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Recent years have witnessed rapid development in 3D Concrete Printing (3DCP), which offers a highly
automated construction process with significant reductions in material, labor, and time costs. However,
deviations from the original design often occur as a result of the complex extrusion-flow behavior of fresh
concrete and the associated layer deformations, which are primarily caused by insufficient understanding of
key process parameters. In this study, a differentiable material point method (MPM) solver is developed for the
modeling and analysis of 3DCP processes, enhanced with reverse-mode automatic differentiation techniques
built upon the discrete adjoint method to enable end-to-end derivative computations. The extrusion-flow
process of 3DCP is modeled as a weakly compressible Bingham fluid. For single-layer deposition under various
printing conditions, the maximum deviations in predicted width and height remain within 20% of experimental
measurements. Despite the increased deviations for multi-layer structures due to cumulative effects, the
framework provides a robust foundation for simulating the 3DCP process. Beyond its predictive capabilities,
the differentiable MPM framework exhibits high efficiency in sensitivity analysis. As demonstrated in a case
study of sensitivity with respect to eight process parameters, the framework reduced the computational time
to just 60% of that required by the central difference method. This efficient gradient computation provides
quantitative insight into 3DCP mechanics and offers a pathway for optimizing process parameters to improve
final product quality.

1. Introduction

In recent years, 3D Concrete Printing (3DCP) has attracted sig-
nificant attention in the construction industry due to its potential
to revolutionize traditional methods [1-3]. The most widely adopted
technology in this field is extrusion-based 3DCP, whose process chain
typically consists of production, transportation/pumping, extrusion and
deposition stages [4]. As illustrated in Fig. 1, this printing process
involves coordinated interaction between a printing nozzle and a build
platform. Fresh concrete is initially extruded onto the platform, while
the nozzle follows predetermined trajectories at a controlled velocity to
precisely position material deposits. After completing the specific lay-
out of an individual layer, the nozzle elevates to deposit new concrete at
the top layers. This layer-by-layer process continues until the designed
structure is constructed. Throughout this process, concrete undergoes a
critical phase transformation: initially exhibiting viscous fluid behavior
to facilitate extrusion and flow, then progressively developing solid-
like characteristics to withstand the pressure from the upper concrete.
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As an advanced automated technology, 3DCP has the potential to
significantly reduce the cost of time, materials, and labor.

While 3DCP can offer substantial advantages, further investigation
is necessary to promote its industry adoption. Current studies for
3DCP primarily address two aspects: structural failure and extrusion
flow [5-10]. In structural failure analysis, significant progress has
been made in understanding both the structural instabilities [11] that
can occur during the printing process, such as elastic buckling and
plastic collapse, and the mechanical behavior of the final hardened
product. For instance, sophisticated numerical frameworks have been
developed to simulate intricate crack propagation using extended finite
element multiscale methods [12]. The extrusion flow process focuses
more on the extruded flow behavior of fresh concrete and can be
regarded as the basis for 3DCP, as it directly determines the layer
geometry and structure, which in turn affects the structural stability
and the mechanical properties of the final product [13,14], and has
received extensive attention. Numerous experimental studies have been
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Fig. 1. Schematic diagram of 3DCP process.

conducted and relevant mechanisms have been identified [15-18].
Although these experiments yield valuable insights, their high cost
and complexity pose significant limitations-particularly when it comes
to systematically exploring how process parameters affect printing
outcomes. Meanwhile, numerical modeling and simulations have the
potential to provide a more cost-effective alternative for predicting
printed processes and investigating process-parameter relationships,
drawing increasing attention [19-24].

The finite volume method, a popular numerical method in computa-
tional fluid dynamics (CFD), is adopted in [25] to successfully replicate
experimentally observed cross-sectional profiles under diverse printing
conditions. Subsequent studies extend this mesh-based approach to
study various printable concrete materials and printing boundary con-
ditions [26-29]. However, the finite volume method faces challenges in
accurately tracking the concrete-air interface, as additional interface-
capturing algorithms-such as the volume-of-fluid (VOF) [30] or level
set methods [31]-must be implemented. These algorithms not only
increase computational complexity, but can also introduce numerical
diffusion or mass loss, ultimately reducing the accuracy of interface
representation. As an alternative, particle-based numerical methods
have been employed for extrusion flow simulation. These methods
make it easier to track the free surface without the need for complex
interface-tracking algorithms. For instance, discrete element method
(DEM), widely applied for fresh concrete flow, has been employed to
model the buildability and flow characteristics of printable concrete
mixtures [32]. However, the core formulation of DEM is predicated
on discrete contact detection, which presents fundamental obstacles to
efficient gradient-based sensitivity analysis and optimization. Recently,
smoothed particle hydrodynamics (SPH) has been used to create a 2D
model to predict the final cross-section shape of 3DCP [33]. The particle
finite element method (PFEM) has also been applied in [4,34,35] to
simulate the flow extrusion process of fresh concrete. Nevertheless,
both methods can involve relatively high computational costs: SPH
may require expensive global neighbor searches for particle interaction
detection, while PFEM often relies on computationally intensive mesh
regeneration. These issues highlight the urgent need for a more suit-
able numerical method that can effectively simulate fluid flow in the
extrusion process and, in the future, can be possibly extended to solid
structural modeling as well.

