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 A B S T R A C T

Hydraulic fracturing in fluid-saturated porous media constitutes a challenging multiphysics 
problem involving the coupled evolution of fluid flow, solid deformation, and fracture prop-
agation. This work presents a novel computational framework that integrates dual-horizon 
non-ordinary state-based peridynamics (DH-NOSBPD) with variational damage mechanics and 
Biot’s poroelasticity theory for simulating hydraulic fracture propagation in brittle porous 
materials. The dual-horizon formulation permits spatially varying discretization while rigorously 
preserving linear and angular momentum balance, thereby overcoming a fundamental constraint 
of conventional peridynamic methods. A dynamically consistent energy functional is constructed 
that couples mechanical deformation, pore pressure diffusion, and damage evolution, with 
governing equations derived systematically through variational principles. By employing an 
energetically motivated damage variable, the proposed approach obviates phenomenological 
bond-breaking criteria, enabling autonomous crack nucleation, propagation, branching, and 
coalescence without recourse to explicit fracture tracking algorithms. A stabilized formulation is 
adopted to suppress zero-energy modes while preserving computational efficiency. The resulting 
coupled system is solved via an adaptive staggered scheme that combines forward Euler 
integration for fluid diffusion with adaptive dynamic relaxation for quasi-static mechanical 
equilibrium. The framework is validated against analytical solutions and benchmark problems, 
including Terzaghi’s consolidation, five-spot well flow, pressure-driven fracture initiation, and 
interaction with natural discontinuities, demonstrating its accuracy, robustness, and capability 
to model complex hydraulic fracturing scenarios.

. Introduction

Hydraulic fracturing in fluid-saturated porous media constitutes a fundamental multiphysics problem with far-reaching impli-
ations for geotechnical engineering, subsurface energy extraction, and enhanced oil recovery [1,2]. The phenomenon involves 
ntricate interactions among fluid flow, solid deformation, and fracture propagation, operating across disparate length and time 
cales [3,4]. Traditional continuum mechanics formulations encounter fundamental difficulties when treating the displacement 
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discontinuities inherent to fracture processes, particularly under complex hydro-mechanical coupling conditions where pore pressure 
evolution, effective stress redistribution, and permeability changes occur simultaneously [5,6].

Significant methodological advances have been achieved in computational fracture mechanics to circumvent these limitations. 
Extended finite element methods (XFEM) incorporate discontinuous enrichment functions to represent crack surfaces independently 
of mesh topology, thereby enabling crack propagation without remeshing [7,8]. Phase-field methods (PFM) regularize sharp crack 
surfaces through a diffuse damage variable governed by an auxiliary partial differential equation, naturally accommodating complex 
topological changes including branching and coalescence [9–11]. Cohesive zone models (CZM) introduce traction-separation 
relationships along potential fracture surfaces, providing physical representation of the fracture process zone [12,13]. Discrete 
element methods (DEM) and discrete fracture network (DFN) approaches directly represent rock as assemblies of interacting blocks 
or particles, naturally handling large deformations and complex fracture patterns at substantial computational cost [14,15]. Despite 
these advances, challenges persist regarding the treatment of arbitrary crack paths, fracture pattern complexity, and the seamless 
coupling between fluid transport and evolving discontinuities [16].

Peridynamics, introduced by Silling [17], provides an alternative nonlocal continuum mechanics framework particularly well-
suited for fracture analysis. The distinguishing feature of peridynamics lies in its integral formulation of the equations of motion, 
which replaces spatial derivatives with integral operators over finite neighborhoods termed horizons [18]. This formulation remains 
valid regardless of material continuity, enabling natural treatment of crack nucleation, propagation, branching, and coalescence 
without external criteria [19]. The nonlocal nature inherently captures material length scales, providing physical representation of 
process zones and size effects that emerge from the constitutive model rather than requiring separate treatment [20]. However, 
standard peridynamic formulations typically employ uniform horizon sizes throughout the computational domain to simplify 
numerical implementation, which limits adaptive discretization refinement and efficient handling of multi-scale problems [21,22]. 
The dual-horizon peridynamics (DH-PD) formulation proposed by Ren et al. [23] addresses this limitation by permitting each 
material point to possess its own characteristic interaction radius while rigorously maintaining fundamental conservation principles.

The field of peridynamic modeling for fluid-driven fracture has witnessed substantial methodological development through 
multiple coupling frameworks. State-based poroelastic implementations address multi-scale transport phenomena, incorporating 
both matrix permeability and fracture-specific flow mechanisms [24]. These formulations draw upon nonlocal representations of 
pressure-driven convection in permeable solids [25], establishing consistency with continuum transport theory while accommodating 
displacement discontinuities. Coupled frameworks treating simultaneous mechanical response and fluid infiltration have enabled 
prediction of crack evolution in spatially variable geological materials [26]. Complementary efforts have investigated partitioned 
numerical schemes, wherein nonlocal discretization applies selectively to anticipated damage zones while conventional finite 
element approximation governs surrounding continuous regions [27–29]. Extensions to naturally fractured formations demonstrate 
applicability across realistic reservoir configurations [30,31].

Current peridynamic hydraulic fracturing models predominantly employ displacement-based or energy-density thresholds to 
trigger bond failure [24,26,27]. Although computationally efficient and physically transparent, this criterion-driven paradigm differs 
fundamentally from the energy minimization principles underlying contemporary phase-field fracture theory. Variational approaches 
to fracture mechanics, pioneered by Francfort and Marigo [32], reformulate crack propagation as an energy minimization problem 
over all admissible displacement and crack configurations, thereby providing a unified framework that encompasses crack initiation, 
propagation, branching, and arrest without recourse to external criteria. The total energy functional comprises elastic strain energy 
in the uncracked domain and fracture surface energy proportional to crack area, with Griffith’s criterion emerging naturally from 
the first-order optimality conditions [33]. Regularization through gradient damage models or phase-field methods enables practical 
numerical implementation while preserving theoretical rigor [10]. The resulting variational damage formulation exhibits several 
advantageous features, including dynamic consistency, natural nucleation of cracks without prescribed initiation sites, and stable 
numerical behavior during crack propagation [34,35]. Extensions of variational fracture theory to coupled problems—including 
thermal effects [36], dynamic loading [11], and hydraulic fracturing [37–39]—have demonstrated the generality and robustness of 
this framework.

Recent work by Ren et al. [40] introduced variational damage concepts into DH-PD for dynamic fracture problems, demonstrating 
that damage evolution can be derived from energy minimization principles rather than imposed through bond-breaking rules. 
This development established the feasibility of integrating variational damage theory with nonlocal peridynamic formulations, 
achieving dynamically consistent damage evolution without requiring gradient terms in the damage field. However, extension 
to hydraulic fracturing introduces substantial additional complexity due to the pressure-dependent effective stress, bidirectional 
hydro-mechanical coupling, evolving permeability in damaged regions, and fluid flow within propagating fractures.

This study presents a unified computational methodology that integrates DH-NOSBPD with variational damage formulations for 
modeling hydraulic fracturing in brittle porous materials. The principal contributions of this investigation comprise:

(1) A dual-horizon peridynamic formulation for hydro-mechanically coupled problems is rigorously developed, wherein both 
mechanical equilibrium and pore pressure diffusion equations are derived using consistent nonlocal gradient operators. This 
formulation inherently accommodates non-uniform spatial discretization while ensuring strict adherence to fundamental 
conservation principles.

(2) The integration of variational damage theory within the dual-horizon framework provides an energy-based alternative to 
the conventional bond-breaking criterion, enabling damage evolution derived from variational principles. Unlike phase-field 
methods requiring gradient terms and fine mesh resolution for diffuse crack regularization, the present formulation achieves 
damage evolution without higher-order derivatives—the nonlocal operators inherently provide regularization through the 
horizon parameter. This gradient-free approach yields sharper crack representations while maintaining thermodynamic 
consistency.
2 
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Fig. 1. (a) Deformed body configuration representation. (b) Illustration of dual-horizon concept, 𝑖 = {𝐱2, 𝐱3, 𝐱5, 𝐱6}, ′
𝑖 = {𝐱2, 𝐱3, 𝐱6}.

(3) A unified treatment of pore fluid transport through intact porous media and evolving fracture networks is achieved 
by formulating the pressure diffusion equation with nonlocal operators consistent with the mechanical formulation. The 
damage-dependent permeability model enables smooth transitions between matrix and fracture flow regimes.

(4) An adaptive staggered solution algorithm is developed that combines forward Euler integration for fluid diffusion with 
adaptive dynamic relaxation for quasi-static mechanical equilibrium. Damage evolution is obtained through direct evalu-
ation of variational optimality conditions, obviating the computationally intensive iterative solutions typically required by 
conventional phase-field approaches.

The remainder of this paper is organized as follows. Section 2 establishes the mathematical foundations of DH-PD, encompassing 
the governing equations, constitutive relationships, and hourglass mode stabilization techniques. Section 3 develops the variational 
formulation for hydraulic fracturing, derives the complete energy functional, and demonstrates its thermodynamic consistency; 
furthermore, the coupled hydro-mechanical governing equations arising from variational principles are presented, including the 
damage evolution laws, effective stress formulations, and permeability models. Section 4 details the numerical implementation, 
addressing spatial discretization, temporal integration schemes, and staggered solution algorithms. Section 5 provides comprehensive 
validation against analytical solutions and presents representative numerical examples that demonstrate the capabilities of the 
proposed framework for modeling complex fracturing scenarios. Finally, Section 6 summarizes the key findings and outlines potential 
directions for future research.

2. DH-NOSBPD theory

We examine a solid continuum occupying a spatial domain (𝛺 ⊂ R𝑑 for 𝑑-dimensional analysis) as illustrated in Fig.  1(a). The 
continuum undergoes spatial discretization through a finite assembly of material points, wherein each point represents a discrete 
material volume element. The position vector 𝐱𝑖 denotes the spatial location of material point 𝑖 within the undeformed configuration. 
The DH-PD framework introduces a distinctive feature whereby two separate neighborhood regions are defined for each material 
point, establishing a fundamental departure from classical peridynamic theory [23].

For material point 𝑖, the horizon region 𝑖 is defined as: 

𝑖 =
{

𝐱𝑗 ∈ 𝛺 ∣ ‖𝐱𝑗 − 𝐱𝑖‖ ≤ 𝛿𝑖
}

(1)

wherein 𝛿𝑖 designates the horizon size associated with point 𝑖, while ‖ ⋅ ‖ signifies the Euclidean norm.
This region encompasses the complete set of material points located within a neighborhood of radius 𝛿𝑖 centered at point 𝑖, 

thereby establishing the spatial extent of nonlocal interaction influences originating from that point. The dual-horizon formulation 
permits individual specification of horizon radii 𝛿𝑖 for each material point, facilitating straightforward implementation of spatially 
varying discretizations and adaptive refinement strategies [23,41].

The complementary dual-horizon region ′
𝑖  associated with material point 𝑖 is defined as: 

′
𝑖 =

{

𝐱𝑗 ∈ 𝛺 ∣ 𝐱𝑖 ∈ 𝑗
}

=
{

𝐱𝑗 ∈ 𝛺 ∣ ‖𝐱𝑖 − 𝐱𝑗‖ ≤ 𝛿𝑗
}

(2)

This dual-horizon region consists of the collection of material points whose respective horizon regions contain point 𝑖. The 
conceptual distinction is significant: whereas 𝑖 derives exclusively from the horizon parameter 𝛿𝑖 of point 𝑖, the dual-horizon ′

𝑖
emerges from the collective horizon parameters 𝛿𝑗 of all remaining material points 𝑗 [23].

Fig.  1(b) illustrates both the horizon and dual-horizon constructs. Under uniform horizon conditions (𝛿𝑖 = 𝛿 throughout the 
domain), both regions become identical (′ =  ), thereby reducing to the traditional constant-horizon peridynamic formulation.
𝑖 𝑖

3 
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The equation of motion governing DH-NOSBPD emerges through systematic integration of both horizon constructs. The resulting 
formulation reads: 

𝜌𝒖̈(𝒙𝑖, 𝑡) = ∫𝑖

𝒇 (𝒖𝑖𝑗 , 𝝃𝑖𝑗 )𝑑𝑉𝑗 − ∫′
𝑖

𝒇 (−𝒖𝑖𝑗 ,−𝝃𝑖𝑗 )𝑑𝑉𝑗 + 𝒃(𝒙𝑖, 𝑡), (3)

where 𝒇 (𝒖𝑖𝑗 , 𝝃𝑖𝑗 ) represents the pairwise force density function associated with bond deformation, with 𝝃𝑖𝑗 = 𝒙𝑗 − 𝒙𝑖 denoting the 
bond vector satisfying 𝝃𝑗𝑖 = −𝝃𝑖𝑗 .

2.1. Constitutive correspondence

The key advantage of NOSBPD lies in its ability to incorporate classical constitutive models through the correspondence 
framework [20], which bridges nonlocal peridynamic force states and classical stress measures.

