scheme with certain 

particle number limits applied to the public release version. In addition, 
the existing solver mainly employs the boundary treatment with up to 
zeroth order consistency along with Shepard filtering to reduce nu
merical noise in the stress field during large deformations. These tech
niques are known to introduce numerical fluctuations and empiricism 
into the analysis. The recent development in boundary conditions and 
smoothing techniques by Feng et al. [31] has emerged as an alternative 
framework for the simulation of geomaterials with improved accuracy 
and stability.

DualSPHysics is an open-source SPH solver based on C++/CUDA/ 
OpenMP for free-surface flow simulation, compatible with both Win
dows and Linux operating systems [32]. In recent years, DualSPHysics 
has gained growing popularity as a powerful tool for solving fluid dy
namics problems and as a basis for SPH development. Several variants 
and enhancements of the DualSPHysics solver have been developed to 
incorporate complex physics, advanced algorithms, and methodology 
improvements, such as DualSPHysics with SPH-based structural 
modelling for fluid-structure interaction [33], VecDualSPHysics for 
improved computational efficiency [34], DualSPHysics-Chrono for the 
coupling of fluid dynamics with multibody dynamics [35], Dual
SPHysics with surface tension models for drop dynamics [36], Dual
SPHysics+ for enhanced accuracy in fluid simulation [37], and 
DualSPHysics with variable resolution for multi-scale modelling [38]. 
The extension of DualSPHysics to address geomechanics problems 
stands to benefit from both its growing community and newly incor
porated physics, algorithms, and parallelization optimizations. New 
users interested in geomechanics simulation can also take advantage of 
the solver’s powerful pre-/post-processing tools, extensive doc
umentation/tutorials, and active community support.

This work presents GeoDualSPHysics, a new branch of the Dual
SPHysics code for large-scale large-deformation problems in geo
mechanics, geophysics and geotechnical engineering. GeoDualSPHysics 
inherits the highly parallelised SPH framework from the original Dual
SPHysics code and further enables the simulation of geomaterial with a 
stabilised, noise-free treatment and an accurate resolution of solid 
boundaries. The two-way coupling between the geophysical flow and 
multiple interactive structures is also achieved through the inclusion of 
DSPHChronoLib by Martínez-Estévez et al. [35]. Special attention is 
given to the performance of the newly implemented functionality, in 
which optimisations are made with the NVIDIA Nsight Compute to 
maximise the GPU occupancy while minimising the memory 
requirements.

The remaining part of this paper is organised as follows: Section 2
introduces the governing equations and SPH formulations for geo
materials modelling. In Section 3, two-way coupling between Geo
DualSPHysics and Project Chrono for the interaction between 
geomaterials and multibody system is presented. This is followed by the 
code documentation for the new solver as described in Section 4. Sec
tions 5 presents the adopted benchmark tests for validations. The per
formance analysis of the new solver is shown in Section 6. Finally, 
conclusions are summarized in Section 7.

2. Numerical model for geomaterials

2.1. SPH fundamentals

In SPH, the computational domain is discretised as a set of particles 
(i.e., computational points), where each particle carries physical quan
tities and moves according to governing equations. As no computational 
mesh is adopted, SPH relies on point-based interpolation. The value at a 
point x is computed using a differentiable, compactly supported kernel 
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function W, whose value decreases with the distance between particles | 
x - x′| and depends on the smoothing length h. The SPH interpolation is 
achieved in two steps: integral approximation and then discrete 
approximation. The integral approximation of the value of a field 
function f(x) at the point x is defined as, 

〈f(x)〉 =
∫

Ω

f(xʹ)W(x − xʹ, h)dxʹ (1) 

where Ω is the local interpolation region, and 〈…〉 denotes the SPH 
interpolation.

The discrete form of Eq. (1) can be written as, 

〈f(x)〉i =
∑N

j=1
fjW
(
xi − xj, h

)
Vj (2) 

where the subscript i and j denote the interpolating particle and its 
neighbours, respectively, N is the number of particles distributed in the 
interpolation domain, fj = f(xj), and Vj stands for the associated volume 
of particle j.

For the gradient of a function ∇f(x), its integral approximation in 
SPH reads, 

〈∇f(x)〉 =
∫

Ω

∇f(xʹ)W(x − xʹ, h)dxʹ (3) 

The discrete approximation of Eq. (3) is given by, 

〈∇f(x)〉i = −
∑N

j=1
fj∇W

(
xi − xj, h

)
Vj (4) 

For further details on the SPH approximations of differential opera
tors (including gradient, divergence, and Laplacian operators), the 
reader is referred to Violeau and Rogers [39].

In this work, the 5th-order Wendland kernel C2, which is stable 
against clumping instability, is adopted. The kernel function takes the 
following form, 

W(q, h) =

⎧
⎨

⎩

αd

(
1 −

q
2

)4
(2q + 1) 0 ≤ q ≤ 2

0 q > 2
(5) 

where αd is the normalization constant. In one-, two- and three- 
dimensional space, αd is equal to 3/4h, 7/(4πh2), and 21/(16πh3) 
respectively and q is the dimensionless distance between points at x and 
x′, defined as q =|x - x′|/h.

2.2. Governing equations

The Lagrangian form of mass and momentum balance equations for 
the continuum representation of geomaterials is written as, 

dρ
dt

= − ρ∇⋅v (6) 

dv
dt

=
1
ρ ∇⋅σ + b (7) 

where v represents the velocity, σ denotes the Cauchy stress tensor, ρ 
indicates the density, and b is the body force per unit volume.

2.3. Constitutive models

To close the governing equations Eqs (6) and (7), an additional 
constitutive equation is needed. In GeoDualSPHysics, the elastoplastic 
Drucker–Prager model is implemented and tested. Other advanced 
constitutive models can be readily implemented in the new code by 
modifying the functionalities in the time integration. The Jaumann 

stress rate is adopted to ensure the objectivity of stress under rigid body 
rotation. The semi-implicit stress updating algorithm by Bui and Nguyen 
[9] is adopted and its algorithm is presented in Table 1. The equivalent 
deviatoric plastic strain κ is also calculated in the stress update.

In this approach, the stress rate is firstly calculated according to the 
elastic stiffness matrix according to, 

σ⋅ = De : ε⋅ − ω⋅
⋅σ + σ⋅ω⋅ (8) 

where De is the elastic stiffness tensor, ε is the strain tensor, and ω is the 
spin tensor.

The strain rate tensor ε⋅ and the spin rate tensor ω̇ can be related to 
velocity gradient from kinematic relations according to, 

ε⋅ = 1
2
(
∇v + (∇v)T) (9a) 

ω̇ =
1
2
(
∇v − (∇v)T) (9b) 

The calculated stress rate using the elastic assumption results in a 
trial solution of the stress increment dσtrial [40]. If the resulting stress 
condition reaches the yield condition f, the plastic return mapping is 
applied according to, 

dσ = dσtrial − De :

(

dλ
∂g(σ)

∂σ

)

(10) 

where g is the plastic potential function, dλ is the plastic multiplier.
With the Drucker-Prager yield criterion, the yield function and 

plastic potential function are given by, 

f = αϕI1 +
̅̅̅̅̅
J2

√
− kc (11a) 

g = αψ I1 +
̅̅̅̅̅
J2

√
(11b) 

where I1 and J2 denote the first principal stress invariant and the second 
deviatoric stress, respectively, αϕ and kc are Drucker-Prager constants 
that can be related to cohesion c and internal friction ϕ according to, for 
plane strain conditions, 

αϕ =
tanϕ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
9 + 12tan2ϕ

√ , kc =
3c

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
9 + 12tan2ϕ

√ (12a) 

for 3D conditions that the Drucker-Prager yield surface circumscribes 
the Mohr–Coulomb yield surface, 

αϕ =
2sinϕ

̅̅̅
3

√
(3 − sinϕ)

, kc =
6ccosϕ
̅̅̅
3

√
(3 − sinϕ)

(12b) 

for 3D conditions that the Drucker-Prager yield surface middle circum

Table 1 
Algorithm for semi-implicit stress updating.

Algorithm1 Stress update algorithm

1 //-Interaction_Forces
2 for each particle i do
3 Compute the strain rate and spin rate tensor
4 Compute the stress rate based on elastic stiffness σ̇ = De : ε⋅ − ω⋅ ⋅σ + σ⋅ω⋅

5 end for
6 //-Time_integration
7 for each particle i do
8 Elastic trial solution σtrial

t+dt = σt + σ⋅ dt; κt+dt = κt

9 Check yielding condition f
(
σtrial

t+dt ,κt+dt
)
< 0

10 If f
(
σtrial

t+dt , κt+dt
)
< 0 then

11 Update stress as elastic trial solution σt+dt = σtrial
t+dt ; κt+dt = κt

12 else
13 Perform return mapping σt+dt = σtrial

t+dt − dσp, κt+dt = κt + dκ
14 end if
15 end for
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scribes the Mohr–Coulomb yield surface, 

αϕ =
2sinϕ

̅̅̅
3

√
(3 + sinϕ)

, kc =
6ccosϕ
̅̅̅
3

√
(3 + sinϕ)

(12c) 

αψ is a dilatancy factor, whose value is related to the dilation angle ψ in a 
similar manner to that between αϕ and friction angle φ.