The material point method (MPM) offers a promising solution. MPM
is a continuum-based particle method that extends the particle-in-cell
(PIC) method used in computational fluid dynamics to computational
solid dynamics [36]. Relying on Lagrangian material points that carry
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physical information and a background Eulerian grid for discretizing
continuous fields, MPM is well-suited to handling large deformation
problems while avoiding mesh distortion [37-39]. As a result, MPM has
been widely used in scenarios where traditional mesh-based methods
struggle, such as simulation of landslides and collapses [40-43]. More
recently, it has been adopted to simulate the slump test of fresh
concrete [44]. The good agreement between the calculated results and
the experimental data demonstrates its ability to simulate complex fluid
behavior. Therefore, it is promising to use MPM for the modeling and
simulation of 3DCP, an effort that has received rather limited attention.
Following its initial development, many technical means have been
proposed to improve the family of material point methods [45-49].
Among the variants of MPM, the moving least squares material point
method (MLS-MPM), proposed by Hu [50], stands out due to its accu-
rate physical field reconstruction, hence is chosen to be implemented
as the foundation of this work to simulate the 3D concrete printing
process.

While a suite of powerful numerical tools, ranging from commercial
software like Abaqus CEL and FLOW-3D to advanced academic methods
such as PFEM variants, have demonstrated considerable success in
providing high-fidelity forward predictions of the 3DCP process [4,25,
51], an efficient and quantitative method to evaluate the influence
of process parameters on printing outcomes is underexplored. Com-
minal et al. [25] conduct a parametric study by varying the process
parameters in Flow-3D to investigate how the velocity ratio (V/U),
determined by the printing velocity (V) and extrusion velocity (U),
influence the cross-sectional width of the printed single layer, showing
that higher V' /U ratios result in narrower deposited layers. Reinold
et al. [4] systematically vary yield stress and plastic viscosity to study
their effects on substrate deformation in a series of PFEM simulations.
The results demonstrate that materials with lower yield stress and
higher viscosity are more prone to plastic yielding. These parametric
studies typically require repeated simulation executions with differ-
ent parameter settings, which can be computationally expensive and
inefficient. In contrast, automatic differentiation (AD), which is the cor-
nerstone of the modern machine learning field, provides the possibility
for efficient and accurate sensitivity evaluation [52]. Compared with
direct finite difference method, AD yields highly accurate derivatives
up to machine precision, avoiding the truncation error inherent in finite
difference method. Furthermore, AD enhances computational efficiency
in high-dimensional scenarios, as reverse-mode AD calculates gradi-
ents for all input parameters through a single forward pass followed
by a single backward pass, opposed to the finite difference method,
which necessitate multiple separate forward evaluations. In contrast
to manual adjoint method, AD offers significant automation, requiring
minimal code modifications and eliminating the need for problem-
specific derivation of adjoint equations. These benefits have motivated
the development of differentiable physical solvers, which can efficiently
and accurately compute the gradients of simulation outputs with re-
spect to input parameters, facilitating parametric studies, sensitivity
analyses, and inverse problem solving. For example, differentiable
solvers have been applied to inverse problems in fluid-particle inter-
actions [53] and complex porous media flows [54]. While automatic
differentiation has shown significant promise in various scientific and
engineering fields, its ability for automatic sensitivity analysis in 3DCP
remains largely unexplored. However, the application of AD to MPM-
based 3DCP simulations can be challenging. Two primary obstacles
stand out: (1) the prohibitive memory costs of storing the entire com-
putational graph for long-duration simulations, and (2) the algorithmic
non-smoothness introduced by conditional logic in process modeling,
such as nozzle-material interaction.