This capability facilitates the direct integration of sophisticated classical material models into the nonlocal framework. Rooted 
in the multi-physical and non-orthogonal geotechnical plasticity theory [42–44], the elasto-plasticity damage model proposed by 
Zhou et al. [45] and Lu et al. [43] accurately captures the complex mechanical behaviors of the concrete material, including strain 
softening, stiffness degradation, dilatancy/contraction, and strain rate effect, all with a streamlined parameter set, rendering it suited 
for the high-fidelity simulation of concrete structures under extreme seismic, impact, and blast loads. While the current investigation 
focuses on brittle porous media, such advanced formulations can be readily accommodated within the NOSBPD architecture for 
complex dynamic applications.

The nonlocal deformation gradient at point 𝒙𝑖 is 

𝑭 𝑖 = ∫𝑖

𝜔(𝝃𝑖𝑗 )(𝒚𝑗 − 𝒚𝑖)⊗ 𝝃𝑖𝑗 𝑑𝑉𝑗 ⋅𝑲−1
𝑖 = 𝑰 + ∇𝒖𝑖, (4)

where 𝒚 = 𝒙+ 𝒖 denotes the deformed position. For hyperelastic materials with strain energy 𝑊 (𝑭 ), the first Piola–Kirchhoff stress 
is 

𝑷 𝑖 =
𝜕𝑊
𝜕𝑭

|

|

|

|𝑭=𝑭̃ 𝑖
. (5)

The transformation 𝑷 = 𝐽𝝈𝑭 −𝑇  relates the first Piola–Kirchhoff stress to the Cauchy stress 𝝈, with 𝐽 = det(𝑭 ). Under small 
deformations (𝑭 ≈ 𝑰 , 𝐽 ≈ 1): 

𝑷 ≈ 𝝈. (6)

The force density derives from the stress tensor as [20] 
𝒇 𝑖𝑗 = 𝜔(𝝃𝑖𝑗 )𝑷 𝑖𝑲−1

𝑖 𝝃𝑖𝑗 , (7)

This expression establishes the connection between peridynamic forces and classical stress, and naturally accommodates 
anisotropic behavior.

2.2. Nonlocal operators and stabilization

In the state-based peridynamic setting, the nonlocal counterpart of the gradient of a vector field 𝒖, computed at material point 
𝒙𝑖 with respect to its horizon 𝑖, takes the form [20] 

∇̃𝒖𝑖 ∶= ∫𝑖

𝜔(𝝃𝑖𝑗 )𝒖𝑖𝑗 ⊗ 𝝃𝑖𝑗𝑑𝑉𝑗 ⋅𝑲−1
𝑖 (8)

where 𝜔(𝝃𝑖𝑗 ) constitutes a positive-valued influence function serving two essential roles: amplifying contributions from nearby 
neighbors and maintaining proper dimensional consistency [46].

The shape tensor 𝑲 𝑖 emerges from the integral formulation 

𝑲 𝑖 = ∫𝑖

𝜔(𝝃𝑖𝑗 )𝝃𝑖𝑗 ⊗ 𝝃𝑖𝑗𝑑𝑉𝑗 . (9)

Suppression of the zero-energy deformation modes that are endemic to correspondence-based NOSBPD is achieved through a 
penalty-type stabilization functional defined at each material point 𝒙𝑖 [47,48]: 

𝜓ℎ𝑔𝑖 =
𝑝ℎ𝑔
𝑚𝑲 𝑖

∫𝑖

𝜔(𝝃𝑖𝑗 )(∇̃𝒖𝑖 ⋅ 𝝃𝑖𝑗 − 𝒖𝑖𝑗 ) ⋅ (∇̃𝒖𝑖 ⋅ 𝝃𝑖𝑗 − 𝒖𝑖𝑗 )𝑑𝑉𝑗 , (10)

where 𝑝ℎ𝑔 specifies the stabilization penalty parameter and 𝑚𝑲 𝑖
= ∫𝑖

𝜔(𝝃𝑖𝑗 )𝝃𝑖𝑗 ⋅ 𝝃𝑖𝑗𝑑𝑉𝑗 provides the normalization scalar.
Applying variational principles to the hourglass control functional 𝜓ℎ𝑔𝑖  [46] yields the stabilization force contribution for each 

bond interaction as 

 ℎ𝑔
𝑖𝑗 =

2𝑝ℎ𝑔
𝑚𝑲 𝑖

𝜔(𝝃𝑖𝑗 )(𝒖𝑖𝑗 − ∇̃𝒖𝑖 ⋅ 𝝃𝑖𝑗 ) (11)

In all numerical examples presented in this work, the hourglass stabilization parameter is set to 𝑝ℎ𝑔 = 𝜇, where 𝜇 is the shear 
modulus of the material.
4 
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Invoking the small deformation hypothesis, the Cauchy stress tensor 𝝈 coincides with the first Piola–Kirchhoff stress measure. 
The stabilized equation of motion therefore takes the form 

𝜌𝒖̈𝑖 = ∫𝑖

(𝜔(𝝃𝑖𝑗 )𝝈𝑖𝑲−1
𝑖 𝝃𝑖𝑗 +  ℎ𝑔

𝑖𝑗 )𝑑𝑉𝑗 − ∫′
𝑖

(𝜔(𝝃𝑗𝑖)𝝈𝑗𝑲−1
𝑗 𝝃𝑗𝑖 +  ℎ𝑔

𝑗𝑖 )𝑑𝑉𝑗 + 𝒃. (12)

This formulation connects the dual-horizon framework with classical continuum mechanics: the Cauchy stress 𝝈𝑖 computed from 
any constitutive model is projected onto peridynamic force states, while the dual-horizon structure ensures proper force balance 
with variable horizon sizes.

3. Hydro-mechanical variational damage model in DH-NOSBPD

This section details how variational damage mechanics is embedded into the DH-NOSBPD formulation of Section 2. The 
discussion covers the foundational principles of energy-based damage theory, the derivation of damage evolution equations from 
energy minimization, and the resulting modified field equations that avoid explicit bond-rupture procedures. The formulation draws 
on recent progress in variational fracture theory [10,32,33] and DH-PD [23], extending the preliminary work of Ren et al. [34].

3.1. Poroelastic theory and effective stress principle

For fluid-saturated porous media, we adopt Biot’s theory of poroelasticity adapted to the peridynamic framework [3,4]. The total 
stress state includes contributions from the solid skeleton and pore fluid pressure: 

𝝈𝑝𝑜𝑟 = 𝝈𝑒 − 𝛼𝑝𝐈 (13)

where 𝑝 denotes the pore fluid pressure, 𝛼 is the Biot coefficient, and 𝐈 represents the identity tensor.
The Biot coefficient quantifies the effective stress response to pore pressure changes and depends on the bulk moduli of the 

porous medium and the solid matrix: 

𝛼 = 1 −
𝐾𝑑
𝐾𝑠

(14)

where 𝐾𝑑 denotes the drained bulk modulus of the porous medium and 𝐾𝑠 represents the bulk modulus of the solid constituent 
material.

The effective stress tensor 𝝈𝑒 relates to the strain tensor through the elastic constitutive relation: 
𝝈𝑒 = 𝜆tr(𝜺)𝐈 + 2𝜇𝜺 (15)

Combining Eqs. (13) and (15), the total stress becomes: 
𝝈𝑝𝑜𝑟 = 𝜆tr(𝜺)𝐈 + 2𝜇𝜺 − 𝛼𝑝𝐈 (16)

3.2. Variational damage theory

Traditional continuum fracture theory characterizes material failure through geometric singularities accompanied by dissipative 
mechanisms, wherein Griffith’s energy balance principle [49,50] provides the fundamental criterion. The energy-based variational 
framework for brittle failure, established through the seminal work of Francfort and Marigo [32], recasts this equilibrium condition 
as a global minimization principle encompassing all kinematically admissible discontinuity patterns.

For a bounded domain 𝛺 occupied by a solid containing a discontinuity set 𝛤 , the aggregate energy functional incorporates two 
distinct contributions: the stored elastic deformation energy and the dissipative fracture surface energy: 

[𝒖, 𝛤 ] = ∫𝛺⧵𝛤
𝑊 (𝜺(𝒖)) 𝑑𝑉 + 𝐺𝑐 ∫𝛤

𝑑𝛤 (17)

where 𝛺⧵𝛤  denotes the intact (uncracked) portion of the body, 𝑊 (𝜺) is the elastic strain–energy density, and the second contribution 
corresponds to the Griffith-type fracture surface energy, with 𝐺𝑐 denoting the critical energy-release rate.

Direct numerical minimization of Eq. (17) is nontrivial, primarily because the crack set 𝛤  represents an a priori unknown 
discontinuity. To circumvent this difficulty, a regularized variational framework is adopted by introducing a scalar crack (damage) 
variable 𝑠(𝐱) ∈ [0, 1], which varies continuously from the intact state (𝑠 = 0) to the fully degraded state (𝑠 = 1) within a characteristic 
length 𝓁 [10,33]. In this setting, the sharp crack topology is replaced by a spatially distributed damage band, and the corresponding 
fracture surface contribution is approximated through a regularized functional of the form: 

∫𝛤
𝑑𝛤 ≈ ∫𝛺

𝛾𝓁(𝑠,∇𝑠) 𝑑𝑉 (18)

where 𝛾𝓁(𝑠,∇𝑠) is the crack surface density function per unit volume.
The widely adopted AT2 model uses the crack density function [10,51]: 

𝛾𝓁(𝑠,∇𝑠) =
1
2𝓁
𝑠2 + 𝓁

2
|∇𝑠|2 (19)
5 
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This formulation involves the damage-field gradient ∇𝑠, which provides a regularization by replacing the sharp crack surface 
with a diffuse transition zone whose characteristic thickness scales with 𝓁. In the limiting case 𝓁 → 0, the regularized representation 
approaches the sharp-interface description, and the crack-surface density functional satisfies ∫𝛺 𝛾𝓁(𝑠,∇𝑠) 𝑑𝑉 → ∫𝛤 𝑑𝛤  as established 
in [33].

A key feature of the variational damage model [34] presented here is that, unlike phase-field models which include a gradient 
term in the crack surface density, the current formulation employs a simpler representation that depends only on the damage field 
itself: 

𝛾𝓁(𝑠) =
1
𝓁
𝛤 (𝑠) = 1

𝓁
𝑠𝑚+1 (𝑚 > 0)

𝑚=1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ 𝛾𝓁(𝑠) =

1
𝓁
𝑠2 (20)

This choice leads to a sharper representation of the crack path with a width proportional to the length scale 𝓁, in contrast to 
phase-field models where the crack width scales with 

√

𝓁. The absence of the gradient term simplifies the governing equation for 
damage evolution and reduces computational cost.

Remark 1 (Justification of the Normalization Factor 1∕𝓁). It is important to note that the normalization factor 1∕𝓁 in Eq. (20) differs 
from the factor 1∕2𝓁 appearing in the classical AT2 crack density function (Eq. (19)). In the full AT2 formulation, the local term 𝑠2∕2𝓁
and the gradient term (𝓁∕2)|∇𝑠|2 each contribute one-half of the total fracture energy per unit crack area [33,51]. When the gradient 
term is omitted—as in the present variational damage model where the nonlocal peridynamic operators provide regularization 
through the horizon parameter 𝛿—the local term must carry the entire fracture energy dissipation. This necessitates a normalization 
factor of 1∕𝓁 rather than 1∕2𝓁.

The correctness of this choice can be verified through the asymptotic property of the variational damage functional [34,35]. 
Substituting the optimal damage field 𝑠 = 𝜓+

𝑒 ∕(𝜓
+
𝑒 + 𝐺𝑐∕𝓁) into the total energy density yields: 

𝑔(𝑠)𝜓+
𝑒 +

𝐺𝑐
𝓁
𝑠2 =

𝐺𝑐𝜓+
𝑒

𝓁𝜓+
𝑒 + 𝐺𝑐

𝜓+
𝑒 →∞

←←←←←←←←←←←←←←←←←←←←←←←←←←←←→
𝐺𝑐
𝓁

(21)

This energy saturation property demonstrates that, at a fully damaged material point, the energy density converges to 𝐺𝑐∕𝓁
regardless of the applied strain magnitude. For a localized damage band of characteristic width proportional to 𝓁 (as controlled 
by the nonlocal horizon 𝛿), the total dissipated fracture energy per unit crack area is: 

𝛤𝑓 = ∫damage band
𝐺𝑐
𝓁
𝑑𝑥 ≈

𝐺𝑐
𝓁

× 𝓁 = 𝐺𝑐 (22)

thereby ensuring consistency with Griffith’s criterion. This confirms that the normalization factor 1∕𝓁 is not merely transferred from 
the classical AT2 derivation but arises naturally from the energy structure of the variational damage functional in the gradient-free 
peridynamic setting [34,35].