The implementation of the constitutive model has been validated by 
the simple shear test suggested by Bui and Nguyen [9]. Details of the 
validation can be found in Feng et al. [31].

2.4. SPH discretisation

The SPH discretized forms of the governing equations (Eqs. 6 and 7), 
along with the strain rate, spin rate equations (Eqs. 9a and 9b) and the 
position equation, for particle i representing the geomaterials, are 
expressed as, 
〈

dρ
dt

〉

i
= ρi

∑N

j=1

mj

ρj

(
vα

i − vα
j

) ∂Wij

∂xα
i

(13a) 

〈
dvα

dt

〉

i
=

1
ρi

∑N

j=1

mj

ρj

(
σαβ

i + σαβ
j

) ∂Wij

∂xβ
i
+ gα (13b) 

〈
ε̇αβ〉

i =
1
2

(
∑N

j=1

mj

ρj

(
vα

j − vα
i

) ∂Wij

∂xβ
i
+
∑N

j=1

mj

ρj

(
vβ

j − vβ
i

) ∂Wij

∂xα
i

)

(13c) 

〈
ω̇αβ〉

i =
1
2

(
∑N

j=1

mj

ρj

(
vα

j − vα
i

) ∂Wij

∂xβ
i
−
∑N

j=1

mj

ρj

(
vβ

j − vβ
i

) ∂Wij

∂xα
i

)

(13d) 

dxα
i

dt
= vα

i (13e) 

where the subscripts ij represents the difference in value in the function 
fij=fi-fj and gα is the gravitational force. For clarity, the equations are 
presented in indicial notation and Einstein convention.

2.5. Stabilisation techniques

2.5.1. Artificial viscosity
In the absence of a numerical dissipative term in the governing 

equations, SPH may exhibit unphysical oscillations and numerical 
instability due to the centered and collocated scheme. The classical 
artificial viscosity term [41] is often adopted to dissipate these oscilla
tions and stabilise the numerical algorithm. The artificial viscous term is 
introduced into the pressure term of the momentum equation (13b) in 
the following way, 
〈

dvα

dt

〉

i
=
∑N

j=1
mj

(
σαβ

i + σαβ
j

ρiρj
− Πijδαβ

)
∂Wij

∂xβ
i
+ gα (14) 

where 

∏

ij
=

⎧
⎪⎨

⎪⎩

− αcsμij

ρij
vβ

ijx
β
ij ≤ 0

0 vβ
ijx

β
ij > 0

(15a) 

μij =
hvβ

ijx
β
ij

xγ
ijx

γ
ij + η2 (15b) 

ρij = 0.5
(
ρi + ρj

)
(15c) 

α is the empirical constant used to control the magnitude of numerical 
dissipation and normally takes the value of α = 0.1. The factor η=0.1h is 
added to the denominator to avoid numerical singularity. cs is the speed 

of sound of the material, which is computed according to, 

cs =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4G/3 + K)/ρ

√
(16) 

where K and G are bulk modulus and shear modulus of the material, 
respectively.

2.5.2. Numerical diffusion term
In the SPH simulation of large deformations in geomaterials, high- 

frequency noise may arise in the stress field due to the collated nature 
of the method. To smooth the stress field, the numerical diffusion term is 
introduced to reduce numerical noise. This involves the inclusion of a 
stress diffusion term into the stress rate equation according to [31], 

dσαβ
i

dt
= Dαβγl

e ε̇γl
i − ω̇αγσγβ + σαγω̇γβ

+ Dαβ
i (17) 

where Dαβ
i is the diffusion term that has a general form as follows, 

Dαβ
i = 2ζhcs

∑

j
ψαβ

ij
xγ

ij

xl
ijxl

ij + η2

∂Wij

∂xγ
i

mj

ρj
(18) 

where ζ is the diffusion coefficient that controls the magnitude of 
diffusion. Its value normally takes as 0.1 for most application [42]. The 
parameter ψαβ

ij is the diffusion operator, varying depending on the 
formulation. Its dimensions correspond to those of the diffused physical 
quantities. To maintain consistency between the stress rate and strain 
rate, the strain rate may need to be corrected based on the magnitude of 
the diffusion term. Since the strain rate serves as an intermediate vari
able in this work, such a correction is not necessary. However, this 
adjustment could become essential when employing a strain-history 
dependent constitutive model.

Two types of diffusion operator are implemented in the new solver. 
The first formula is originated from Molteni and Colagrossi [43], given 
by, 

ψαβ
ij = σαβ

i − σαβ
j (19) 

The second form of stress diffusion operator is proposed by Feng 
et al. [31] that can be expressed as, 
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ψαβ
ij = σαβ

ij α ∕= β
ψxx

ij = σxx
ij − K0ρ0gzij

ψyy
ij = σyy

ij − K0ρ0gzij

ψzz
ij = σzz

ij − ρ0gzij

(20) 

where K0 is Jaky’s earth pressure coefficient at rest, defined as K0 = 1- 
sinϕ, ρ0 is the initial density, and zij is the distance between particles i 
and j in z-axis.

The first form, given in Eq. (19), approximates the Laplacian oper
ator by Morris et al. [44], providing spatial smoothing of the given 
quantities. While it performs well in non-static cases, it has free-surface 
inconsistencies due to the kernel truncation, which become particularly 
noticeable in static cases involving free surfaces. The second form ad
dresses this issue by considering only the dynamic components of the 
diffusion term and its formulation (Eq. 20) reduces to the first form (Eq. 
19) in the absence of gravitational forces. The implemented diffusion 
term in Eq. (20) is expected to work mostly for gravity-dominated flows. 
For general applications to any type of flow and consistent formulations, 
the extension to the diffusion term in Feng et al. [45] is required. More 
details regarding the comparisons of different formulations and the 
in-depth analysis of noise reduction by the diffusion term can be found 
in Feng et al. [31]. Other methods, such as the use of density diffusion 
for improving the isotropic part of the stress as proposed by Khayyer 
et al. [46], which demonstrates favourable energy conservation, can also 
be considered a potential option for stress smoothing.
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2.5.3. Particle shifting
In geomechanics SPH applications, numerical issues such as particle 

clustering and voids can arise due to tensile instability. These effects are 
especially pronounced in cohesive material simulations [9]. To mitigate 
these issues, a particle shifting technique is often applied to regularize 
particle distributions (e.g., [21,47,48]). The shifting algorithm in the 
original solver DualSPHysics is retained for improving the particle dis
tributions. With the shifting technique, each particle is shifted a certain 
distance according to the concentration of particles Ci at the end of each 
time step, allowing particles in denser areas to move towards areas with 
lower particle concentration [47]. The shifting distance with 
free-surface corrections is calculated as, 

δxα
i =

⎧
⎨

⎩

− AFSC.iAhvmag.idt
∂Ci

∂xα if∂αxα
i > AFST

0 else
(21) 

where A is the dimensionless shifting coefficient, whose value is inde
pendent of the case scenario and is set to 2 by default [48]. vmag.i is the 
velocity magnitude calculated as vmag.i =

̅̅̅̅̅̅̅̅̅
vα

i vα
i

√
. ∂αxα

i is the particle 
divergence equivalent to (∇⋅x)i. AFST is the threshold to identify parti
cles located at the free surface, and its recommended values are 1.5 for 
2D and 2.75 for 3D. AFSC is the shifting coefficient considering 
free-surface correction, given by, 

AFSC.i =
∂αxα

i − AFST

AFSM − AFST
(22) 

in which, AFSM is the maximum value of the particle divergence given 
by, 

AFSM =

{
2 for2D
3 for3D (23) 

The performance of the employed shifting algorithm in modelling 
cohesive granular materials is demonstrated in Fig. 1, which shows the 

results of three-dimensional simulations of a cohesive granular column 
collapse with and without the shifting algorithm. The particle shifting 
algorithm effectively mitigates the unphysical clumping and voids that 
arise from tensile instability. However, it is also noted that the present 
shifting method adopts simplified free-surface corrections, for example 
preventing shifting at the free surface, may not perform as well in the 
vicinity of the free surface compared to those with consistent free- 
surface correction technique, such as optimized particle shifting (OPS) 
by Khayyer et al. [49]. With some extra computational cost, a consistent 
free-surface correction can lead to a more regular particle distribution 
near free surface. An example of modifying OPS for geomechanics 
problems can be found in Feng et al. [21]. In addition, the unified 
transport velocity formulation by Zhang et al. [37] can also be consid
ered as an option to improve particle distributions near the free surface.