Accordingly, this paper introduces a differentiable MPM frame-
work capable of simulating the extrusion flow process and efficiently
computing its sensitivities. The developed framework addresses the
aforementioned challenges by incorporating two key components: a
memory-efficient checkpointing strategy and a smoothed, differentiable
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approximation for boundary treatment. To provide a clear understand-
ing of this study, the paper is organized as follows. Section 2 presents
the methodology used for building the differentiable solver for 3DCP
simulation. This section first introduces the general framework, in-
cluding the constitutive model for fresh concrete, the MPM discretiza-
tion scheme, and the memory-efficient differentiable program devel-
opment. Subsequently, 3DCP-specific modeling is presented, covering
the boundary treatments of the printing process and the smoothing
approximation for sensitivity computation. Section 3 details the 3DCP
simulations conducted under various printing conditions. The simula-
tion results are compared against experimental data to validate the
accuracy of the simulation model. Section 4 leverages the validated
model to perform an automatic sensitivity analysis, investigating the
influence of printing parameters on the final printed geometry. The
reliability of the differentiable solver is substantiated by the agree-
ment between the computed sensitivities and established findings in
the literature. Furthermore, a multi-parameter study is introduced to
demonstrate the computational efficiency of AD, which highlights its
potential to 3DCP process design. Section 5 concludes the application
of developed numerical solver in 3DCP and outlines future work.

2. Differentiable material point method and 3DCP simulation
model

In this section, the constitutive model of fresh concrete and the
numerical technique used for the differentiable MLS-MPM solver devel-
opment are first introduced. The specific modeling of the 3DCP extru-
sion process and the requisite treatment for its automatic differentiation
process are subsequently discussed.

2.1. Modeling of fresh concrete

During the printing process, fresh concrete is deposited and gradu-
ally spreads across the printing platform or onto the previous printed
layer. This process can be described by the conservation equations for
mass and momentum [25]:

dp
— +V. =0, 1
at+ (pv) @
dv
2 _v. b 2
o o + pb, 2

where p is the density of the fluid, v is the velocity, dv/dt is the
acceleration, o is the Cauchy stress, and b is the body force. The Cauchy
stress can be decomposed into two parts for fluid:

c=-pl+r, 3)

where p is the pressure and 7 is the shear stress. Fresh concrete can
be considered incompressible, with pressure typically updated using
semi-implicit or iterative methods, which are computationally expen-
sive. To improve the efficiency, fresh concrete is treated as a weakly
compressible fluid in this paper and corresponding equation of state is
introduced to calculate the pressure [33]:

p=K(E -, )

Po

where K is the bulk modulus, p is the density at current time, and p, is
the initial density. The second part of the Cauchy stress, 7 is calculated
as follow for a weakly compressible Newtonian fluid:

T =2uD’, ()

where y is the viscosity of the fluid and D’ is the deviatoric strain rate
tensor, obtain from the symmetric part of the velocity gradient:

D' = % (Vo+(Vo)T) - %(v ‘)L (6)

Since fresh concrete is typically regarded as a Bingham fluid [55—
58], the above formula must be modified accordingly. Fig. 2 illustrates
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Fig. 2. The stress-strain rate relationship of Newtonian, Bingham fluid and its
bi-viscous approximation.

the stress-strain rate relationship of Newtonian fluid, Bingham fluid,
and its bi-viscous model approximation. As shown, ideal Bingham fluid
remains rigid until the shear stress exceeds the yield stress. To capture
this behavior, a bi-viscous model is employed [25]:

AT+ WD 7>,

T= zﬂaD, = )

22+ WD’ if 7 < e
c

where y, is the apparent viscosity, x is the constant viscosity after
yielding, y is the magnitude of the deviatoric strain rate tensor with
7= V2D’ : D', and y, is a critical shear rate to prevent the apparent
viscosity p, from increasing infinitely as the shear rate 7 decreases. As
shown in Fig. 2, the bi-viscous model has a good approximation for
Bingham fluids when the strain rate is greater than the critical shear
rate. In this paper, the value of y, is fixed at 0.01, which means the
maximum viscosity is the sum of the constant viscosity after yielding
and one hundred times the yield stress.

2.2. Moving least squares material point method

For the completeness of the presentation, the procedures of the
MPM discretization are described here with essential details. Egs. (1)
and (2), along with proper boundary conditions and a constitutive
model, can describe the flow behavior during the printing process. In
this paper, the MLS-MPM is used to numerically solve these equations.

The basic procedure of MLS-MPM is shown in Fig. 3. In MLS-MPM,
continuous objects are discretized by particles, which carry necessary
physical properties, such as mass, volume, velocity and stress. At the
beginning of each time step, this information is transferred to grid
nodes (P2G) based on the moving least squares approximation. Here,
grid nodes only receive information from particles within a certain
region, referred to the support domain. The size of this support domain
depends on the weight function used in the mapping scheme. Next, the
momentum equation at each grid node is solved explicitly to update
the nodal accelerations and velocities. The velocities of nodes are also
adjusted to satisfy boundary conditions at this stage (Grid operation).
These updated nodal quantities are then mapped back to the particles,
updating their positions and physical quantities (G2P). Finally, all grid
information is erased to start the next time step.