The elastic strain energy density in the presence of damage is modified by a monotonically decreasing degradation function 
𝑔(𝑠) = (1 − 𝑠)𝑚+1, (𝑚 > 0), satisfying 𝑔(0) = 1 (undamaged) and 𝑔(1) = 0 (fully damaged). A common choice is quadratic 
degradation [10]: 

𝑔(𝑠) = (1 − 𝑠)2 (23)

The degraded elastic strain energy density then reads: 

𝜓(𝜺, 𝑠) = 𝑔(𝑠)𝜓+
𝑒 (𝜺) + 𝜓

−
𝑒 (𝜺) (24)

Here, the elastic energy has been decomposed into tensile and compressive parts, 𝜓+
𝑒  and 𝜓−

𝑒 , respectively. The degradation 
function affects only the tensile part of the energy, allowing compressive stresses to be transmitted across crack surfaces.

A small residual stiffness parameter (typically 𝑘 = 10−9) is introduced to prevent complete loss of stiffness and associated 
numerical singularities when 𝑠 = 1. 

𝑔(𝑠) = (1 − 𝑘)(1 − 𝑠)𝑚+1 + 𝑘
𝑚=1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ 𝑔(𝑠) = (1 − 𝑘)(1 − 𝑠)2 + 𝑘 (25)

3.3. Variational energy functional with hydro-mechanical coupling

We consider a domain 𝛺 ⊂ R𝑑 (𝑑 ∈ {1, 2, 3}) subjected to hydro-mechanical coupling processes, as illustrated in Fig.  2. The 
external boundary 𝜕𝛺 is partitioned into complementary subsets: 𝜕𝛺𝑢 ⊂ 𝜕𝛺 prescribing displacement 𝒖(𝒙, 𝑡) ∈ R𝑑 through time-
dependent Dirichlet boundary conditions, and 𝜕𝛺𝒕∗ ⊂ 𝜕𝛺 specifying traction 𝒕∗(𝒙, 𝑡) via time-dependent Neumann conditions, where 
𝒙 denotes spatial coordinates and 𝑡 represents time. The domain 𝛺 is subjected to a body force 𝐛(𝐱, 𝑡) ∈ R𝑑 , and the internal fracture 
surface is designated 𝛤  with outward unit normal 𝒏.

The variational approach to fracture mechanics [32] provides the theoretical foundation. Following established variational 
formulations for hydraulic fracturing phenomena [52,53], the total energy functional comprises elastic strain energy 𝛹 (𝜺), fracture 
𝑒

6 
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Fig. 2. Schematics of the hydro-mechanical coupling analysis.

energy 𝛹𝑓 , external work 𝑊𝑒𝑥𝑡, body work 𝑊𝑏𝑜𝑑𝑦, and the energy contribution from fluid pressure: 

𝛱𝓁(𝒖, 𝑝, 𝛤 ) = ∫𝛺∖𝛤
𝜓𝑒(𝜺) 𝑑𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
elastic strain energy

+ ∫𝛺∖𝛤
𝝈0 ∶ 𝜺 𝑑𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
initial stress induced

− ∫𝛺
𝛼𝑝 ⋅ (∇ ⋅ 𝒖) 𝑑𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
fluid pressure induced

+ ∫𝛤
𝐺𝑐 𝑑𝛤

⏟⏞⏞⏟⏞⏞⏟
fracture energy

−∫𝜕𝛺𝒕∗
𝒕∗ ⋅ 𝒖 𝑑𝐴

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
external work

−∫𝛺
𝒃 ⋅ 𝒖𝑑𝑉

⏟⏞⏞⏞⏟⏞⏞⏞⏟
body work

(26)

where 𝒖 represents the displacement vector, 𝝈0 is initial stress, 𝑝 denotes pore pressure, 𝛼 signifies the Biot coefficient, 𝐺𝑐 designates 
the critical fracture energy release rate, 𝒕∗ the surface traction force, and 𝒃 the body force density.

The initial stress contribution similarly undergoes degradation through fracture evolution, with its influence diminishing toward 
zero in the fully fractured domain. Accordingly, we introduce identical degradation for the residual stress work term in Eq. (26) [53]:

∫𝛺∖𝛤
𝝈0 ∶ 𝜺 𝑑𝑉 ≈ ∫𝛺

𝑔(𝑠)𝝈0 ∶ 𝜺 𝑑𝑉 (27)

Incorporating the degraded fracture energy, degraded elastic energy Eq. (24), and modified initial stress term Eq. (27) into 
Eq. (26), we obtain the complete degraded energy functional: 

𝛱𝓁(𝒖, 𝑠, 𝑝) =∫𝛺

[

𝑔(𝑠)𝜓+
𝑒 (𝜺) + 𝜓

−
𝑒 (𝜺)

]

𝑑𝑉 + ∫𝛺
𝑔(𝑠)𝝈0 ∶ 𝜺 𝑑𝑉

− ∫𝛺
𝛼𝑝 ⋅ (∇ ⋅ 𝒖) 𝑑𝑉 + ∫𝛺

𝛤 (𝑠)𝐺𝑐
𝓁

𝑑𝑉 − ∫𝜕𝛺𝒕∗
𝒕∗ ⋅ 𝒖 𝑑𝐴 − ∫𝛺

𝒃 ⋅ 𝒖𝑑𝑉
(28)

3.4. Governing equations for the displacement and damage field

The derivation of the governing equations for hydraulic fracturing employs the variational framework established by Francfort 
and Marigo [32]. Within this framework, the complete spectrum of fracture phenomena – encompassing nucleation, advancement, 
bifurcation, and coalescence – emerges naturally through minimization of the total energy functional. The requisite governing 
relations are derived by computing the first variation of this functional and imposing stationarity conditions, which yields 

𝛿𝛱𝓁(𝒖, 𝑠, 𝑝) =∫𝜕𝛺𝒕∗
[(𝜎𝑒𝑖𝑗 + 𝑔(𝑠)𝜎

0
𝑖𝑗 − 𝛼𝑝𝛿𝑖𝑗 )𝑛𝑗 − 𝑡

∗
𝑖 ]𝛿𝑢𝑖 𝑑𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
1⃝

−∫𝛺
[(𝜎𝑒𝑖𝑗 + 𝑔(𝑠)𝜎

0
𝑖𝑗 − 𝛼𝑝𝛿𝑖𝑗 ),𝑗 + 𝑏𝑖]𝛿𝑢𝑖 𝑑𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
2⃝

− ∫𝛺

[

2(1 − 𝑠)(1 − 𝑘)(𝜓+
𝑒 + 𝜎0𝑖𝑗𝜀𝑖𝑗 ) −

2𝐺𝑐𝑠
𝓁

]

𝛿𝑠 𝑑𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
3⃝

+ ∫𝜕𝛺

(

𝜕𝑠
𝜕𝑥𝑖

𝑛𝑖

)

𝛿𝑠 𝑑𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= 0

(29)
4⃝
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where 𝑛𝑗 denotes the outward normal vector component of the boundary, and 𝜎𝑒𝑖𝑗 refers to a component of the effective trial stress 
tensor 𝝈𝑒(𝜺) accounting for degradation, which takes the form 

𝝈𝑒(𝜺) = [(1 − 𝑘)(1 − 𝑠)2 + 𝑘][𝜆⟨tr(𝜺)⟩+𝐈 + 2𝜇𝜺+] + [𝜆⟨tr(𝜺)⟩−𝐈 + 2𝜇𝜺−] (30)

The Cauchy stress tensor is introduced as 
𝝈𝑝𝑜𝑟(𝜺) = 𝝈𝑒(𝜺) + 𝑔(𝑠)𝝈0 − 𝛼𝑝𝑰 (31)

Consequently, the expressions 𝜎𝑒𝑖𝑗 + 𝑔(𝑠)𝜎0𝑖𝑗 − 𝛼𝑝𝛿𝑖𝑗 appearing in the boundary integral 1⃝ and its spatial derivative (𝜎𝑒𝑖𝑗 + 𝑔(𝑠)𝜎0𝑖𝑗 −
𝛼𝑝𝛿𝑖𝑗 ),𝑗 in the domain integral 2⃝ collectively constitute the poroelastic total stress and its divergence, respectively.

By the fundamental lemma of calculus of variations, the stationarity condition of the Lagrangian energy functional 𝛿𝐿(𝒖, 𝑠, 𝑝) =
𝛿[ 12 ∫𝛺 𝜌𝒖̇ ⋅ 𝒖̇d𝛺 −𝛱𝓁(𝒖, 𝑠, 𝑝)] = 0 must hold for arbitrary variations 𝛿𝑢𝑖 and 𝛿𝑠, Eq. (29) 2⃝ and 3⃝ yield the governing equations 

⎧

⎪

⎨

⎪

⎩

𝜕𝜎𝑝𝑜𝑟𝑖𝑗
𝜕𝑥𝑗

+ 𝑏𝑖 = 𝜌𝑢𝑖 in 𝛺
𝑠(𝑥𝑖) =

1
1+𝐺𝑐∕[𝓁(1−𝑘)(𝜓+

𝑒 +𝜎0𝑖𝑗𝜀𝑖𝑗 )]
in 𝛺

(32)

with the boundary conditions from Eq. (29) 1⃝ and 4⃝
⎧

⎪

⎨

⎪

⎩

𝒖𝑖 = 𝒖𝑖, on 𝜕𝛺𝑢

𝜎𝑝𝑜𝑟𝑖𝑗 𝑛𝑗 = 𝑡∗𝑖 , on 𝜕𝛺𝒕∗
𝜕𝑠
𝜕𝑥𝑖
𝑛𝑖 = 0. on 𝜕𝛺

(33)

Remark 2 (On the Boundary Term 4⃝). It should be noted that the boundary integral 4⃝ in Eq. (29) and the associated natural 
boundary condition 𝜕𝑠𝜕𝑥𝑖 𝑛𝑖 = 0 arise from integration by parts of a gradient term |∇𝑠|2 in the crack surface density function. In the 
present gradient-free variational damage formulation (Eq. (20)), where the crack density depends only on 𝑠 and not on ∇𝑠, this 
boundary term vanishes identically and the condition is trivially satisfied. The term is retained here for generality and to facilitate 
comparison with classical phase-field formulations that include the gradient regularization.

To enforce the thermodynamically consistent irreversibility constraint wherein fracture cannot heal upon unloading, we introduce 
a history field H  that tracks the maximum driving force experienced throughout the loading history [53]: 

H (𝒙, 𝑡) = max
𝜏∈[0,𝑡]

[

𝜓+
𝑒 (𝜺(𝒙, 𝜏)) + 𝝈0 ∶ 𝜺(𝒙, 𝜏)

]

(34)

Substituting this history variable for the instantaneous driving force in Eq. (32) yields the final form of governing equations: 
⎧

⎪

⎨

⎪

⎩

𝜕𝜎𝑝𝑜𝑟𝑖𝑗
𝜕𝑥𝑗

+ 𝑏𝑖 = 𝜌𝑢𝑖 in 𝛺
𝑠(𝑥𝑖) =

1
1+𝐺𝑐∕[𝓁(1−𝑘)H ] in 𝛺

(35)

3.5. Governing equations of the flow field

Fluid transport within the porous medium 𝛺 is governed by Darcy’s law. The computational domain is partitioned into 
three distinct regions: 𝛺𝑟 denoting the intact reservoir domain, 𝛺𝑓  representing the fracture domain, and 𝛺𝑡 characterizing the 
intermediate transition domain. Following the methodology of Lee et al. [52], the damage field variable 𝑠 serves as the discriminator 
for domain classification through two critical thresholds 𝑐1 and 𝑐2. Specifically, regions satisfying 𝑠 ≤ 𝑐1 are identified as reservoir 
domains, whereas those meeting 𝑠 ≥ 𝑐2 constitute fracture domains, with 𝑐1 < 𝑠 < 𝑐2 defining the transitional zones. The fracture, 
reservoir and transition domains are illustrated in Fig.  3.

In the reservoir domain 𝛺𝑟, the governing equations for mass balance in the poroelastic continuum are formulated as 

𝜌𝑟s𝑟
𝜕𝑝
𝜕𝑡

+ ∇ ⋅ (𝜌𝑟𝐯𝑟) = 𝑄𝑟 − 𝜌𝑟𝛼𝑟
𝜕𝜀𝑣𝑜𝑙
𝜕𝑡

(36)

where 𝜌𝑟 denotes fluid density, s𝑟 represents storage coefficient, 𝐯𝑟 signifies the Darcy velocity vector, 𝑄𝑟 represents a fluid source 
term, and 𝜀𝑣𝑜𝑙 = ∇ ⋅ 𝒖 designates volumetric strain.

The flow velocity 𝐯𝑟 is related to the pressure gradient ∇𝑝 by Darcy’s law: 

𝐯𝑟 = −
𝐾𝑟
𝜇𝑟

(∇𝑝 + 𝜌𝑟𝐠) (37)

where 𝐾𝑟 represents the reservoir permeability, 𝜇𝑟 denotes the fluid dynamic viscosity, and 𝐠 signifies the gravity vector.
The storage coefficient s𝑟, which characterizes the compressibility response of a porous medium, is defined as a function of the 

material porosity n𝑟. According to [29], it can be expressed as: 

s𝑟 =
(𝛼𝑟 − n𝑟)(1 − 𝛼𝑟)

k𝑟
+
n𝑟
k𝑤

(38)

where k , k  denote the bulk modulus of the media and fluid, respectively.
𝑟 𝑤

8 



Y. Zhang et al. Computer Methods in Applied Mechanics and Engineering 459 (2026) 119078 
Fig. 3. The fracture, reservoir and transition domains.