A further improvement to the shifting algorithm is to introduce 
conservative considerations, such as the SPH-ALE formulation [50], and 
volume conservation shifting [51], to avoid unphysical, 
numerically-induced volume expansion or compression in explicit 
scheme.

It is worth mentioning that, in addition to the implemented stabili
zation techniques, other advanced methods are also available in SPH to 
address the aforementioned stability issues in fluid and solid dynamics 
applications, such as Riemann-based stabilization term [52], density 
diffusion in elastic structural dynamics [46], and the hourglass control 
method [53,54]. The application of these techniques to geomechanics 
problems will be considered in future investigations.

2.6. Boundary treatment

2.6.1. Extension of modified dynamic boundary condition
The boundary treatment is a challenging problem in SPH due to the 

kernel truncation issue for particles near the boundary. In GeoDual
SPHysics, the boundary treatment by Feng et al. [31] for granular ma
terial modelling, which builds upon the modified dynamic boundary 

Fig. 1. Three-dimensional modelling of cohesive granular column collapse (a) without shifting (b) with shifting.
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condition (mDBC) by English et al. [55] , is used. As shown in Fig. 2, 
several layers of dummy boundary particles are created for completing 
the kernel support of particles truncated by boundary. For each 
boundary particle, b, there are ghost nodes, g, projected into the 
computational domain to interpolate field variables from surrounding 
material particles, j.

The stress and stress gradients of ghost particles are computed using 
the first-order consistent SPH interpolant introduced by Liu and Liu 
[56], given by, 

Ag⋅

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

σαβ
g

∂xσαβ
g

∂yσαβ
g
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g

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
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j WgjVj

∑

j
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⎤

⎥
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⎥
⎥
⎥
⎥
⎥
⎦

(24) 

where the renormalisation matrix Ag is given by,  

The final stress value of the boundary particle σαβ
b is extrapolated 

from the position of ghost nodes, using the first-order Taylor series 
expansion according to, 

σαβ
b = σαβ

g +
(
xb − xg

)
∂xσαβ

g +
(

yb − yg

)
∂yσαβ

g +
(
zb − zg

)
∂zσαβ

g (26) 

The invertibility of the renormalisation matrix Ag is checked by 

calculating its determinant. In the situation where the determinant is 
very small (by default, lower than 0.001) the matrix becomes ill- 
conditioned, and a zeroth order consistent SPH interpolant (Shepard 
function) is used, given by, 

σαβ
b = σαβ

g =

∑

j
σαβ

j WgjVj

∑

j
WgjVj

(27) 

In addition to the zero-velocity boundary option, the no-slip 
boundary condition is also enabled. For the no-slip case, the velocity 
at the ghost nodes is calculated using the Shepard corrected interpola
tion, defined as, 

vα
g =

∑

j
vα

j WgjVj

∑

j
WgjVj

(28) 

To enforce no-slip and no-penetration conditions, the velocity of 
boundary particles is set as, 

vα
b = 2vα

M − vα
g (29) 

where vα
M is the motion velocity of the solid boundary, for example, in 

cases of rigid body dynamics or solid boundaries with prescribed mo
tions. It is noted that only vα

M is the velocity to update the positions of 
boundary particles.

2.6.2. Corrected dummy boundary condition

The extended mDBC provides an option for accurately resolving 

Fig. 2. Schematic diagram of the solid boundary treatment (a) corrected dummy boundary condition (cDBC); (b) modified dynamic boundary condition (mDBC).
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stress and velocity condition at the solid boundaries. However, the 
requirement for boundary normals presents complexities when dealing 
with complex geometries, such as real terrains. For this, GeoDual
SPHysics also implements a new alternative boundary treatment 
method, named corrected dummy boundary condition (cDBC). Similar 
to mDBC, dummy boundary particles are used in cDBC, as presented in 
Fig. 2(a), but the boundary properties are evaluated by the local first- 
order interpolant at boundary particles b over neighbouring material 
particles j without the use of ghost node. The stress value at the dummy 
boundary particles is calculated according to,  

Similar to mDBC, if the determinant of the renormalisation matrix in 
the denominator of Eq. (30) is very small (by default, less than 0.001), 
the interpolant reduces to a zeroth-order Shepard interpolation. The 
enforcement of velocity conditions also follows the same manner of 
mDBC in Eqs (28) and (29), but the interpolation is taken at the 
boundary particles instead of the ghost nodes.

2.7. Time stepping

The Velocity Verlet scheme and Symplectic Position Verlet scheme in 
the original DualSPHysics solver are adopted for the time integration of 
governing equations Eqs (13a) to (13e). The velocity Verlet scheme is a 
low computational cost scheme with second order accuracy in time. The 
position Verlet scheme is a symplectic integrator that operates in two 
substeps while maintaining second-order temporal accuracy. The details 
of these two schemes can be found in [32].

The time-stepping schemes are constrained by the Courant- 
Friedrichs-Lewy (CFL) condition, the maximum force term, and the 
numerical speed of sound. The variable time step is calculated according 
to, 

Δtf = min
i

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

h/‖ fi ‖

√ )

(31a) 

Δtcv = min
i

h

cs + max
j

⃒
⃒
⃒
⃒
⃒

hvij ⋅rij
r2
ij+η2

⃒
⃒
⃒
⃒
⃒

(31b) 

Δt = C0min
(
Δtcv,Δtf

)
(31c) 

where Δtf is the time step governed by force, Δtcv is the time step con
strained by the CFL condition, f is the force per unit mass (i.e., the ac
celeration computed in momentum equation), C0 is the Courant number 
that is set to be 0.2 by default.

3. Modelling of interactions between geomaterials and multi- 
body systems

3.1. Rigid body dynamics

The motion of a rigid object driven by the movement of geomaterials 
is solved based on the fundamental equations of rigid body dynamics. In 
current framework, the rigid body is discretised as particles and is 
treated as solid boundary using method described in Section 2.6. The 
force on each particle k representing the rigid object is computed ac
cording to the sum of the contribution of all surrounding material par
ticles j. Forces per unit mass exerted on the rigid body particles fk by 
material particles is calculated as [57], 

fk =
∑

j∈geomaterials

fkj (32a) 

and its SPH formulation in current implementation is given by, 

fk =
1
ρk

∑N

j∈geomaterials

mj

ρj

(
σk + σj

)
⋅∇kWkj (32b) 

The motion of rigid body is calculated by solving the discretised 
Newton’s equation as follow, 

M
dV
dt

=
∑

k∈body
mkfk (33a) 

I⋅
dΩ
dt

=
∑

k∈body

mk(rk − R0)× fk (33b) 

where M is the mass of the object, I is the moment of inertia matrix, V is 
the linear velocity, Ω is the angular velocity, rk is the position of particle 
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k, and R0 is the centre of the mass.
The computed linear (dV/dt) and angular acceleration (dΩ/dt) are 

then transferred to Project Chrono to compute V, Ω, and R0 in the global 
frame, taking into account mechanical constraints. Finally, the velocity 
of the particles that represents the rigid body is calculated by, 

uk = V + Ω × (rk − R0) (34) 

3.2. Multibody dynamics

The interactions between rigid bodies are solved by the multibody 
dynamics library Project Chrono [58], which adopts the Discrete 
Element Method (DEM). The dynamics of the multibody system are 
solved by, 

dq
dt

= L(q)v (35a) 

M
dv
dt

= ft(t,q,v) (35b) 

ft(t,q,v) = fe − fc (35c) 

where q and v are respectively the positions and velocities of the mul
tibody system, and they are related by using a linear transformation 
matrix L(q). dq/dt includes the time derivatives of both the position and 
Euler parameters, describing the rigid body’s motion in the global 
frame. v contains the linear velocity as well as the angular velocity in the 
body-fixed frame. Detailed formulations can be found in [59,60]. ft is the 
sum of the total forces that consists of external forces fe and constraint 
forces fc. M is the matrix of mass of the multibody system.

The external forces fe are considered as the forces from the geo
materials, solved in the SPH solver, while the constraint forces fc are the 
forces within multibody systems due to mechanical constraints, resolved 
in the DEM solver Project Chrono. In this work, the main functionality 
tested and adopted in Project Chrono is the collision module with fric
tional constraints for the interaction between multiple rigid bodies. 
However, other mechanical constraints such as spherical joints, hinges, 
or springs are also available in the code and can be applied to boarder 
case scenarios such as vehicle-terrain interaction.

Two frictional contact models are available in Project Chrono, 
including smooth contacts (SMC) and non-smooth contacts (NSC) [58]. 
In SMC, overlaps between bodies are allowed, and frictional forces are 
resolved based on the partial deformation of the bodies in contact using 
the penalty-based method. In NSC, complementarity conditions are 
introduced to impose non-penetrations constraints for the bodies in 
contact, along with a Coulomb friction model to solve the frictional 
forces.