Substituting Eq. (37) into Eq. (36), the governing diffusion equation for the fluid field takes the form 

∇ ⋅
𝜌𝑟𝐾𝑟
𝜇𝑟

(∇𝑝 + 𝜌𝑟𝐠) +𝑄𝑟 = 𝜌𝑟s𝑟
𝜕𝑝
𝜕𝑡

+ 𝜌𝑟𝛼𝑟
𝜕𝜀𝑣𝑜𝑙
𝜕𝑡

(39)

In the fracture domain 𝛺𝑓 , the bulk strain rate can be considered negligible, and consequently the governing equation for fluid 
diffusion in the fracture domain reduces to 

∇ ⋅
𝜌𝑓𝐾𝑓
𝜇𝑓

(∇𝑝 + 𝜌𝑓 𝐠) +𝑄𝑓 = 𝜌𝑓s𝑓
𝜕𝑝
𝜕𝑡

(40)

where s𝑓 , 𝐾𝑓 , 𝑄𝑓 , 𝜇𝑓 , and 𝜌𝑓  are the storage coefficient, permeability, source term, fluid viscosity, and fluid density in the fracture 
domain.

The validity of the cubic law formulation requires satisfaction of specific flow regime constraints, as demonstrated in prior 
investigations [5]. For plane flow problems, the fracture permeability can be expressed as: 

𝐾𝑓 = 𝑤2

12
(41)

where the aperture 𝑤 denotes the hydraulic aperture.
The hydraulic aperture 𝑤 at each material point in the damaged zone is computed following a bond-level decomposition strategy 

adapted from Ni et al. [29]. For a material point 𝑖 identified as belonging to the fracture domain (𝑠 ≥ 𝑐2), we consider all 
neighboring material points 𝑗 within its horizon whose connecting bonds cross the fracture surface. For each such bond 𝝃𝑖𝑗 , the 
relative displacement vector 𝜼𝑖𝑗 = 𝐮𝑗 − 𝐮𝑖 is decomposed into components along and perpendicular to the original bond direction. 
The perpendicular component represents the crack opening displacement, while the parallel component corresponds to the shear 
dislocation. Accordingly, the aperture contribution from bond 𝝃𝑖𝑗 is expressed as: 

𝑎𝑖𝑗 = ‖𝝃𝑖𝑗‖𝑑 cos 𝛽𝑖𝑗 − ‖𝝃𝑖𝑗‖𝑜 (42a)

where ‖𝝃𝑖𝑗‖𝑜 and ‖𝝃𝑖𝑗‖𝑑 denote the original and deformed bond lengths, respectively, and 𝛽𝑖𝑗 is the angle between the initial and 
deformed bond directions. This decomposition extracts the normal opening component of the bond deformation and filters out the 
tangential sliding contribution, thereby avoiding spurious permeability updates at closed cracks undergoing shear dislocation. The 
aperture at material point 𝑖 is then obtained by averaging over all qualifying bonds: 

𝑤𝑖 =
1
𝑛
∑

𝑎𝑖𝑗 (42b)

where 𝑛 is the number of bonds satisfying both 𝑎𝑖𝑗 ≥ 0 (indicating opening rather than closure) and the damage criterion at the 
bond endpoints. Only bonds with non-negative opening contributions are included, ensuring that the computed aperture reflects the 
actual fracture width. The resulting aperture 𝑤𝑖 is substituted into Eq. (41) to update the fracture permeability at each damaged 
material point.

To establish continuity between the reservoir and fracture domains, transition functions are introduced following the methodol-
ogy of [52,54]. Two piecewise-linear indicator functions, 𝜒𝑟(𝐱, 𝑡, 𝑠) (hereafter abbreviated as 𝜒𝑟) and 𝜒𝑓 (𝐱, 𝑡, 𝑠) (abbreviated as 𝜒𝑓 ), 
are formulated as functions of the damage field to characterize the material state across these domains, as illustrated in Fig.  4. These 
functions satisfy the following constraints: 

⎧

⎪

⎪

⎨

⎪

⎪

𝜒𝑟(𝐱, 𝑡, 𝑠) = 1  in 𝛺𝑟

𝜒𝑟(𝐱, 𝑡, 𝑠) = 0  in 𝛺𝑓

𝜒𝑓 (𝐱, 𝑡, 𝑠) = 1  in 𝛺𝑓
(43)
⎩

𝜒𝑓 (𝐱, 𝑡, 𝑠) = 0  in 𝛺𝑟
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Fig. 4. Linear indicator functions 𝜒𝑟 and 𝜒𝑓 .

Within the transition region 𝛺𝑡, these indicator functions are expressed through linear relationships with the damage parameter:

𝜒𝑟(𝐱, 𝑡, 𝑠) =
𝑐2 − 𝑠
𝑐2 − 𝑐1

, 𝜒𝑓 (𝐱, 𝑡, 𝑠) =
𝑠 − 𝑐1
𝑐2 − 𝑐1

(44)

Material and transport properties within 𝛺𝑡 are determined through weighted interpolation between the corresponding reservoir 
and fracture properties using these indicator functions. Specifically, the effective fluid density, Biot coefficient, dynamic viscosity, 
permeability, and storage coefficient are computed as: 

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜌𝑡 = 𝜌𝑟𝜒𝑟 + 𝜌𝑓𝜒𝑓 ,
𝛼𝑡 = 𝛼𝑟𝜒𝑟 + 𝛼𝑓𝜒𝑓 ,
𝜇𝑡 = 𝜇𝑟𝜒𝑟 + 𝜇𝑓𝜒𝑓 ,
𝐾𝑡 = 𝐾𝑟𝜒𝑟 +𝐾𝑓𝜒𝑓 ,
s𝑡 = s𝑟𝜒𝑟 + s𝑓𝜒𝑓 .

(45)

Employing these interpolated properties, the mass conservation equation governing fluid transport in the transition domain is 
formulated as: 

∇ ⋅
𝜌𝑡𝐾𝑡
𝜇𝑡

(∇𝑝 + 𝜌𝑡𝐠) +𝑄𝑡 = 𝜌𝑡s𝑡
𝜕𝑝
𝜕𝑡

+ 𝜌𝑡𝛼𝑡
𝜕𝜀𝑣𝑜𝑙
𝜕𝑡

(46)

where s𝑡, 𝐾𝑡, 𝑄𝑡, 𝜇𝑡, 𝛼𝑡, and 𝜌𝑡 represent the effective storage coefficient, permeability, volumetric source term, fluid viscosity, Biot 
coefficient, and fluid density, respectively, evaluated within the transition domain.

The fluid field is subject to boundary conditions wherein Dirichlet-type constraints are imposed on 𝜕𝛺𝑑 while Neumann-type 
constraints are enforced on 𝜕𝛺𝑛, where these boundary segments satisfy the disjoint condition 𝜕𝛺𝑑 ∩ 𝜕𝛺𝑛 = ∅: 

{

𝑝 = 𝑝̄, on 𝜕𝛺𝑑

−𝒏 ⋅ 𝜌𝐯𝑟 = 𝑄̄. on 𝜕𝛺𝑛
(47)

where 𝑝̄ prescribes fluid pressure along the Dirichlet boundary segment and 𝑄̄ specifies the mass flux applied at the Neumann 
boundary portion.

The complete governing system for damage modeling of hydraulic fracture propagation comprises the coupled mechanical 
equilibrium, damage field evolution, and mass conservation: 

𝜕𝜎𝑝𝑜𝑟𝑖𝑗

𝜕𝑥𝑗
+ 𝑏𝑖 = 𝜌𝑢̈𝑖 in 𝛺 (48a)

𝑠(𝑥𝑖) =
1

1 + 𝐺𝑐∕[𝓁(1 − 𝑘)H ]
in 𝛺 (48b)

∇ ⋅
[

𝜌𝑟𝐾𝑟
𝜇𝑟

(∇𝑝 + 𝜌𝑟𝐠)
]

+𝑄𝑟 = 𝜌𝑟s𝑟
𝜕𝑝
𝜕𝑡

+ 𝜌𝑟𝛼𝑟
𝜕𝜀𝑣𝑜𝑙
𝜕𝑡

in 𝛺𝑟 (48c)

∇ ⋅
[𝜌𝑓𝐾𝑓
𝜇𝑓

(∇𝑝 + 𝜌𝑓 𝐠)
]

+𝑄𝑓 = 𝜌𝑓s𝑓
𝜕𝑝
𝜕𝑡

in 𝛺𝑓 (48d)

∇ ⋅
[

𝜌𝑡𝐾𝑡 (∇𝑝 + 𝜌𝑡𝐠)
]

+𝑄𝑡 = 𝜌𝑡s𝑡
𝜕𝑝

+ 𝜌𝑡𝛼𝑡
𝜕𝜀𝑣𝑜𝑙 in 𝛺𝑡 (48e)
𝜇𝑡 𝜕𝑡 𝜕𝑡

10 
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with the boundary conditions 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝒖𝑖 = 𝒖𝑖, on 𝜕𝛺𝑢

𝜎𝑝𝑜𝑟𝑖𝑗 𝑛𝑗 = 𝑡∗𝑖 , on 𝜕𝛺𝒕∗
𝜕𝑠
𝜕𝑥𝑖
𝑛𝑖 = 0, on 𝜕𝛺

𝑝 = 𝑝̄, on 𝜕𝛺𝑑

−𝒏 ⋅ 𝜌𝑓 𝐯𝑓 = 𝑄̄. on 𝜕𝛺𝑛

(49)

The solution of this coupled system Eqs. (48) and (49) yields the complete spatiotemporal evolution of displacement 𝒖(𝒙, 𝑡), 
damage field 𝑠(𝒙, 𝑡), and pressure 𝑝(𝒙, 𝑡) fields.

3.6. Governing equations for hydro-mechanical VDM in DH-NOSBPD

The integration of the hydro-mechanical variational damage model within the DH-NOSBPD framework requires careful treat-
ment of both the nonlocal mechanical interactions and the flow field evolution. The coupled hydro-mechanical system requires 
simultaneous solution of displacement and flow fields. According to Eq. (12), the governing equation for material point 𝒙𝑖 becomes

∫𝑖

(𝜔(𝝃𝑖𝑗 )𝝈
𝑝𝑜𝑟
𝑖 𝑲−1

𝑖 𝝃𝑖𝑗 +  𝒖
𝑖𝑗 )𝑑𝑉𝑗 − ∫′

𝑖

(𝜔(𝝃𝑗𝑖)𝝈
𝑝𝑜𝑟
𝑗 𝑲−1

𝑗 𝝃𝑗𝑖 +  𝒖
𝑗𝑖)𝑑𝑉𝑗 + 𝒃𝑖 = 𝜌𝑖𝒖̈𝑖 (50)

∫𝑖

(𝜔(𝝃𝑖𝑗 )
𝜌𝑖𝐾𝑖
𝜇𝑖

(∇̃𝑝𝑖 + 𝜌𝑖𝐠𝑖)𝑲−1
𝑖 𝝃𝑖𝑗 +  𝑝

𝑖𝑗 )𝑑𝑉𝑗

− ∫′
𝑖

(𝜔(𝝃𝑗𝑖)
𝜌𝑗𝐾𝑗
𝜇𝑗

(∇̃𝑝𝑗 + 𝜌𝑗𝐠𝑗 )𝑲−1
𝑗 𝝃𝑗𝑖 +  𝑝

𝑗𝑖)𝑑𝑉𝑗 +𝑄𝑖 = 𝜌𝑖s𝑖𝑝̇𝑖 + 𝜌𝑖𝛼𝑖 ̇𝜀𝑣𝑜𝑙𝑖 (51)

where the Cauchy stress tensor at each material point incorporates flow field effects: 
⎧

⎪

⎨

⎪

⎩

𝝈𝑝𝑜𝑟𝑖 =
𝝈+𝑖 (𝜺

𝑒
𝑖 )+𝝈

0
𝑖

{1+[𝓁(1−𝑘)H ]∕𝐺𝑐}2
+ 𝝈−

𝑖 (𝜺
𝑒
𝑖 ) − 𝛼𝑝𝑖𝑰

𝝈𝑝𝑜𝑟𝑗 =
𝝈+𝑗 (𝜺

𝑒
𝑗 )+𝝈

0
𝑗

{1+[𝓁(1−𝑘)H ]∕𝐺𝑐}2
+ 𝝈−

𝑗 (𝜺
𝑒
𝑗 ) − 𝛼𝑝𝑗𝑰

(52)

To account for fracture discontinuity in the model, a degradation mechanism is applied to the stabilization force. This is achieved 
through the incorporation of a damage coefficient, expressed as 1∕{1+[𝓁(1−𝑘)H ]∕𝐺𝑐}, which modifies the terms  ℎ𝑔

𝑖𝑗 (𝒖) and 
ℎ𝑔
𝑖𝑗 (𝑝). 