3.3. Coupling with Project Chrono

The two-way coupling between the geomechanics SPH solver and 
multibody dynamics DEM solver is achieved through the communica
tion interface named DSPHChronoLib developed by Martínez-Estévez 
et al. [35]. The coupling procedures are listed in Table 2 and are briefly 
described below. For more details of the implementation, readers can 
refer to Martínez-Estévez et al. [35].

In each time step, the coupling is completed in three parts: (1) the 
SPH solver computes forces exerted by geomaterials on the rigid bodies 
according to Eq. (32). Then, the linear (dV/dt) and angular acceleration 
(dΩ/dt) of the rigid bodies are obtained by Eqs. (33a) and (33b), and 
they are transferred to the DSPHChronoLib to compute the linear forces 
F and torsional forces T; (2) DEM solver receives F and T from 
DSPHChronoLib and applies them as external forces (fe), alongside 
constraints forces (fc) computed internally, to solve the dynamics of the 
rigid bodies. Project Chrono then outputs linear velocity V, angular 
velocity Ω, and the centre-of-mass position R0 to GeoDualSPHysics; (3) 
After receiving V, Ω, and R0, velocities of the particles representing rigid 
bodies are updated by solving Eq. (34). The entire system is then 
updated in GeoDualSPHysics for the next time step calculation.

4. Code documentation

4.1. Overview of implementations

The implementations of the aforementioned algorithms and numer
ical schemes are based on DualSPHysics v5.2, utilizing its built-in 
OpenMP-based and CUDA-based parallel computing architecture and 
established SPH computational workflow. These frameworks have been 
adapted for solving geomechanics problems in the GeoDualSPHysics. 
Fig. 3 presents the computational workflow and GPU parallel 

Table 2 
Algorithm for geomaterial-multibody interaction.

Algorithm2 Interaction between geomaterial and multibody system

1 //-Interaction_Forces
2 for each particle k do
3 Compute the forces exerted on particles representing rigid bodies using Eq. 

(32)
4 end for
5 //-RunFloating
6 for each rigid body N do
7 Compute the motion of rigid body dV/dt, dΩ/dt using Eqs. (33a) and (33b)
8 end for
9 //-DSPHChronoLib
11 Compute F, T of rigid bodies according to dV/dt, dΩ/dt
12 Transfer F, T, and ΔtSPH to Project Chrono
13 //-Project Chrono
14 Detect collisions and apply mechanical constraints for fc
15 Compute the V, Ω, and R0 of the rigid bodies according to Eqs. (35a) to (35c)
16 Transfer the V, Ω, and R0 of the rigid bodies back to SPH solver
17 //-FtUpdate
18 for each rigid body N do
19 Update positions of the rigid bodies using Eq. (34)
20 end for

Fig. 3. Computational workflow and GPU parallel framework of 
GeoDualSPHysics.
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framework.
The main added variables include the stress tensor σ, the stress rate 

tensor dσ/dt, and the equivalent deviatoric plastic strain κ. This neces
sitates the revision to the memory allocation for new variables on both 
CPU and GPU, data transfer of the newly allocated arrays between CPU 
and GPU, and cell-linked list for new variables. Furthermore, the 
configuration and initialisation are also modified to load the material 
properties and execution parameters from the XML file.

The newly incorporated physics and algorithms are included in the 
(1) boundary treatment, involving boundary-material interaction and 
rigid body-material interaction for the stress and velocity conditions on 
solid boundaries and rigid bodies, as presented in section 2.6, through 
functions JSphCpu::Interaction_CdbcCorrection, JSphCpu::Inter
action_MdbcCorrection, KerInteractionCdbcCorrection and KerInter
actionMdbcCorrection, (2) particle interaction, including material- 
material interaction, material-boundary interaction, and material-rigid 
body interaction for the evaluation of governing equations expressed 
in Eqs. (13a) to (13d), as well as rigid body-material interaction for 
forces exerted on rigid bodies from material in Eq. (32), shifting distance 
in Eq. (21), and the diffusion term in Eq. (17), all within functions 
JSphCpu::InteractionForcesFluid and KerInteractionForcesFluid, (3) time 
integration for updating stress and plastic strain using the semi-implicit 
stress update algorithm listed in Table 1, implemented in function 
JSphCpu::ComputeVerlet, JSphCpu::ComputeSymplecticPre, JSphCpu:: 
ComputeSymplecticCorr, KerComputeStepVerlet, KerComputeStep
SymplecticPre, and KerComputeStepSymplecticCor.

In GeoDualSPHysics, the CUDA configuration parameters remain the 
same as DualSPHysics. BlockSize (threads per block) has three calcula
tion modes and can be changed using executions parameter -blocksize:<
mode>. By default (-blocksize:0), BlockSize is fixed at 128 threads. 
Other options include: (-blocksize:1) where the optimal BlockSize is 
determined by the CUDA Occupancy Calculator, and (-blocksize:2) 
where the optimal BlockSize is calculated empirically based on the data 
used in the CUDA kernels. The number of blocks is determined by 
dividing the number of particles by the number of threads per block, 
using the formula (particleNumber + blockSize - 1) / blockSize to ensure 
that every particle is assigned to a thread. Shared memory is used 
selectively within CUDA kernels, primarily for caching particle infor
mation during neighbour searches and for reduction operations. For 
most particle data, global memory is used due to the large size of the 
datasets. Synchronization between threads is managed using the __syn
cthreads() function. This operation is applied only when coordination 
among threads is necessary to ensure maximum efficiency, for example, 
when calculating the maximum value in a data array, creating the list of 
new periodic particles, or generating the cell-linked list for neighbour 

searching.
GeoDualSPHysics employs a mixed precision strategy inherited from 

the original DualSPHysics code. Double precision is used where high 
precision is necessary for accuracy, such as for storing and calculating 
particle positions, while the rest adopts single precision. This strategy is 
a performance optimization for GPUs, as their architecture is designed to 
process single-precision operations significantly faster than double- 
precision operations. Previous studies of the DualSPHysics code have 
shown that this optimisation provides a significant performance 
improvement without loss of accuracy on GPU models [61].

In addition to the implementation, code optimisations are also con
ducted to achieve efficient instruction execution, reduced memory 
usage, and high GPU occupancy. Variables with multiple components 
are converted to built-in vector types during GPU execution, for 
instance, using float2 arrays for stress tensor computation on the GPU. 
CUDA built-in functions are employed for mathematical operations to 
enhance computational efficiency. Memory management in the original 
DualSPHysics code follows a static allocation approach: arrays are 
allocated when needed and deallocated immediately after use. Taking 
advantage of this feature, the memory allocation for the stress tensor is 
reduced since the array for the stress rate tensor is deallocated after the 
time integration, leaving the allocated memory for the extra stress tensor 
array required in neighbour list computation. Furthermore, the NVIDIA 
Nsight Compute for GPU profiling is adopted to enable the optimisation 
of performance metrics such as register usage per thread, improving 
occupancy through strategies such as reducing local variables and in
termediate values. For example, in the Symplectic Position Verlet 
scheme, the density update is used in its standard form rather than the 
modified version in the original DualSPHysics solver, which includes 
additional local variables (i.e., epsilon_rdot) to improve density/pressure 
stability. This change does not affect the results because, in the current 
application, density is not directly linked to stress computation and is 
not prone to instability.

4.2. Compiling and running the code

The source code and files attached to this manuscript include pre
compiled GeoDualSPHysics executables along with dynamic libraries for 
DSPHChrono-Lib and Project Chrono. This allows users to immediately 
run the released version on CPU/GPU without need to compile the 
source code. In the situation that compilation is needed, the GNU C++

compiler is required for Linux-based systems, while Visual Studio IDE 
can be adopted for Windows systems with the use of provided Visual 
Studio 2022 solution in original DualSPHysics package or CMAKE. The 
CUDA toolkit that includes the NVCC compiler is required to compile 

Fig. 4. Normalised vertical stress profile at final instant (t = 20 s) for the finest resolution using (a) cDBC and (b) extended mDBC.
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and run GeoDualSPHysics on an NVIDIA GPU card.
To compile GeoDualSPHysics with Project Chrono, the files lib

ChronoEngine.so and libdsphchrono.so are included in the path of src/lib/ 
linux_gcc and bin/linux. The GNU C++ compiler version 11, or later, 
should be used to compile the code. For details regarding the compila
tion with Project Chrono, readers can refer to Martínez-Estévez et al. 
[35].

Once the executable files have been built, the other files required to 
launch the simulation include the Case_Def.xml (eXtensible Markup 
Language) file and either a .sh (Shell) or .bat (batch) script. Identical to 
the hydrodynamics DualSPHysics package, users can modify Case_Def. 
xml to adjust geometries, material properties, or execution settings. For 
example, the “Boundary” option can be changed to value = “1” for 
cDBC, while value = “2” for mDBC. The script .sh/.bat specifies the 
location of the executables and contains command flags for these 
executable files.

The Case_Def.xml file is processed by GenCase, a precompiled pre
processing tool developed by DualSPHysics, which generates the parti
cle discretisation and prepares input files for simulation. External 
geometries (e.g., complex terrain) can also be integrated into the nu
merical model. For guidance on generating geometries using XML or 
loading external geometries into the simulation, one can refer to the 
XML_GUIDE document in the DualSPHysics package for detailed in
structions. The benchmark tests presented in the manuscript are pro
vided in the folder GeoDualSPHysics/examples. For each benchmark, 
scripts are available to execute the code on Linux or Windows.

Upon launching the simulation, the script will call GenCase to 
generate the initial numerical configuration, and then GeoDualSPHysics 
will be called to run the simulation. The binary files output from Geo
DualSPHysics will be finally processed by post-processing tools such as 
PartVtk. The output files include the format of VTK (Visualization 

Toolkit), which can be conveniently loaded into a visualization software 
such as Paraview for results analysis.

5. Validation cases

The validity of GeoDualSPHysics in simulating large deformations of 
geomaterial and their interaction with multiple rigid bodies is assessed 
in this section through six benchmark examples with the comparison to 
available analytical solutions, numerical solutions and experimental 
data.

5.1. Static soil column

The simulation of a soil column at rest is conducted as an elemental 
benchmark test to study the convergence behaviour of the implemented 
SPH scheme and the performance of boundary treatments. The numer
ical configuration is taken the same as the previous work by Feng et al. 
[31]. The height of the soil column is set as 1 m, with periodic boundary 
treatment applied to the lateral boundaries and a solid boundary applied 
to the bottom. An increased value of artificial viscosity coefficient α =
1.0 is used to settle down oscillations in the system due to the sudden 
application of gravitational forces [62]. The material properties are set 
as Young’s modulus E = 10 MPa, Poisson’s ratio υ = 0.3, friction angle φ 
= 33◦, cohesion c = 10 kPa, dilation angle ψ = 0◦, and density ρ = 2100 

Fig. 5. Normalised L2 error norms of vertical stress at t = 20s.

Fig. 6. Granular failure on deformable base: initial numerical configuration.

Fig. 7. The final deposit profile obtained from the simulation.

Fig. 8. Comparison with experiment measured free-surface profile at cross- 
sections of (a) y = 0 m and (b) x = 0.212 m.
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kg/m3. The initial particle spacings are taken as dp = 0.1, 0.05, and 0.02 
m. The simulations are conducted for 20 s of physical time.

Fig. 4 shows the normalised vertical stress from the simulation with 
dp = 0.02 m at the final time instant, compared against analytical so
lutions. Overall, both boundary options agree well with the analytical 
results. The cDBC exhibits slight fluctuations near the boundary, 
whereas the extended mDBC yields a smoother prediction with closer 
agreement with analytical solutions.

In addition, the normalized L2 error norms of vertical stress at t = 20s 
for three different initial particle spacings are presented in Fig. 5. The 
implemented SPH scheme shows a convergent behaviour with both the 
cDBC and the extended mDBC. The extended mDBC achieves overall 
higher accuracy than the cDBC, especially at coarse particle resolutions. 
However, for this case, the gap in accuracy between the two boundary 
methods narrows as the refinement of particle resolutions.

5.2. Granular failure on deformable base

This case simulates the collapse of granular material from a restricted 
box onto a deformable base to validate the solver’s capacity in modelling 
large-deformation granular flow. This test has been experimentally 
investigated by Liu et al. [63] with measurements of the final deposit 
profile at x = 0.212 m and y = 0 m available. The initial numerical 
configuration is set to keep consistent with experiment setup as shown in 
Fig. 6. The material properties adopted in the simulation are referenced 
from Huang et al. [27], taking value of E = 2 MPa, υ = 0.3, φ = 33◦, c =
0 kPa, ψ = 0◦, and density ρ = 1530 kg/m3. For evaluating the 
convergence behaviour of the solver, three sets of initial particle spac
ings, i.e., dp = 0.001, 0.002, and 0.004 m, are adopted, resulting in a 
total particle number of 0.35 million, 2.29 million, and 16.45 million, 
respectively.

Fig. 7 displays the final deposit profile from the simulation using the 
finest particle resolution (dp = 0.001 m), coloured by deviatoric plastic 
strain. The results demonstrate that the simulation captures the mech
anism of granular failure from the confined container, where the large 
deformation region and stationary region are clearly distinguished.

The post-processing tool IsoSurface is used to extract the location of 
the free-surface profile from the simulation output. However, since 

IsoSurface is less effective to capture non-planar surfaces, the profile at x 
= 0.212 m is generated by directly identifying the free-surface particles 
(e.g., based on the calculated particle divergence).

Fig. 8 compares the simulated final deposit profiles along two cross- 
sections of x = 0.212 m and y = 0 m with experiment results. The 

Table 3 
Statistical parameters Ar and Pd for different particle spacing at cross-sections of 
y = 0 m and x = 0.212 m.

dp = 0.004 m dp = 0.002 m dp = 0.001 m

Pd (x = 0.212 m) 0.198 0.181 0.143
Ar (x = 0.212 m) 1.118 1.063 1.055
Pd (y = 0 m) 0.084 0.071 0.066
Ar (y = 0 m) 1.049 1.044 1.041

Fig. 9. Impact force of sand on a rigid wall: initial numerical configuration.

Fig. 10. The impact process of sand on the 45◦ inclined plane (left column) and 
55◦ inclined plane (right column).

Fig. 11. Time history of the impact forces predicted in simulation with com
parison against experiment measurements.

R. Feng et al.                                                                                                                                                                                                                                     Computer Physics Communications 320 (2026) 109965 

11 



differences between numerical and experimental results are quantified 
using statistical parameters defined as [64], 

Ar =

(
∑N
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fnum
j

)2
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fexp
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)2
)1/2
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(
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)2
)1/2

(36b) 

where Ar represents the relative amplitude between both datasets, in 
which perfect agreement yields Ar → 1. Pd denotes the phase difference 
between both datasets, with perfect agreement resulting in Pd → 0. f 
represents the variable of interest (in this case, the position of free- 
surface particles), where subscripts denote experimental (exp) or nu
merical (num) values.

Table 3 lists the value of Ar and Pd obtained for different particle 
spacing at the cross-sections of x = 0.212 m and y = 0 m. Both statistical 
parameters imply a reasonable agreement between numerical results 
and experiment measurements. The value of Pd at x = 0.212 m appears 
relatively large but results become more accurate with decreasing par
ticle spacing, indicating convergence of the predicted free-surface pro
file toward the experimental results. The discrepancies with experiment 
data may be attributed to greater granular material accumulation in the 
numerical simulation within the range of x =0.1 to 0.2 m compared to 
experiments, as shown in Fig. 8(a), resulting in less material flowing 

downslope. Potential reasons for this observation could vary, including 
soil heterogeneities, wall friction, and the accuracy of the numerical 
scheme. Future work may focus on these aspects to improve predictions.

5.3. Impact force of sand on a rigid wall

The experiment by Moriguchi et al. [65] is simulated to validate 
impact forces of soil flow on a rigid wall. The configuration of the nu
merical model is illustrated in Fig. 9. A sand column is initially confined 
at the top of a flume and impacts the bottom rigid wall upon release. The 
impact forces are measured using a force sensor in the experiment.

The strength parameters are taken as E = 21.6 MPa, υ = 0.3, φ = 35◦, 
c = 0 kPa, and ψ = 0◦, following Lei et al. [66]. In accordance with their 
study, the constants for the Drucker-Prager yield surface that middle 
circumscribes the Mohr-Coulomb yield surface are adopted. The density 
is back analysed from the volume to match the total mass of the sand 
column with the experimentally measured value of 50 kg, leading to ρ =
1111 kg/m3. The numerical model is discretised with the initial particle 
spacing of dp = 0.005 m, leading to a total number of 0.63 million 
particles. The simulated physical time is 3 s. All five inclination angles 
tested in the experiment, i.e., 45◦, 50◦, 55◦, 60◦, and 65◦, are simulated 
in this work.

Fig. 10 shows particles coloured according to the velocity magnitude 
at different time instants for the inclination angles of 45◦ and 55◦. The 
simulation with a higher inclination angle demonstrates greater 

Fig. 12. Sliding motion of a cube on a slope: initial numerical configuration.

Fig. 13. The displacement of the sliding cube over time for different frictional 
coefficients.

Fig. 14. Spherical solid impacting on a granular bed: initial numerical 
configuration.

Fig. 15. Simulation results with the initial velocity of 3.03 m/s at different time 
instants (from top to bottom): (a) t = 0.015s, (b) t = 0.08s and (c) t =0.15s.
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mobility of the sand flow. Upon the impact onto the rigid wall, the 
accumulation of sand at the bottom starts, forming a growing sand pile. 
The size of the final deposit deceases as the increase of inclination an
gles. The simulation results generally capture the experimental obser
vation reported by Moriguchi et al. [65].