Consequently, the resulting stabilization force for the hourglass mode incorporates the influence of damage evolution as follows:

 𝒖
𝑖𝑗 =

 ℎ𝑔
𝑖𝑗 (𝒖)

1 + [𝓁(1 − 𝑘)H ]∕𝐺𝑐
= 1

1 + [𝓁(1 − 𝑘)H ]∕𝐺𝑐

2𝑝ℎ𝑔
𝑚𝑲 𝑖

𝜔(𝝃𝑖𝑗 )(𝒖𝑖𝑗 − ∇̃𝒖𝑖 ⋅ 𝝃𝑖𝑗 ) (53)

 𝑝
𝑖𝑗 =

 ℎ𝑔
𝑖𝑗 (𝑝)

1 + [𝓁(1 − 𝑘)H ]∕𝐺𝑐
= 1

1 + [𝓁(1 − 𝑘)H ]∕𝐺𝑐

2𝑝ℎ𝑔
𝑚𝑲 𝑖

𝜔(𝝃𝑖𝑗 )(𝑝𝑖𝑗 − ∇̃𝑝𝑖 ⋅ 𝝃𝑖𝑗 ). (54)

4. Numerical implementation

The numerical realization of the coupled hydro-mechanical variational damage model within the DH-NOSBPD framework is 
described in this section. The discussion covers spatial discretization, temporal advancement schemes, the partitioned solution 
algorithm, and quasi-static analysis via adaptive dynamic relaxation. Detailed algorithmic pseudocodes are included to facilitate 
practical implementation.

4.1. Spatial discretization

The spatial domain 𝛺 is discretized into 𝑁 material points {𝐱𝑖}𝑁𝑖=1, each occupying a volume 𝑉𝑖 (as shown in Fig.  5). For regular 
grid discretizations with uniform spacing 𝛥𝑥, the volume is 𝑉𝑖 = (𝛥𝑥)𝑑 .

Non-uniform discretization can be achieved through adaptive refinement, with local grid spacing varying to concentrate 
resolution in regions of interest. The dual-horizon framework naturally accommodates such non-uniform discretization. For each 
material point 𝑖, the horizon domain in discrete form can be denoted by a list of neighbors: 

𝑖 = {𝑖, 𝑗1, 𝑗2,… , 𝑗𝑛𝑖} (55)

where 𝑛𝑖 is the number of neighbors in the horizon domain of point 𝑖.
In discrete form, the shape tensor and nonlocal gradient operator at particle 𝑖 become 

𝑲 𝑖 =
∑

𝑗∈𝑖

𝜔(𝝃𝑖𝑗 )𝝃𝑖𝑗 ⊗ 𝝃𝑖𝑗𝛥𝑉𝑗 (56)

∇̃𝒖𝑖 =
∑

𝜔𝑖𝑗 (𝒖𝑗 − 𝒖𝑖)⊗ 𝝃𝑖𝑗𝛥𝑉𝑗 ⋅𝑲−1
𝑖 (57)
𝑗∈𝑖
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Fig. 5. The spatial discretization in flow and mechanical fields.

The discrete forms of Eqs. (50) and (51) read
∑

𝑗∈𝑖

(𝜔(𝝃𝑖𝑗 )𝝈
𝑝𝑜𝑟
𝑖 𝑲−1

𝑖 𝝃𝑖𝑗 +  𝒖
𝑖𝑗 )𝛥𝑉𝑗 −

∑

𝑗∈′
𝑖

(𝜔(𝝃𝑗𝑖)𝝈
𝑝𝑜𝑟
𝑗 𝑲−1

𝑗 𝝃𝑗𝑖 +  𝒖
𝑗𝑖)𝛥𝑉𝑗 + 𝒃𝑖 = 𝜌𝑖𝒖̈𝑖 (58)

∑

𝑗∈𝑖

(𝜔(𝝃𝑖𝑗 )
𝜌𝑖𝐾𝑖
𝜇𝑖

(∇̃𝑝𝑖 + 𝜌𝑖𝐠𝑖)𝑲−1
𝑖 𝝃𝑖𝑗 +  𝑝

𝑖𝑗 )𝛥𝑉𝑗

−
∑

𝑗∈′
𝑖

(𝜔(𝝃𝑗𝑖)
𝜌𝑗𝐾𝑗
𝜇𝑗

(∇̃𝑝𝑗 + 𝜌𝑗𝐠𝑗 )𝑲−1
𝑗 𝝃𝑗𝑖 +  𝑝

𝑗𝑖)𝛥𝑉𝑗 +𝑄𝑖 = 𝜌𝑖s𝑖𝑝̇𝑖 + 𝜌𝑖𝛼𝑖 ̇𝜀𝑣𝑜𝑙𝑖 (59)

4.2. Temporal integration schemes

The mechanical governing equation Eq. (58) represents a second-order system of ordinary differential equations in time. For 
explicit time integration, the velocity-Verlet algorithm [55] provides second-order accuracy and good stability properties:

Algorithm 1 Velocity-Verlet Time Integration
1: Input: 𝐮𝑛𝑖 , 𝐯𝑛𝑖  for all 𝑖, Time step 𝛥𝑡
2: Output: 𝐮𝑛+1𝑖 , 𝐯𝑛+1𝑖
3: Compute forces: 𝐅𝑛𝑖  from Eq. (58)
4: Compute acceleration: 𝐚𝑛𝑖 = 𝐅𝑛𝑖 ∕𝜌
5: Update velocity (half-step): 𝐯𝑛+1∕2𝑖 = 𝐯𝑛𝑖 +

𝛥𝑡
2 𝐚

𝑛
𝑖

6: Update displacement: 𝐮𝑛+1𝑖 = 𝐮𝑛𝑖 + 𝛥𝑡𝐯
𝑛+1∕2
𝑖

7: Compute acceleration at new time: 𝐚𝑛+1𝑖 = 𝐅𝑛+1𝑖 ∕𝜌
8: Update velocity (full-step): 𝐯𝑛+1𝑖 = 𝐯𝑛+1∕2𝑖 + 𝛥𝑡

2 𝐚
𝑛+1
𝑖

The explicit time integration requires a time step satisfying the CFL stability condition [56]. For peridynamic simulations, the 
critical time step is approximately 

𝛥𝑡𝑐𝑟𝑖𝑡 ≈

√

𝜌𝛥𝑥2min
(𝜆max + 2𝜇max)

(60)

where 𝛥𝑥min is the minimum particle spacing. For numerical stability, the actual time step is taken as: 
𝛥𝑡 = 0.7𝛥𝑡 (61)
𝑐𝑟𝑖𝑡
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The pore pressure diffusion equation Eq. (59) is a first-order system in time. Forward Euler integration provides a simple explicit 
scheme [57]:

𝑝𝑛+1𝑖 = 𝑝𝑛𝑖 +
𝛥𝑡𝑝
s𝑖

[

∑

𝑗∈𝑖

[𝜔(𝝃𝑖𝑗 )
𝐾𝑖
𝜇𝑖

(
𝑝𝑛𝑗 − 𝑝

𝑛
𝑖

‖𝝃𝑖𝑗‖2
+ 𝐠𝑖) +  𝑝

𝑖𝑗 ]𝛥𝑉𝑗

−
∑

𝑗∈′
𝑖

[𝜔(𝝃𝑗𝑖)
𝐾𝑗
𝜇𝑗

(
𝑝𝑛𝑖 − 𝑝

𝑛
𝑗

‖𝝃𝑗𝑖‖2
+ 𝐠𝑗 ) +  𝑝

𝑗𝑖]𝛥𝑉𝑗 − 𝛼𝑖
𝜀𝑛+1𝑣𝑜𝑙𝑖 − 𝜀

𝑛
𝑣𝑜𝑙𝑖

𝛥𝑡𝑝
+
𝑄𝑖
𝜌𝑖

⎤

⎥

⎥

⎦

(62)

The diffusion process imposes a stability constraint on the pressure time step: 

𝛥𝑡𝑝 = 𝛼safe
𝜇s𝛥𝑥2min
4𝐾𝑚𝑎𝑥

(63)

where 𝐾𝑚𝑎𝑥 is the maximum permeability in the system, and 𝛼safe ∈ [0.7, 0.9] is a safety factor.

Remark 3 (Explicit Versus Implicit/semi-Implicit Coupling for Stiff Problems).  The explicit coupling scheme adopted in this work 
offers computational simplicity and parallelization efficiency, but may encounter stability limitations when addressing stiff hydro-
mechanical problems characterized by large permeability contrasts (e.g., 𝐾𝑓∕𝐾𝑟 > 104) or rapid pressure transients near propagating 
fracture tips. In such scenarios, the stability constraint in Eq. (63) can become prohibitively restrictive, as the time step scales 
inversely with the maximum permeability.

For problems exhibiting pronounced stiffness, implicit or semi-implicit time integration schemes offer potential advantages. A 
semi-implicit approach, wherein the pressure diffusion equation is treated implicitly while the mechanical equilibrium remains 
explicit, can substantially relax the stability constraint associated with fluid transport while preserving the computational efficiency 
of explicit mechanical integration. Fully implicit monolithic schemes, though computationally more demanding due to the necessity 
of assembling and solving coupled linear systems, provide unconditional stability and enable arbitrarily large time steps constrained 
only by accuracy requirements.

The present explicit formulation remains well-suited for the class of problems investigated herein, where permeability contrasts 
are moderate and the adaptive time stepping strategy adequately captures the relevant physics. Nevertheless, extension to implicit 
or semi-implicit formulations represents a natural avenue for future development, particularly for applications involving extreme 
permeability heterogeneity or very rapid injection scenarios where explicit methods become computationally inefficient.

4.3. Adaptive dynamic relaxation

For quasi-static problems where inertial effects are negligible, the explicit dynamic integration converges slowly to equilibrium. 
Adaptive Dynamic Relaxation (ADR) provides an efficient alternative by introducing artificial damping that accelerates convergence 
to steady state. This numerical scheme augments the governing equation of motion with a viscous damping term that is proportional 
to the nodal velocity: 

𝜌𝐮̈𝑖 + 𝑐𝑖𝐮̇𝑖 = 𝐅𝑖 (64)

where 𝑐𝑖 denotes the damping coefficient associated with material point 𝑖, and 𝐅𝑖 represents the resultant force vector computed 
from Eq. (58).

A distinguishing characteristic of the ADR scheme lies in its capability to dynamically calibrate the damping parameters 
throughout the iterative process, thereby accelerating the convergence toward static equilibrium. For material point 𝑖 at the 𝑛th 
time step, the critically damped condition yields the optimal damping coefficient as: 

𝑐𝑛𝑖 = 2
√

𝜌𝐾𝑛
𝑖 (65)

in which 𝐾𝑛
𝑖  represents a local estimate of the material stiffness.

The local stiffness is evaluated based on incremental force–displacement relationships. To ensure numerical robustness, a 
regularization procedure is introduced: 

𝐾𝑛
𝑖 =

⎧

⎪

⎨

⎪

⎩

‖𝐅𝑛𝑖 −𝐅
𝑛−1
𝑖 ‖

‖𝐮𝑛𝑖 −𝐮
𝑛−1
𝑖 ‖

if ‖𝐮𝑛𝑖 − 𝐮𝑛−1𝑖 ‖ > 𝜖𝑢

𝐾𝑛−1
𝑖 otherwise

(66)

where 𝜖𝑢 serves as a numerical tolerance parameter (typically set to 10−10 in normalized units) that prevents potential numerical 
instabilities arising from vanishing displacement increments.

Remark 4 (Regularization and Filtering for Local Stiffness Estimation).  The local stiffness estimate defined in Eq. (66) may exhibit 
sensitivity to numerical noise, particularly in regions undergoing rapid damage evolution, near material interfaces, or where 
13 
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displacement increments approach machine precision. Such noise sensitivity can manifest as spurious oscillations in the damping 
coefficient, potentially compromising convergence behavior or inducing localized numerical instabilities.

To enhance robustness against noise contamination, several regularization and filtering strategies are employed. First, a temporal 
smoothing filter is applied to the stiffness estimate: 

𝐾̄𝑛
𝑖 = 𝛽𝐾𝑛

𝑖 + (1 − 𝛽)𝐾̄𝑛−1
𝑖 , (67)

where 𝛽 ∈ (0, 1] denotes a smoothing parameter (typically 𝛽 = 0.3–0.7) that controls the degree of temporal averaging. This 
exponential moving average effectively attenuates high-frequency fluctuations while preserving the adaptive character of the 
scheme.

Second, bounding constraints are imposed to preclude extreme stiffness values: 

𝐾𝑛
𝑖 ← max

(

𝐾min,min
(

𝐾𝑛
𝑖 , 𝐾max

))

, (68)

where 𝐾min and 𝐾max are problem-dependent bounds, typically estimated from the elastic moduli and characteristic length scales 
(e.g., 𝐾min = 0.01𝐸∕𝛥𝑥 and 𝐾max = 100𝐸∕𝛥𝑥).

Third, spatial smoothing through neighborhood averaging can mitigate localized noise artifacts: 

𝐾̃𝑛
𝑖 =

∑

𝑗∈𝑖
𝜔(𝝃𝑖𝑗 )𝐾𝑛

𝑗 𝛥𝑉𝑗
∑

𝑗∈𝑖
𝜔(𝝃𝑖𝑗 )𝛥𝑉𝑗

. (69)

In the present implementation, the threshold-based regularization in Eq. (66), combined with temporal smoothing (Eq. (67) 
with 𝛽 = 0.5), has proven sufficient for all numerical examples considered herein. For problems exhibiting more pronounced noise 
characteristics, the supplementary filtering techniques described above may be activated as needed.

The computational procedure for implementing the ADR method is presented in Algorithm 2. The scheme employs a predictor–
corrector formulation based on central difference time integration, where velocity and displacement fields are updated in a staggered 
manner.

Algorithm 2 Adaptive Dynamic Relaxation
1: Input: Initial configuration 𝐮0𝑖 , target residual 𝑅𝑡𝑜𝑙
2: Output: Quasi-static equilibrium configuration 𝐮𝑖
3: Initialize: 𝐯0𝑖 = 𝟎, 𝐾0

𝑖 = 𝐾𝑖𝑛𝑖𝑡
4: 𝑛← 0
5: repeat 
6: Compute forces: 𝐅𝑛𝑖  from Eq. (58)
7: Compute residual: 𝑅𝑛 =

√

∑

𝑖 ‖𝐅𝑛𝑖 ‖2∕𝑁
8: if 𝑅𝑛 < 𝑅𝑡𝑜𝑙 then 
9: break
10: end if
11: Update local stiffness: 𝐾𝑛

𝑖  using Eq. (66)
12: Compute damping: 𝑐𝑛𝑖  using Eq. (65)
13: Compute damped acceleration: 𝐚𝑛𝑖 = (𝐅𝑛𝑖 − 𝑐

𝑛
𝑖 𝐯
𝑛
𝑖 )∕𝜌

14: Update velocity: 𝐯𝑛+1∕2𝑖 = 𝐯𝑛𝑖 +
𝛥𝑡
2 𝐚

𝑛
𝑖

15: Update displacement: 𝐮𝑛+1𝑖 = 𝐮𝑛𝑖 + 𝛥𝑡𝐯
𝑛+1∕2
𝑖

16: Compute forces: 𝐅𝑛+1𝑖
17: Compute damped acceleration: 𝐚𝑛+1𝑖 = (𝐅𝑛+1𝑖 − 𝑐𝑛𝑖 𝐯

𝑛+1∕2
𝑖 )∕𝜌

18: Update velocity: 𝐯𝑛+1𝑖 = 𝐯𝑛+1∕2𝑖 + 𝛥𝑡
2 𝐚

𝑛+1
𝑖

19: 𝑛← 𝑛 + 1
20: until maximum iterations reached

The computational efficiency of the ADR scheme stems from its adaptive damping mechanism, which maintains near-critical 
damping conditions throughout the solution process.

4.4. Staggered solution algorithm

The coupled hydro-mechanical system is solved using a staggered approach, where hydraulic and mechanical fields are updated 
sequentially within each time step. The staggered algorithm proceeds as follows for each global time step :
14 
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Algorithm 3 Staggered Solution for Coupled Hydro-Mechanical Problem
1: Input: Material properties, geometry, boundary conditions, final time 𝑡final
2: Output: Displacement field 𝐮𝑖, pressure field 𝑝𝑖, damage field 𝑠𝑖
3: Initialization: 
4:  Generate material point positions {𝐱𝑖}𝑁𝑖=1
5:  Construct neighbor lists: 𝑖, ′

𝑖  for all 𝑖
6:  Compute shape tensor 𝐊𝑛

𝑖  (Eq. (56)), nonlocal gradient ∇̃𝒖𝑛𝑖  (Eq. (57)): 
7:  Compute strain tensor: 𝜺𝑛𝑖 = 1

2 [∇̃𝒖
𝑛
𝑖 + (∇̃𝒖𝑛𝑖 )

𝑇 ]
8:  Perform spectral decomposition: 𝜺𝑛𝑖 =

∑3
𝑘=1 𝜀

𝑛
𝑖𝑘𝒏𝑖𝑘 ⊗ 𝒏𝑖𝑘

9:  Compute stress: 𝝈𝑝𝑜𝑟𝑖  (Eqs. (30),(31)) 
10:  Initialize fields: 𝐮0𝑖 = 𝟎, 𝑝0𝑖 = 𝑝0, 𝑠0𝑖 = 0, H 0

𝑖 = 0
11: 𝑡← 0, 𝑛← 0
12: while 𝑡 < 𝑡final do 
13: //Pressure Update: 
14:   Compute pressure time step: 𝛥𝑡𝑝 (Eq. (63)) 
15:   Update pressure: 𝑝𝑛+1𝑖  (Eq. (62)) 
16:   Apply pressure boundary conditions 
17:
18: //Mechanical Update: 
19: if new damage detected or significant load change then 
20:   Run ADR to equilibrium (Algorithm 2)
21: else 
22:   Single explicit mechanical step (Algorithm 1)
23: end if
24:   Update strain and stress: 𝜺𝑛+1𝑖 , (𝝈𝑛+1𝑖 )𝑝𝑜𝑟 (Eqs. (30),(31)) 
25: Apply displacement boundary conditions 
26:
27: //Damage Update: 
28:   Compute positive strain energy: 𝜓+

𝑒𝑖(𝜺𝒊
𝑛+1) = 𝜆

2 ⟨tr(𝜺
𝑛+1
𝑖 )⟩2+ + 𝜇tr(((𝜺𝑛+1𝑖 )+)2) [9] 

29:   Update history variable: H 𝑛+1
𝑖 = max[H 𝑛

𝑖 , 𝜓
+
𝑒𝑖(𝜺

𝑛+1
𝑖 ) + 𝝈0

𝑖 ∶ 𝜺𝑛+1𝑖 ]
30:   Update damage: 𝑠𝑛+1𝑖  (Eq. (48b)) 
31:
32: // Material and transport properties Update: 
33:  Update s𝑛+1𝑖 , 𝐾𝑛+1

𝑖 , 𝑄𝑛+1𝑖 , 𝜇𝑛+1𝑖 , 𝛼𝑛+1𝑖 , and 𝜌𝑛+1𝑖  based on damage 𝑠𝑛+1𝑖  (Eqs. (44),(45)) 
34:
35: 𝑡 ← 𝑡 + 𝛥𝑡, 𝑛← 𝑛 + 1
36: end while

The staggered algorithm provides several advantages. First, it decouples the solution of different field equations, enabling use 
of specialized solvers optimized for each physics. Second, it allows different time step sizes for different fields, accommodating 
disparate time scales. Third, it reduces memory requirements compared to fully coupled monolithic solvers. However, the staggered 
approach requires careful selection of time step sizes and convergence tolerances to maintain accuracy of the coupling.

Remark 5 (Convergence Criteria and Coupling Error Control).  The accuracy of the staggered solution scheme depends critically on 
appropriate convergence criteria and mechanisms for controlling coupling errors between the mechanical and hydraulic subsystems. 
Several strategies are employed in the present implementation to ensure solution fidelity.

Mechanical equilibrium convergence. Within each global time step, the ADR solver iterates until the normalized residual force 
satisfies: 

𝑅𝑛 =

√

∑

𝑖 ‖𝐅𝑛𝑖 ‖2
√

∑

𝑖 ‖𝐅𝑒𝑥𝑡𝑖 ‖

2 + 𝜖𝐹
< 𝑅𝑡𝑜𝑙 (70)

where 𝐅𝑒𝑥𝑡𝑖  represents the external force contribution (including pressure-induced body forces) and 𝜖𝐹  is a small regularization 
parameter to handle cases with vanishing external loads. A typical tolerance of 𝑅𝑡𝑜𝑙 = 10−6 to 10−8 is employed.

Pressure field convergence. For the explicit pressure update, stability is ensured through the CFL-type constraint in Eq. (63).
Coupling error control. The sequential staggered approach introduces a splitting error of order (𝛥𝑡) due to the explicit treatment 

of inter-field coupling. This error can be controlled through several mechanisms:
(i) Time step restriction: The global time step is selected to satisfy both the mechanical and hydraulic stability constraints, with 

an additional restriction based on the characteristic coupling time scale: 

𝛥𝑡 ≤ min
(

𝛥𝑡𝑐𝑟𝑖𝑡, 𝛥𝑡𝑝,
𝛼𝑐𝓁2)

(71)

𝑐𝑣
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where 𝑐𝑣 = 𝐾∕(𝜇s) is the consolidation coefficient and 𝛼𝑐 ∈ [0.1, 0.5] is a coupling safety factor.
(ii) Fixed-point iterations: For strongly coupled problems, sub-iterations between mechanical and hydraulic solvers within each 

global time step can reduce splitting errors: 
Iterate: 𝑝𝑛+1,(𝑘) → 𝐮𝑛+1,(𝑘) → 𝑝𝑛+1,(𝑘+1) until ‖𝐮𝑛+1,(𝑘+1) − 𝐮𝑛+1,(𝑘)‖ < 𝜖𝑐𝑜𝑢𝑝 (72)

where 𝜖𝑐𝑜𝑢𝑝 is a coupling tolerance. In practice, 2–3 sub-iterations typically suffice for the problems considered herein.
(iii) Energy-based monitoring: The total system energy can be monitored to detect coupling instabilities: 

𝑡𝑜𝑡 = ∫𝛺

[

𝜓(𝜺, 𝑠) + 1
2
s𝑝2

]

𝑑𝛺 (73)

Non-physical energy growth indicates inadequate coupling resolution and triggers time step refinement.
For the numerical examples presented in Section 5, the combination of appropriately restricted time steps (satisfying Eq. (71)) 

and the ADR convergence criterion (Eq. (70) with 𝑅𝑡𝑜𝑙 = 10−6) has proven sufficient to maintain coupling accuracy without requiring 
sub-iterations. The energy monitoring serves as a diagnostic tool to verify solution quality. In practice, with 𝑅𝑡𝑜𝑙 = 10−6, the relative 
variation in total system energy between consecutive time steps remains below 0.1% during stable propagation phases.

5. Numerical examples

This section presents a comprehensive set of numerical examples designed to validate the proposed computational framework 
progressively, from individual model components to the fully coupled hydro-mechanical system. The performance of the developed 
approach is assessed through systematic comparisons against analytical solutions, established benchmark results, and available 
numerical and experimental data. Within the DH-PD framework, the horizon size is determined by prescribing a fixed number 
of neighboring particles; in all examples herein, unless otherwise stated, this number is set to 15. The examples are organized 
as follows: Section 5.1 first establishes the convergence properties and discretization independence of the variational damage 
formulation through notched square specimens under mode-I and mode-II loading; Section 5.2 then validates the poroelastic coupling 
through Terzaghi’s one-dimensional consolidation benchmark; Section 5.3 verifies the fluid flow model via the five-spot well pattern 
problem; Section 5.4 demonstrates the fracture initiation and propagation capabilities using a pressure-driven notched specimen; 
and Section 5.5 showcases the framework’s ability to capture complex hydraulic fracture interactions with pre-existing natural 
discontinuities. Through these analyses, the accuracy, robustness, and predictive capabilities of the methodology are demonstrated.

5.1. Convergence study: Notched square specimen under tension and shear test

As a first validation case, a square plate featuring a single horizontal edge notch is analyzed under quasi-static mode-I (tension) 
and mode-II (shear) loading, as depicted in Fig.  6. For the tensile scenario, a monotonically increasing vertical displacement is applied 
to the top edge at a loading rate of 𝑢̇ = 1 × 10−6 mm/s, while the bottom edge remains fully constrained. In the shear scenario, 
horizontal displacement is imposed on the upper boundary at a loading rate of 𝑢̇ = 1×10−5 mm/s to induce a predominantly mode-II 
fracture state (Fig.  6). The material parameters employed throughout are: Young’s modulus 𝐸 = 210 GPa, Poisson’s ratio 𝜈 = 0.3, 
critical energy release rate 𝐺𝑐 = 2700 J/m2, and length-scale parameter 𝓁 = 0.0075 mm.

To systematically assess the influence of spatial discretization on the predicted fracture response, four levels of particle refinement 
are considered, with inter-particle spacings 𝛥𝑥 = 𝓁∕3, 𝓁∕4, 𝓁∕5, and 𝓁∕6. The computed damage and phase-field contours for 
two representative resolutions (𝛥𝑥 = 𝓁∕4 and 𝓁∕6) under tensile loading are presented in Fig.  7. At each resolution, both the 
damage and phase-field contours consistently capture a horizontal crack that nucleates at the notch tip and extends toward the 
opposing boundary. Crucially, the width of the localized damage zone is governed by the regularization length 𝓁 rather than by the 
inter-particle distance, thereby confirming that the predicted fracture pattern is free from spurious discretization dependence. Upon 
refinement, the damage profiles converge to a stable and well-defined diffuse band.