The forces per unit mass exerted on the rigid wall are evaluated by 
summing the forces on particles representing the wall using Eq. (32b). 
The force gauge option in the original solver is modified to achieve this 
purpose. It is noted that the forces obtained from simulation are the total 
force while the impact force measured in the experiment is the force 
normal to the rigid wall. Therefore, the normal vector n of the rigid wall 
is applied in the calculation of impact force in a similar manner to Chen 
et al. [7]. Fig. 11 displays the predicted impact force over time in 
simulation with comparison against experiment measurements. The 
prediction by the new solver shows a reasonable agreement with the 
experiment measurements by Moriguchi et al. [65].

5.4. Sliding motion of a cube on a slope

The sliding of a cube on a slope is simulated in this case to validate 
the developed solver in solving the rigid-rigid interaction with frictional 
constraints using Project Chrono. Fig. 12 shows the configuration of the 
numerical model. A solid cube is positioned on an inclined plane and 
slides down the slope due to the combined action of gravity force and 
frictional force. The cube has a size of 0.1 m × 0.1 m × 0.1 m, and the 
slope has a length of 2.5 m with the inclination of θ = 30◦. The numerical 
model is discretised with initial particle spacing of dp = 0.005. The 
material properties of the cube and slope are both set as Young’s 

modulus E = 2 GPa, Poisson ratio ν = 0.2, and density ρ = 2500 kg/m3. 
The friction coefficient of the slope is set to vary from μ = 0, 0.1, 0.3, to 
0.6.

The time-dependent analytical solution of the displacement of the 
sliding cube is g(sinθ − μcosθ)t2/2. Fig. 13 presents the comparison be
tween the analytical solution and numerical results for the displacement 
of the block for different values of μ. It can be seen that the simulation 
well captures the frictional contact of the rigid-rigid interaction.

5.5. Spherical solid impacting on a granular bed

In this case, the simulation of spherical solid impacting on a granular 
bed is performed for testing the effectiveness of GeoDualSPHysics in 
modelling the interaction of a single rigid solid with geomaterials. The 
experiment setup described in Pica Ciamarra et al. [67] is adopted for 
the numerical simulation. Fig. 14 illustrates the geometry of the nu
merical model. A spherical solid with a radius of 0.0223 m is placed just 
above the granular bed and released with varying initial velocities. The 
initial particle spacing is set as dp = 0.004 m, resulting in a total number 
of 0.44 million particles.

The material properties used in the simulation are taken from Shi 
et al. [2], taking values of ρ = 600 kg/m3, E = 1.3 MPa, υ = 0.2, φ = 16◦, 
c = 0 kPa, ψ = 0◦ for the granular bed and ρ = 7850 kg/m3 for the rigid 
solid. Note that, similar to Shi et al. [2], the Young’s modulus of granular 
beds is calibrated in this study by matching numerical results to the 
corresponding experiment measurement from the case with an initial 
velocity of 3.30 m/s.

Fig. 15 shows the numerical results for the initial velocity of 3.3 m/s 
at different time instants. It is noted that the predicted stress profile of 

Fig. 16. Time evolution of (a) position and (b) velocity of the spherical solid (the y coordinate of each curve has been shifted by 0.3 sequentially for better clarity).

Fig. 17. Dynamic impact of granular flow on blocks: initial numerical 
configuration.

Table 4 
Material properties adopted in the simulation of granular flow impact on blocks.

Granular column

Density (kg/m3) 1300
Young’s modulus (MPa) 0.5
Poisson ratio (-) 0.3
Cohesion (Pa) 0
Friction angle (◦) 22
Dilation angle (◦) 0
Wooden blocks
Density (kg/m3) 500
Young’s modulus (MPa) 50
Poisson ratio (-) 0.5
Fictional coefficient (-) 0.6
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the granular material remains smooth, even in this high-velocity impact 
scenario. Additionally, Fig. 16 presents a comparison with the position 
and velocity data reported by Pica Ciamarra et al. [67], as well as the 
MPM-DEM simulation results by Shi et al. [2]. The results show that the 
predictions from the developed solver match well with the experimental 
measurements as well as MPM-DEM results, indicating that the new 
solver can effectively capture the interaction between the discrete solid 
body and the granular continuum in large deformations.

Fig. 18. Comparison between the experiment observation [68] and simulated impact process. (adapted from [68], with permission from © John Wiley & Sons, Ltd.).

Fig. 19. Temporal evolution of the rotation angle β of the block no.2.

Table 5 
Information of adopted devices.

GPU NVIDIA 
GeForce RTX 
4090

NVIDIA 
Tesla V100

CPU Intel Xeon 
Gold 6248R

Compute 
capacity

8.9 7.0 Clock Speed 3.00 GHz

Global memory 24 GB 16 GB Cores 24
CUDA cores 16384 5120 Threads 48
Clock rate 2.52 GHz 1.53 GHz Cache 35.75 MB
Memory 

bandwidth
1008 GB/s 900 GB/s RAM 256 GB

TFLOPS (Single 
precision)

82.6 15.7 Memory 
bandwidth

140.8 GB/s
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5.6. Dynamic impact of granular flow on blocks

This case refers to the simulation of experiment by Liu et al [68] on 
the impact of granular flow on blocks, to validate the developed solver in 
modelling the interaction of geomaterials with multiple rigid bodies. 
This benchmark example has been widely used to validate the interac
tion between granular flow and rigid multibody systems (e.g., [5,18,
69]). The 2-D setup is adopted to align with the numerical configuration 
and material properties reported in the literature.

The setup of numerical model is shown in Fig. 17. The granular 
column has a width of 0.1 m and a height of 0.2 m. The block dimensions 
are 0.02 m × 0.018 m. The block no. 3 is fixed in space to keep consistent 
with the experiment setup while the blocks no.1 and no.2 are movable. 
Table 4 lists the material parameters adopted in the simulation, which 
are taken from the experiment data reported by Liu et al. [68]. The 
initial particle spacing is set to be 0.0025 m.

Fig. 18 presents the flow process of the granular column and its 
impact on the blocks. The snapshots from the experiment are also 
included for comparison. It can be seen that the impact occurs at t = 0.25 
s and causes the translation and rotation of both block no.1 and no. 2. 
Block no.2 touches the ground and stops rotation at around t = 0.4 s, 
while the block no.3 fully contacts the ground at about t = 0.45 s. The 
physical process observed in the experiment is effectively reproduced in 
the simulation. Moreover, no unphysical gap or numerical instability 
arises between the granular flow and the multibody system, indicating a 
stable and consistent coupling.

In addition, the rotation angle β between the left boundary of block 
No. 2 and the x-axis is measured in simulation and compared with 
experiment data and MPM-DEM results by Liu et al. [68] in Fig. 19. The 
SPH results generally agree with the experiment data and MPM-DEM 
results, indicating the new solver can accurately capture the dynamic 
interaction between granular flow and multibody systems.

6. Performance analysis

The performance of the new solver on GPU is tested and reported in 
this section, with a focus on the memory usage, computational speed, 
speedup over a multi-core CPU, and profiling analysis of key CUDA 
kernels. The three-dimensional granular column collapse test, widely 
adopted in the literature for performance test, is selected as the bench
mark case. The NVIDIA GeForce RTX 4090 is adopted to run GPU sim
ulations, along with simulations on the NVIDIA Tesla V100 for 
comparison. The Intel Xeon Gold 6248R is adopted for multi-core CPU 
simulations. The details of adopted devices are listed in Table 5.

The granular circular column collapse test simulates the gravity- 
driven free fall of a cylindrical granular column. The initial di
mensions of the column are set to radius r0 = 0.2 m and height h0 = 0.1 
m, corresponding to an initial aspect ratio α = 0.5. The material pa
rameters used in the simulation are identical to those in Huang et al. 
[27], taking value of ρ = 2600 kg/m3, E = 15 MPa, υ = 0.3, φ = 30◦, c =
0 kPa. The initial particle spacings are adopted ranging from dp = 0.008 
m to dp = 0.0008 m. The adopted resolutions and resulting particle 
numbers in the simulation are presented in Table 6. All the simulations 
are performed for the physical time of t = 0.1s.

Table 6 
The resolutions for the performance analysis.

Particle 
spacing (m)

Material particles 
(million)

Boundary particles 
(million)

Total particles 
(million)

0.0008 24.7 3.7 28.4
0.001 2.36 12.64 15.00
0.00125 6.48 1.51 7.99
0.0015 3.79 1.00 4.79
0.002 1.59 0.59 2.18
0.0025 0.816 0.379 1.195
0.004 0.201 0.149 0.350
0.008 0.0267 0.0357 0.0624

Fig. 20. Relationship between GPU memory usage and number of particles.