The damage distributions obtained under shear loading at the same two resolutions are shown in Fig.  8. Under mode-II conditions, 
the fracture path deviates from the horizontal notch orientation and propagates along a curved trajectory toward the lower-right 
corner of the domain, consistent with well-established theoretical expectations for this benchmark configuration. The predicted crack 
path and the extent of the process zone remain in close agreement across all resolutions considered. Notably, the present variational 
damage formulation yields a markedly narrower localization band compared with the classical AT2 phase-field model at equivalent 
values of 𝓁. This enhanced sharpness arises from the distinct scaling behavior: the damage bandwidth scales linearly with 𝓁 in the 
current approach, as opposed to the 

√

𝓁 scaling characteristic of the AT2 regularization (see Section 3 for a detailed discussion).
The mechanical response is further examined through force–displacement (𝐹–𝑢) curves. Fig.  9(a) compares these curves for all 

four discretization levels under tensile loading. Once sufficient spatial resolution is achieved, both the peak load and the subsequent 
post-peak softening branch become practically indistinguishable among successive refinements. Minor deviations are only discernible 
near the peak region for the coarsest spacing (𝛥𝑥 = 𝓁∕3); for 𝛥𝑥 ≤ 𝓁∕4, the curves effectively overlap, attesting to the favorable 
convergence properties of the method. The corresponding shear loading results are reported in Fig.  9(b). While slight variations 
are observed at the coarsest discretization, the global structural response rapidly stabilizes upon refinement, confirming that the 
mode-II predictions are equally insensitive to the choice of particle spacing.

Collectively, these tension and shear test results provide compelling numerical evidence that the proposed variational dam-
age framework achieves discretization-independent fracture predictions and, concurrently, yields substantially sharper crack 
representations than the standard AT2 phase-field approach.
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Fig. 6. Geometry and boundary conditions for the notched square.

Table 1
Material properties for the consolidation problem.
 Parameters Values Parameters Values  
 𝐸 (Pa) 1.0 × 108 𝜈 0  
 𝓁 (m) 0.15 𝐾𝑟, 𝐾𝑓  (m2) 1.0 × 10−12  
 𝑐1 0.2 𝑐2 0.35  
 𝜌𝑟 , 𝜌𝑓  (kg/m3) 1.0 × 103 𝛼𝑟, 𝛼𝑓 0.5  
 s𝑟 (Pa−1) 1.65 × 10−10 s𝑓  (Pa−1) 1.65 × 10−11 
 𝜇𝑟 (Pa s) 1.0 × 10−3 𝜇𝑓  (Pa s) 1.0 × 10−3  

5.2. Terzaghi’s consolidation benchmark

This example validates the fundamental poroelastic coupling mechanism within the proposed framework. Terzaghi’s one-
dimensional consolidation problem provides an ideal benchmark, as it involves the coupled interaction between pore pressure 
diffusion and solid skeleton deformation—the essential physics underlying any hydraulic fracturing model. Accurate reproduction of 
the analytical solution demonstrates that the nonlocal formulation correctly captures the bidirectional coupling between mechanical 
deformation and fluid flow.

The computational domain comprises a rectangular region with dimensions 𝐿 = 15 m × 𝑊 = 1 m, as depicted in Fig.  10. 
A uniform pressure of 𝑃0 = 104 Pa is applied to the left boundary, whereas the right boundary remains fully constrained. For the 
hydraulic conditions, zero pressure (free drainage) is prescribed at the left edge, and impermeable (zero-flux) conditions are enforced 
along all remaining boundaries. The constitutive and transport parameters adopted for this analysis are summarized in Table  1.

The analytical solutions of this problem are available in the literature [58,59]: 

𝑝(𝑥, 𝑡) =
4𝑃0
𝜋

𝑁
∑

𝑖=0

{

1
2𝑖 + 1

exp

(

−
(

(2𝑖 + 1)𝜋
2𝐿

)2
𝑡

)

× sin
(

(2𝑖 + 1)𝜋𝑥
2𝐿

)

}

(74a)

𝑢(𝑥, 𝑡) = 𝑖𝑃0

{

𝐿 − 𝑥 − 8𝐿
𝜋2

𝑁
∑

𝑖=0

{

1
(2𝑖 + 1)2

exp

(

−
(

(2𝑖 + 1)𝜋
2𝐿

)2
𝑡

)

× cos
(

(2𝑖 + 1)𝜋𝑥
2𝐿

)}}

+ 𝑃0(𝐿 − 𝑥) (74b)

where the auxiliary coefficients are defined as  = 10−8 Pa,  = ∕(1 +𝛼2𝑓∕s𝑓 ),  = ( −)∕(𝛼𝑓 ),  = 𝐾𝑓∕[(𝛼2𝑓 + s𝑓 )𝜇𝑓 ], and 
𝑖 = ( − )∕ .

To validate the dual-horizon capability with spatially varying discretization, two spatial discretizations are considered: a uniform 
grid with particle spacing 𝛥𝑥 = 0.05 m, and a graded particle distribution where the particle spacing varies from 𝛥𝑥 = 0.025 m near 
the drainage boundary (where pressure gradients are steepest) to 𝛥𝑥 = 0.1 m in the far field. Fig.  11 presents the computed pore 
pressure and displacement profiles along the specimen centerline at temporal instances 𝑡 = 15, 30, 45, and 60 s. Excellent agreement 
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Fig. 7. Damage field and phase field for two discretization levels (𝛥𝑥 = 𝓁∕4 and 𝓁∕6) in the tension test.

is observed between the numerical results obtained from both discretizations and the corresponding analytical solutions, confirming 
that the proposed formulation accurately captures the poroelastic coupling behavior. In the graded discretization configuration, 
the dual-horizon formulation automatically handles the transition regions where neighboring particles possess different horizon 
sizes, without requiring any special treatment at the interface. This example substantiates the dual-horizon formulation’s capacity 
to accommodate spatially varying discretization without compromising solution accuracy.

To assess discretization independence within the proposed framework, additional computations are conducted using particle 
spacings of 𝛥𝑥 = 0.01 m, 0.025 m and 0.1 m. The comparative results illustrated in Fig.  12 demonstrate that varying spatial 
resolutions yield nearly identical solutions, all maintaining strong agreement with the analytical solutions. This convergence study 
confirms that the poroelastic coupling is robustly captured regardless of discretization refinement.

5.3. Five-spot well pattern simulation

This example validates the fluid flow component of the proposed formulation independently from fracture mechanics. The 
five-spot well pattern represents a classical petroleum engineering benchmark that tests the accuracy of pressure diffusion and 
fluid transport through porous media under steady-state conditions. Successful reproduction of the analytical pressure distribu-
tion confirms that the nonlocal gradient operators correctly model Darcy flow and that the source/sink treatment is properly 
implemented—essential prerequisites for accurate hydraulic fracturing simulations. The benchmark configuration, examined by 
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Fig. 8. Damage field and phase field for two discretization levels (𝛥𝑥 = 𝓁∕4 and 𝓁∕6) in the shear test.

Katiyar et al. [25], comprises four injection wells located at the vertices of a square domain with a single production well positioned 
at the center (Fig.  13(a)). The symmetric arrangement of injection and extraction rates ensures zero net flux across the domain 
boundaries. To reduce computational cost, the simulation is performed on the minimal repeating unit containing one injector-
producer pair. No-flow and symmetry boundary conditions are imposed along the domain periphery, as illustrated in Fig.  13(b), 
with all external boundaries treated as impermeable.

Validation employs the steady-state analytical solution for pressure and flux induced by a point source of strength 𝑄̇𝑖𝑛 located at 
(𝑥𝑖, 𝑦𝑖) within unit-thickness porous media [60]: 

𝑝𝑖(𝑥, 𝑦) = −
𝑄̇𝑖𝑛𝜇
4𝜋𝐾

ln
[

(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑦𝑖)2
]

+ 𝐶𝑖 (75)

with integration constant 𝐶𝑖 set to zero. Linear superposition yields the combined field from 𝑁 point sources and sinks [60]: 

𝑝(𝑥, 𝑦) = −
𝜇

4𝜋𝐾

𝑁
∑

𝑖=1
𝑄̇𝑖𝑛 ln

[

(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑦𝑖)2
]

(76)

where 𝑁 denotes the total number of source or sink points.
Exploiting central symmetry, the computational domain is reduced to a quarter section of dimensions 𝐿 × 𝐿. An injection well 

located at the origin (0, 0) maintains a constant pressure of 8 MPa, while a production well situated at (𝐿,𝐿) operates at −8 MPa. 
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Fig. 9. Force–displacement curves for different discretization levels in the notched square tension and shear test.

Fig. 10. Schematic representation of the consolidation problem.

Table 2
Material properties for the five-spot well pattern flow problem.
 Parameters Values Parameters Values  
 𝐸 (GPa) 10 𝜈 0.25  
 𝓁 (m) 0.02 𝐾𝑟, 𝐾𝑓  (m2) 1.0 × 10−13 
 𝑐1 0.2 𝑐2 0.35  
 𝜌𝑟 , 𝜌𝑓  (kg/m3) 1.0 × 103 n𝑟 0.2  
 s𝑟 (GPa−1) 1.0 × 10−11 s𝑓  (GPa−1) 0.47  
 𝜇𝑟 (Pa s) 1.0 × 10−3 𝜇𝑓  (Pa s) 1.0 × 10−3  

Impermeable boundaries confine fluid flow exclusively to the porous formation between the source and sink. In this study, the square 
domain has a side length of 𝐿 = 1 m and is discretized using a uniform grid with spacing 𝛥𝑥 = 0.005 m. A total of 40,401 particles 
are initially distributed uniformly across the domain. The volumetric source term for each well is prescribed as 𝑄̇𝑖𝑛 = ±10−3 m3/s. 
Following the approach in [25], the point source is regularized by distributing the volumetric source term 𝑄̇𝑖𝑛 over a characteristic 
smoothing length defined as 

𝜆 = 0.385𝛿 + 1.2925𝛥𝑥 (77)

to mitigate numerical artifacts associated with pressure singularities at injection/production points. Within the support domain of 
radius 𝜆, each neighboring material point receives a weighted source contribution given by 

W =
𝜋𝑄̇𝑛

𝜆2(𝜋2 − 4)

[

1 + cos
(𝜋𝑟
𝜆

)]

(78)

where 𝑟 denotes the distance from the point source to the neighboring point.
The complete set of simulation parameters is provided in Table  2.
20 



Y. Zhang et al. Computer Methods in Applied Mechanics and Engineering 459 (2026) 119078 
Fig. 11. Temporal evolution of displacement and pore pressure fields along the central axis: comparison between the analytical solution and the 
proposed method under different spatial discretizations.

Fig.  14(a)–(c) presents temporal snapshots of the pressure field contour evolution. Radial isobaric contours form around 
point sources, with elevated hydraulic gradients concentrated near well locations under high-pressure operation. The distribution 
progressively stabilizes over time. Comparison of the steady-state result against the previous numerical solution of [25] in Fig.  14(d) 
confirms good agreement. These results verify that the nonlocal fluid flow formulation accurately reproduces the expected pressure 
distribution in porous media.

Fig.  15 quantitatively compares diagonal pressure profiles connecting source and sink locations. Maximum and minimum extrema 
at well positions, together with interior pressure magnitudes, demonstrate excellent agreement with the classical analytical solutions, 
thereby validating the fluid transport modeling capability of the proposed framework.

5.4. Pressure-driven fracture initiation in a notched specimen

This example validates the fracture initiation and propagation capabilities of the proposed variational damage framework under 
hydraulic loading. Unlike the previous examples that tested poroelastic coupling and fluid flow separately, this benchmark examines 
the complete hydro-mechanical-damage coupling by simulating crack evolution from a pre-existing notch under progressively 
increasing fluid pressure. Comparison with the analytical crack-opening displacement solution and reference phase-field results 
demonstrates that the DH-PD formulation with variational damage correctly predicts both the onset and progression of hydraulic 
fractures.
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Fig. 12. Comparison between analytical and proposed model results at 𝑡 = 30 s for various discretizations: (a) displacement and (b) pore pressure 
profiles along the central axis.

Fig. 13. Schematic of the confined five-spot well pattern [25], illustrating injection and production well positions within the computational 
domain.

Fig.  16(a) depicts the geometry and boundary prescriptions. A square specimen with dimensions 𝐿×𝐿 contains a horizontal pre-
existing fracture of length 2𝑙𝑐 = 0.2 m. Pressurized fluid 𝑝̄(𝑡) = 5.5 × 104𝑡 (Pa) is introduced into the crack cavity while all external 
boundaries remain fully constrained with zero-pressure conditions imposed. Due to the inherent geometric symmetry, only half of 
the domain is discretized to enhance computational efficiency, as depicted in Fig.  16(b). Along the symmetry axis (left boundary), 
horizontal displacement constraints are enforced. Plane strain conditions are assumed throughout the analysis. Two distinct grid 
configurations are investigated for convergence assessment: the coarser discretization (Configuration 1) adopts a particle spacing of 
𝛥𝑥1 = 5×10−3 m, whereas the refined discretization (Configuration 2) employs 𝛥𝑥2 = 2.5×10−3 m. Material constants and mechanical 
parameters adopted in this simulation are summarized in Table  3.
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Fig. 14. Temporal evolution of the pressure contour from initial conditions to steady-state, with a comparison between the present steady-state 
result and the reference result of Katiyar et al. [25].

Table 3
Material and hydraulic parameters for the pressurized notched specimen.
 Parameters Values Parameters Values  
 𝐸 (GPa) 210 𝜈 0.25  
 𝐺𝑐 (J/m2) 2700 𝑘 1 × 10−9  
 𝓁 (m) 1.0 × 10−3 𝑐1 0.5  
 𝑐2 1.0 n𝑟 2.0 × 10−3  
 𝜌𝑟 , 𝜌𝑓  (kg/m3) 1.0 × 103 𝛼 2.0 × 10−3  
 𝑄𝑟 (m3/s) 0 𝑄𝑓  (m3/s) 0  
 𝐾𝑟 (m2) 1 × 10−15 𝐾𝑓  (m2) 1.333 × 10−6 
 s𝑟 (Pa−1) 1 × 10−8 s𝑓  (Pa−1) 1 × 10−8  
 𝜇𝑟 (Pa s) 1 × 10−3 𝜇𝑓  (Pa s) 1 × 10−3  
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Fig. 15. Quantitative assessment of pressure distributions: (a) profile along the source–sink diagonal; (b) distributions along horizontal boundaries 
at 𝑦 = 𝐿 − 𝛥𝑦∕2 and 𝑦 = 𝛥𝑦∕2.
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Fig. 16. Problem configuration for the internally pressurized notched specimen.

For a fracture with half-length 𝑙𝑐 = 0.1 m oriented along the 𝑦 = 0 plane, the analytical solution for the vertical displacement 
field induced by a uniform internal pressure 𝑝 is given by Sneddon and Lowengrub [61]: 

𝑢(𝑥, 𝑝) =
2𝑝𝑙𝑐
𝐸𝑝

(

1 − 𝑥2

𝑙2𝑐

)1∕2

(79)

where 𝐸𝑝 = 𝐸∕(1 − 𝜈2) denotes the plane-strain Young’s modulus.
Fig.  17 compares the computed crack-opening profiles with analytical predictions for both discretizations. The finer discretization 

yields closer agreement with the theoretical solution, while both resolutions exhibit satisfactory correspondence. This agreement 
validates the accuracy of the proposed model in capturing the fundamental mechanics of pressure-driven fracture opening.

Progressive pressure elevation drives notch opening and horizontal crack extension. Figs.  18 and 19 show the damage field 𝑠 and 
concurrent pressure distribution at different time instants. Crack aperture remains relatively constant throughout propagation. Peak 
pressure localizes within the fracture zone, with radial diffusion patterns evident. The substantially reduced pressure gradient parallel 
to the crack compared with the transverse direction ensures approximately uniform pressure distribution along the propagating 
fracture. The predicted crack trajectory and pressure distributions demonstrate good agreement with the phase-field simulation 
results reported in [53]. This validation confirms that the developed coupled framework is capable of accurately capturing the 
hydraulic fracturing mechanism, including both the initiation criterion and the subsequent propagation behavior.

5.5. Hydraulic fracture interaction with natural discontinuity networks

Having validated the individual components of poroelastic coupling, fluid flow, and fracture initiation/propagation in the 
preceding examples, this final set of simulations demonstrates the framework’s capability to model complex, practically relevant 
hydraulic fracturing scenarios involving interactions with pre-existing natural discontinuities. These examples showcase the 
integrated performance of all coupled physics – fluid injection, pressure diffusion, mechanical deformation, damage evolution, and 
fracture-network interactions – representing the ultimate test of the proposed methodology for realistic subsurface applications. The 
configurations presented here are inspired by the analogous examples reported in Ni et al. [29], adapted to the present DH-PD 
framework with variational damage. Minor modifications to the domain dimensions have been introduced to ensure compatibility 
with the uniform particle spacing adopted in our discretization, as detailed below.

The complete specimen geometry, computational domain configurations, and associated boundary prescriptions for two rep-
resentative scenarios are illustrated in Fig.  20. In the first scenario, a horizontal pre-existing crack with an initial length of 
𝑙 = 0.3 m is positioned at the geometric center of the specimen. The second scenario incorporates two additional vertical natural 
fractures extending 1 m in length, enabling a systematic investigation of the interaction mechanisms between propagating hydraulic 
fractures and pre-existing discontinuities. Fracturing fluid enters the system through the midpoint of the horizontal discontinuity 
at a prescribed volumetric flux of 𝑄 = 1 × 10−3 m3/s. The computational domain is discretized using a uniform grid with spacing 
𝛥𝑥 = 0.01 m. The material constants and fluid properties employed throughout these analyses are summarized in Table  4.
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Fig. 17. Crack-opening displacement profiles: comparison of numerical results (symbols) against the analytical solution (curves) for two 
discretization levels.
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Fig. 18. Comparison of crack propagation paths between the present method (a)–(c) and the phase-field method (d) [53].

Table 4
Material and hydraulic properties for natural fracture interaction simulations.
 Parameters Values Parameters Values  
 𝐸 (GPa) 0.1 𝜈 0.25  
 𝐺𝑐 (J/m2) 100 𝑘 1 × 10−9  
 𝓁 (m) 3 × 10−2 𝑐1 0.5  
 𝑐2 1.0 n𝑟 0.4  
 𝜌𝑟 , 𝜌𝑓  (kg/m3) 1 × 103 𝛼 1.0  
 𝐾𝑟 (m2) 1 × 10−12 𝐾𝑓  (m2) 1 × 10−12 
 s𝑟 (Pa−1) 1 × 10−10 s𝑓  (Pa−1) 1 × 10−10 
 𝜇𝑟 (Pa s) 1 × 10−3 𝜇𝑓  (Pa s) 1 × 10−3  

Figs.  21–22 illustrate the crack propagation and pressure field evolution for scenarios 1 and 2 throughout the hydraulic 
stimulation process. As the fracturing fluid is continuously injected into the system, it migrates along established flow pathways 
within the discontinuities, progressively elevating the pore pressure in adjacent regions. This pressure redistribution simultaneously 
induces solid skeleton deformation and promotes further crack advancement. The proposed computational framework effectively 
captures the coupled fracture propagation phenomena and characterizes fluid migration behavior within fractured saturated porous 
media through a physically consistent and mathematically rigorous approach.

The temporal evolution of fluid pressure at the injection point is illustrated in Fig.  23. The injection-point pressure histories 
are compared with the corresponding results reported in Ni et al. [29], demonstrating good qualitative and quantitative agreement 
in terms of the characteristic pressure responses, including the initial pressure buildup, the peak pressure at fracture initiation, 
and the subsequent pressure decline during crack propagation. Upon fluid injection, an abrupt pressure surge occurs, which 
progressively opens the pre-existing horizontal discontinuity and enhances local permeability, subsequently inducing rapid pressure 
dissipation. Initially, fluid migration exhibits isotropic behavior when the fracture aperture remains minimal (time instant A). As 
the discontinuity opens further, preferential flow along the fracture orientation becomes dominant (time instant B), eventually 
reaching approximate pressure equilibrium between the fracture tips and injection point (time instant C). Beyond instant C, hydraulic 
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Fig. 19. Comparison of pressure field distributions obtained from the present approach (a)–(c) and the phase-field model (d) [53].

fracturing initiates across all scenarios, accompanied by modest pressure elevation during initial propagation followed by progressive 
reduction as fracture extension accelerates. In scenario 2, the intersection and activation of vertically oriented pre-existing 
discontinuities trigger an extremely rapid pressure decline (interval D–E). Subsequently, pressure within the vertical discontinuities 
gradually recovers until secondary cracks nucleate from their extremities and propagate toward the domain boundaries. Upon 
fracture breakthrough to the zero-pressure boundaries, another precipitous pressure reduction occurs (beyond instant F).

To investigate the influence of injection rate on fracture morphology, additional simulations are conducted using the Scenario 1 
geometry with progressively increased rates: Scenario 1-1 (𝑄 = 2 × 10−3 m3/s), Scenario 1-2 (𝑄 = 4 × 10−3 m3/s), and Scenario 1-3 
(𝑄 = 6 × 10−3 m3/s). Fig.  24(a)–(c) present the resulting crack patterns at the final stage, with corresponding pressure distributions 
shown in panels (d)–(f). Higher injection rates promote crack bifurcation, a phenomenon characteristic of dynamic hydraulic 
fracturing. This capability to capture injection-rate-dependent fracture branching demonstrates the framework’s utility for optimizing 
stimulation treatments. Fig.  25 illustrates the pressure evolution histories for all injection rates considered. As highlighted in the 
magnified regions of Fig.  25, pronounced pressure oscillations are observed during fracturing events. This behavior is consistent 
with experimental observations reported by Lhomme et al. [62] and numerical findings of Cao et al. [63], further validating the 
physical fidelity of the proposed approach.

All simulations are performed on a workstation equipped with an Intel Xeon processor. For the Terzaghi consolidation problem, 
the computation requires approximately 15 min with 𝛥𝑥 = 0.05 m. The five-spot well pattern simulation takes approximately 45 min 
to reach steady state. For the pressure-driven fracture problem, the computational times are approximately 2.5 h (Configuration 1) 
and 8 h (Configuration 2). The complex fracture interaction examples require approximately 6–12 h depending on the scenario and 
injection rate. These timings reflect the explicit time integration scheme adopted in this work, and significant speedup could be 
achieved through parallelization, which is planned as future work.
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Fig. 20. Geometric configurations and boundary conditions for two hydraulic fracturing scenarios with natural discontinuities.
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Fig. 21. Scenario 1: Crack propagation and pressure field evolution during unimpeded horizontal fracture propagation.
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Fig. 22. Scenario 2: Crack propagation and pressure field evolution in the presence of multiple vertical natural discontinuities.
31 



Y. Zhang et al. Computer Methods in Applied Mechanics and Engineering 459 (2026) 119078 
Fig. 23. Temporal evolution of injection-point pressure for both scenarios, with magnified insets highlighting characteristic pressure events.

6. Conclusions

A comprehensive computational methodology for hydraulic fracture simulation in brittle saturated porous media has been 
developed by integrating DH-NOSBPD with variational damage theory. The main contributions and outcomes of this investigation 
are recapitulated below:

1. A DH-PD formulation for hydro-mechanically coupled problems has been rigorously developed, wherein both mechanical 
equilibrium and pore pressure diffusion equations are derived using consistent nonlocal gradient operators. This formulation 
inherently accommodates non-uniform spatial discretization and adaptive refinement while ensuring strict conservation of 
momentum and energy.

2. The integration of variational damage theory within the dual-horizon framework eliminates the need for phenomenological 
bond-breaking criteria. Damage evolution emerges naturally from energy minimization principles, thereby providing a 
physically consistent mechanism for fracture nucleation and propagation under combined mechanical and hydraulic loading 
conditions.

3. A unified treatment of pore fluid transport through intact porous media and evolving fracture networks has been achieved by 
formulating the pressure diffusion equation with nonlocal operators consistent with the mechanical formulation. The damage-
dependent permeability model enables smooth transitions between matrix and fracture flow regimes without explicit crack 
aperture tracking.

4. An efficient staggered solution algorithm has been developed that combines adaptive dynamic relaxation for attaining quasi-
static mechanical equilibrium with explicit time integration for fluid pressure evolution. This approach effectively addresses 
the disparate time scales inherent in hydro-mechanical coupling while maintaining numerical stability.

5. The predictive capabilities of the proposed framework have been demonstrated through comprehensive numerical examples, 
including pressure-driven fracture initiation, fluid-induced crack propagation, fracture branching and coalescence, and 
hydraulic fracture interaction with pre-existing natural discontinuities. Systematic convergence studies and comparisons with 
analytical solutions confirm the accuracy and predictive capability of the methodology.

The developed framework offers a robust and versatile computational tool for investigating hydraulic fracturing phenomena. 
The elimination of explicit crack tracking, combined with physically grounded damage evolution, provides distinct advantages over 
conventional approaches, particularly for problems involving complex fracture patterns, adaptive discretization, and strong hydro-
mechanical coupling, where phenomenological criteria may introduce spurious artifacts. Future research directions include extension 
to three-dimensional configurations with efficient parallel implementations, incorporation of additional physical mechanisms such 
as thermal effects and multiphase flow [64–66], and development of adaptive refinement strategies specifically tailored to coupled 
hydro-mechanical-damage systems.
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Fig. 24. Crack patterns (a)–(c) and corresponding pressure distributions (d)–(f) at the final stage for scenario 1 under various injection rates.
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Fig. 25. Injection-point pressure histories for Scenarios 1, 1-1, 1-2, and 1-3 with magnified insets illustrating oscillatory responses during crack 
propagation.
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