Fig. 21. Relationship between computational speed (FPS) and number 
of particles.

Fig. 22. Speed-up over CPU (16 threads) for 3-D granular column collapse test.
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The relationship between GPU memory usage and number of total 
particles is presented in Fig. 20, with comparison against the reported 
results by the Peng et al. [25] using the open-source solver LOQUAT and 
results by Huang et al. [27] using their in-house solver modified from 
DualSPHysics (v.4.0). It can be seen from Fig. 20 that the three solvers 
all show a linear relation between memory usage and the particle 
number. The new solver developed in this work achieves substantially 
lower memory consumption than current state-of-the-art. For a simu
lation with 1 million particles, LOQUAT requires around 0.48 GB of GPU 
memory, the solver by Huang et al. [27] needs GPU memory allocation 
of about 0.35 GB, while GeoDualSPHysics requires only 0.23 GB. Geo
DualSPHysics demonstrates 52% less memory usage than LOQUAT and 
34% less than Huang et al.’s solver, demonstrating the potential of 

GeoDualSPHysics for the application with larger scale and finer 
resolutions.

The computational efficiency of GeoDualSPHysics is measured using 
the performance metric frames per second (FPS), defined as the number 
of computational steps executed per second. Fig. 21 compares the FPS 
achieved by GeoDualSPHysics on an NVIDIA GeForce RTX 4090 and an 
NVIDIA Tesla V100, alongside the reported FPS values from Huang et al. 
[27] on an NVIDIA Quadro RTX 6000 for the same test case. The FPS by 
GeoDualSPHysics on Tesla V100 shows nearly one order of magnitude 
higher than the reported FPS by Huang et al. [27] on Quadro RTX 6000. 
Although this comparison involves simulations on two different GPU 
devices, it is noted that the adopted Tesla V100 has a comparable FP32 
performance with Quadro RTX 6000. Furthermore, the 

Table 7 
Profiling data for the main kernels in GeoDualSPHysics.

Performance metrics KerMDBC KerCDBC KerInteract KerSymPre KerSymCorr KerVerlet

Duration (ms) 0.251 0.104 3.24 0.458 0.429 0.471
Compute Throughput (%) 34.33 31.58 78.79 54.06 63.77 56.89
Memory Throughput (%) 15.93 15.58 35.67 92.75 88.52 91.88
TFLOP/s (Single-precision) 4.14 3.47 9.7 0.31 0.34 0.31
L2 Hit Rate (%) 66.56 62.43 91.37 52.86 56.16 47.87
No Eligible (%) 67.81 58.97 20.7 96.88 96.58 96.74
Average Active Threads Per Warp (%) 18.21 19.23 19.07 32 32 32
Registers Per Thread 115 96 64 40 40 48
Theoretical Occupancy (%) 33.33 41.67 66.67 100 100 83.33
Achieved Occupancy (%) 25.84 30.86 63.1 86.17 85.49 71.41

Table 8 
Profiling data for the main kernels in DualSPHysics.

Performance metrics KerMDBC KerInteract KerInteract(SPS) KerSymPre KerSymCorr KerVerlet

Duration (ms) 0.23 2.37 3.37 0.236 0.416 0.276
Compute Throughput (%) 37.87 83.6 76.86 62.26 85.54 60.27
Memory Throughput (%) 8.34 33.97 34.48 92.88 66.46 92.62
TFLOP/s (Single-precision) 3.37 10.435 10.5 0.126 0.14 0.133
L2 Hit Rate (%) 60.23 87.08 88 51.32 40.67 44.5
No Eligible (%) 70.18 15.84 22.58 96.65 96.53 96.86
Average Active Threads Per Warp (%) 20.16 21.67 18.23 32 31.85 32
Registers Per Thread 96 48 64 33 29 39
Theoretical Occupancy (%) 41.67 83.33 66.67 100 100 100
Achieved Occupancy (%) 30.43 78.41 62.72 81.98 92.01 82.54

Fig. 23. Simulation results of the granular flow with 86.7 million particles.
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GeoDualSPHysics simulation on RTX 4090 achieves approximately 2.6 
× higher FPS than that on the Tesla V100, indicating the performance of 
GeoDualSPHysics scales well with the advance in GPU devices. Specif
ically, for a 1.19 million particle simulation, GeoDualSPHysics achieves 
FPS rate of 171.1 on the Tesla V100 and 445.9 on the GeForce RTX 4090, 
while for the 15 million particle simulation, it reaches FPS of 12.9 on the 
Tesla V100 and FPS of 32.3 on the RTX 4090. These results represent a 
substantial enhancement over reported FPS in the literature for 
similar-scale simulations. These results demonstrate the advances of 
GeoDualSPHysics in both computational speed and memory efficiency.

Another evaluation is conducted to assess the GPU speedup of Geo
DualSPHysics over the multi-core CPU. The OpenMP-based CPU 
implementation follows the same computational workflow as the GPU to 
make them comparable. For a practical simulation time of large particle 
number on the CPU, the simulations run for 2,000 computational steps 
at the particle number ranging from 0.06 to 15 million with a fixed 

timestep (Δt = 3 × 10⁻6 seconds) that satisfies the CFL condition at the 
finest resolution. The CPU simulation uses an Intel Xeon Gold 6248R 
with 16 threads allocated.

The GPU speedup over CPU (16 threads), calculated as the ratio of 
FPS achieved by GPU to FPS by CPU, is plotted in Fig. 22. The results 
show that the speedup increases rapidly with the number of particles for 
simulations with fewer than 2 million particles. Beyond this point, the 
speedup growth rate slows down as the particle count further increases. 
For the Tesla V100, the maximum speedup reaches around 70x, 
benchmarked against the Xeon Gold 6248R (using 16 threads), while the 
RTX 4090 achieves a maximum speedup of 180x. This finding highlights 
the advantage of GPU-based acceleration. It also implies that GPU ac
celeration in GeoDualSPHysics could outperform serial CPU computa
tion by up to three orders of magnitude.

The specific performance metrics of the key CUDA kernels in Geo
DualSPHysics are investigated using the GPU profiling tool, NVIDIA 
Nsight Compute. The simulation of granular column collapse with dp =
0.002 m on RTX 4090 at the first timestep is profiled. The CUDA kernels 
that take the main computation, including particle interaction, time 
integration, and boundary treatment, are analysed. Tables 7 and 8
respectively list the results of GPU profiling for main kernels in Geo
DualSPHysics and DualSPHysics.

The profiling results show that CUDA kernels KerMDBC and Ker
Interact in GeoDualSPHysics achieve slightly lower occupancy 
compared to their counterparts in DualSPHysics. This reduction occurs 
because GeoDualSPHysics introduces additional arrays for stress tensor 
calculations, requiring more registers per thread for floating-point op
erations. To enable fair comparison, the DualSPHysics solver is tested 
with the resolution of sub-particle stress (SPS) option in fluid simulation, 
which similarly requires stress tensor computation. The comparison 
between KerInteract in GeoDualSPHysics and KerInteract(SPS) in 
DualSPHysics demonstrates nearly identical performance metrics. 
Although efforts have been made to retain the performance metrics of 
the CUDA kernels for time integration (i.e., KerSymPre, KerSymCorr, 
and KerVerlet), their execution times remain longer than those in the 
original DualSPHysics. This is expected, as the current implementation 
includes additional computations for elastic stress integration and return 

Fig. 24. Run time of GeoDualSPHysics and Project Chrono for different particle 
resolutions.

Fig. 25. Simulation results of the granular flow impacting a wall made of 24 cubic boxes.

R. Feng et al.                                                                                                                                                                                                                                     Computer Physics Communications 320 (2026) 109965 

17 



mapping algorithm in the time integration. However, the proportion of 
the added cost to the overall simulation time is relatively marginal.

It is also found that the KerInteract for particle interaction accounts 
for the largest proportion of computation time. In comparison, the 
boundary treatment contributes a relatively minor computational cost: 
KerCDBC for cDBC requires only 3.2% of the KerInteract, while 
KerMDBC for mDBC accounts for 7.74%. This finding challenges the 
viewpoint that the boundary treatment with fixed ghost technique 
significantly increases computational costs.

The particle spacing has been further refined to dp = 0.0005 m, with 
the height of granular column adjusted to 0.08 m. This configuration 
results in a simulation of total 86.7 million particles, including 80.7 
million material particles and 6 million boundary particles, which has 
reached a new record for granular flow simulation ever performed on a 
single GPU. The simulation is conducted on the GeForce RTX 4090 GPU 
24 GB, achieving FPS of 4.6 (e.g., completing 20,000 time steps in 
approximately 1.2 hours). The noise-free stress treatment described in 
section 2.5.2 is enabled in this case. Fig. 23 shows the results of the 
simulation with the finest resolution.

The results demonstrate that a stable, noise-free stress field has been 
achieved by using GeoDualSPHysics. The simulation at such a high 
resolution captures fine-scale details of multiple shear band formation 
and evolution. The capacity of simulating large numbers of particles at a 
practical computational speed also enables real-world applications in 
large scale such as landslide simulation. It is worth noting that the 
simulation of a finer resolution and larger number of particles (e.g., over 
100 million particles) can be achieved in GeoDualSPHysics by using a 
GPU with greater memory capacity.

To further assess the performance of the coupling with Project 
Chrono, the case configuration of fluid impacting a breakwater by 
Martínez-Estévez et al. [35] for DualSPHysics-Chrono is adopted. This 
original case refers to the gravity-driven water column impacting on a 
block of 24 cubic boxes. In the present study, the water column is 
replaced with granular column with properties of ρ = 2100 kg/m3, E =
10 MPa, υ = 0.3, φ = 25◦, c = 0 kPa, ψ = 0◦. The distance between the 
column and cubes is shortened to 0.2 m considering the limited run-out 
of the granular flow. The material properties of the cube box are set as 
soft wood. For the detailed numerical setup, readers can refer to Mar
tínez-Estévez et al. [35] or the provided files in the attached source code.

The performance analysis was run for 2,000 computational steps at 
the initial spacings ranging from 0.006 m to 0.002 m with a fixed 
timestep (Δt = 5 × 10⁻6 seconds). Fig. 24 presents the total simulation 
runtime, the SPH runtime, the Chrono runtime, and the percentage of 
Chrono runtime relative to the total (% Chrono). Similar to the finding 
by Martínez-Estévez et al. [35], the increase of particle number directly 
raises the SPH runtime but has a minor influence on the Project Chrono 
runtime. GeoDualSPHysics shows a trend of % Chrono similar to that of 
DualSPHysics as particle resolutions are refined. The slightly higher % 
Chrono of original DualSPHysics is caused by the shorter SPH runtime 
for fluid simulations using DualSPHysics, as discussed in the profiling 
analysis.

Fig. 25 shows the full simulation results of the granular column 
impacting the box wall. The flow process of granular materials, impacts 
with rigid bodies, and multi-body collisions are captured in the 
simulation.

7. Conclusions

This work presents an open-source, high-performance SPH solver, 
GeoDualSPHysics, tailored for large deformation geomechanics model
ling. The framework introduces four core developments: (1) stabilized, 
noise-free stress resolution for simulating geomaterials in extremely 
large deformations, (2) first-order consistent solid boundary modelling 
with two boundary treatment options: an extended modified Dynamic 
Boundary Condition (mDBC) and a corrected Dummy Boundary Con
dition (cDBC), (3) GPU-accelerated computation by leveraging the 

CUDA-parallelised SPH framework inherent in DualSPHysics, and (4) 
two-way coupling with multi-body system through integration with 
Project Chrono. The solver achieves practical computational speeds for 
systems involving tens of millions of particles, while maintaining cross- 
platform compatibility with both Windows and Linux environments.

Benchmarked against state-of-the-art geomechanics SPH solvers, 
GeoDualSPHysics demonstrates notable improvements in both memory 
efficiency and computational speed. The accuracy and performance of 
the new solver are validated through six benchmark tests spanning 
geotechnical failures, impact force evaluation on solid boundaries, and 
geomaterial-multibody system interactions. These capabilities position 
the solver as a versatile tool for potential applications in geohazard 
mitigation (e.g., landslides), geotechnical operation (e.g., soil tillage), 
and terramechanics (e.g., off-road vehicle mobility). The application of 
the developed solver to realistic engineering scenarios with complex 
geometries will be explored in future work. Further development will 
focus on improved accuracy through consistency corrections, more 
boundary condition options (e.g., confining stress boundary), multiscale 
modelling via variable-resolution schemes, coupled fluid-geotechnical- 
structural simulations (e.g., wave-seabed interactions), thermal-hydro- 
mechanical coupling, and enhanced parallelization to further broaden 
its engineering and scientific utility.
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A.J. Crespo, M. Gómez-Gesteira, Coupling of an SPH-based solver with a 
multiphysics library, Computer Physics Communications 283 (2023) 108581.

[36] C. Cen, G. Fourtakas, S. Lind, B.D. Rogers, A single-phase GPU-accelerated surface 
tension model using SPH, Computer Physics Communications 295 (2024) 109012.

[37] Y. Zhan, M. Luo, A. Khayyer, DualSPHysics+: An enhanced DualSPHysics with 
improvements in accuracy, energy conservation and resolution of the continuity 
equation, Computer Physics Communications 306 (2025) 109389.

[38] F. Ricci, R. Vacondio, J.M. Domínguez, A. Tafuni, Three-dimensional variable 
resolution for multi-scale modeling in Smoothed Particle Hydrodynamics, 
Computer Physics Communications (2025) 109609.

[39] D. Violeau, B.D. Rogers, Smoothed particle hydrodynamics (SPH) for free-surface 
flows: past, present and future, Journal of Hydraulic Research 54 (1) (2016) 1–26.

[40] X. Zhou, D. Lu, Y. Zhang, X. Du, T. Rabczuk, An open-source unconstrained stress 
updating algorithm for the modified Cam-clay model, Computer Methods in 
Applied Mechanics and Engineering 390 (2022) 114356.

[41] J.J. Monaghan, Smoothed particle hydrodynamics, Annual review of astronomy 
and astrophysics 30 (1992) 543–574. Vol. 30 (A93-25826 09-90), p. 543-574.

[42] M. Antuono, A. Colagrossi, S. Marrone, Numerical diffusive terms in weakly- 
compressible SPH schemes, Computer Physics Communications 183 (12) (2012) 
2570–2580.

[43] D. Molteni, A. Colagrossi, A simple procedure to improve the pressure evaluation in 
hydrodynamic context using the SPH, Computer Physics Communications 180 (6) 
(2009) 861–872.

[44] J.P. Morris, P.J. Fox, Y. Zhu, Modeling low Reynolds number incompressible flows 
using SPH, Journal of Computational Physics 136 (1) (1997) 214–226.

[45] R. Feng, G. Fourtakas, B.D. Rogers, D. Lombardi, Two-phase fully-coupled 
smoothed particle hydrodynamics (SPH) model for unsaturated soils and its 
application to rainfall-induced slope collapse, Computers and Geotechnics 151 
(2022) 104964.

[46] A. Khayyer, Y. Shimizu, C.H. Lee, A. Gil, H. Gotoh, J. Bonet, An improved updated 
Lagrangian SPH method for structural modelling, Computational Particle 
Mechanics 11 (3) (2024) 1055–1086.

[47] S.J. Lind, R. Xu, P.K. Stansby, B.D. Rogers, Incompressible smoothed particle 
hydrodynamics for free-surface flows: A generalised diffusion-based algorithm for 
stability and validations for impulsive flows and propagating waves, Journal of 
Computational Physics 231 (4) (2012) 1499–1523.

[48] A. Skillen, S. Lind, P.K. Stansby, B.D. Rogers, Incompressible smoothed particle 
hydrodynamics (SPH) with reduced temporal noise and generalised Fickian 
smoothing applied to body–water slam and efficient wave–body interaction, 
Computer Methods in Applied Mechanics and Engineering 265 (2013) 163–173.

[49] A. Khayyer, H. Gotoh, Y. Shimizu, Comparative study on accuracy and 
conservation properties of two particle regularization schemes and proposal of an 
optimized particle shifting scheme in ISPH context, Journal of Computational 
Physics 332 (2017) 236–256.

[50] M. Antuono, P.N. Sun, S. Marrone, A. Colagrossi, The δ-ALE-SPH model: An 
arbitrary Lagrangian-Eulerian framework for the δ-SPH model with particle 
shifting technique, Computers & Fluids 216 (2021) 104806.

[51] Y. Shimizu, H. Gotoh, Volume-conserved wavy interface boundary for δ-SPH-based 
numerical wave flume, Coastal Engineering Journal 67 (2) (2025) 214–231.

[52] T. Gotoh, D. Sakoda, A. Khayyer, C.H. Lee, A. Gil, H. Gotoh, J. Bonet, An enhanced 
total Lagrangian SPH for non-linear and finite strain elastic structural dynamics, 
Computational Mechanics (2025) 1–33.

[53] D. Wu, X. Tang, S. Zhang, X. Hu, Unified non-hourglass formulation for total 
Lagrangian SPH solid dynamics, Computational Mechanics 75 (3) (2025) 
1081–1113.

[54] S. Zhang, D. Wu, S.D. Lourenço, X. Hu, A generalized non-hourglass updated 
Lagrangian formulation for SPH solid dynamics, Computer Methods in Applied 
Mechanics and Engineering 440 (2025) 117948.

[55] A. English, J.M. Domínguez, R. Vacondio, A.J.C. Crespo, P.K. Stansby, S.J. Lind, 
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