Following the MLS-MPM process, particles interact with each other
through nearby grid nodes. The particle-grid transfer poses challenges
to parallel simulation due to data racing and load balancing, par-
ticularly on modern hardware like GPUs. For example, geometrically
neighboring particles need to simultaneously contribute to the same
grid nodes during the P2G process, creating write hazards. In this paper,
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Fig. 3. The computational scheme of MLS-MPM.

the MLS-MPM solver is developed in Taichi, a domain-specific lan-
guage designed for high-performance, parallel computing [59]. Taichi
provides automatic GPU acceleration, allowing for the development
of highly parallel programs without dealing with low-level GPU im-
plementation, which enables the developed solver to achieve high
efficiency on modern GPUs.

During the flow process, the mass of the particle remains con-
stant, ensuring that the conservation of mass is automatically satisfied.
The momentum equation is solved on the Eulerian grid. The semi-
discretized form of the momentum equation at each grid node i is
(details of the discretization can be found in Appendix A):

ma; = "+ £, @®)

where a; is nodal acceleration. m;, fﬁ”’, and ff"’ are nodal mass,
internal force, and external force, which are mapped from particle
quantities (P2G):

p
m; = z myé;p,, 9
p=1

p

n n (10)
p p
= Z ‘fiptprh_l + Z SipMpbys
p=1 p=1

where n, is the total number of particles, £ is the weighting function
used to construct the MLS shape functions (as detailed in Appendix A).
The subscript p denotes the function value associated with particle p.
m, is the particle mass, &;, is the weight of particle p on node i, V,, is
the particle volume, ¢, is the traction vector on particle p and h is the
boundary layer thickness. The quadratic B-spline function is employed
here as the weighting function & [60]. In three dimensions, the function
is constructed from the tensor product of 1D quadratic B-spline kernels
W,. The 1D kernel is defined over a normalized coordinate s = |x|/Ax,
where Ax is the grid spacing:

%—sz, O§s<%,
1(3 2 1 3

%(S): E(E_S) v 5 SS<E, (11)
0, %Ss

The value of the function associated with node i evaluated at a particle
position x, is then given by:

&i(x,) = Wa(ls, DWa(ls, DWa(ls D, (12)

where s = (x, — x;)/4x = (s, 5y, s,) is the normalized relative position
vector. The support of this 3D weighting function is a cubic region with
a side length of 34x, meaning each particle interacts with a 3 x 3 x 3
block of neighboring grid nodes.

Nodal velocity can be updated by explicitly solve Eq. (8):

int ext
fi"+ f

m;

VI = v+ At-a; = + At - 13)
Furthermore, a velocity mapping scheme between particle and grid
node is necessary for MPM. The MLS-MPM and the affine particle-in-
cell (APIC) [61] share the same mapping scheme:
Particle to grid (P2G):

p
(mv); = Y m,&, @, + C,(x; - x,), 14
p=1

Grid to particle (G2P):

i
Vp = 2 éipvi’
i=1
nj
D,= Z £ip(x; = x,)(x; — x,)7 (15)
i=1

i
C, =Y &vix;—x,)")D;",
i=1

where C, denotes the particle velocity gradient, which is reconstructed
using the moving least squares approximation with a linear polynomial
basis.

Once the particle velocity v, and velocity gradient C, are obtained
from the grid, the final step within a time increment is to update the
particle state, which involves the stress, position, and volume.

The particle position and volume are first updated:

xze“’ =x,+ 4t v, (16)

VI = V(1 + 4t (V- 1,)). a7)

With the volume updated to Vp"ew, the new particle density p;e’” =
m, [V, is determined, which allows for the calculation of the pressure
component of stress using the equation of state (Eq. (4)). Concurrently,
the deviatoric strain rate tensor D; is computed from C,, which in
turn yields the shear stress 7, via the Bingham model (Eq. (7)). The
total Cauchy stress o, is then assembled by combining the updated
pressure and shear stress components.
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Compared to traditional MPM, MLS-MPM eliminates the need to
compute the gradient of the shape function when calculating the nodal
internal force and particle velocity gradient, reducing memory require-
ments. Furthermore, the mapping scheme, which is the same as APIC,
improves the conservation of angular momentum, which is a crucial
factor in the simulation of Bingham fluids [62].

2.3. Memory-efficient differentiable programming

The MLS-MPM is equipped with differentiable programming tech-
niques to enable not only forward simulation, but also automatic
gradient calculation for the more challenging task of sensitivity analy-
sis. Since the proposed explicit MLS-MPM for 3DCP simulation requires
a significant number of time integration steps, a memory-efficient dif-
ferentiable programming scheme is proposed based on a checkpointing
algorithm.

Differentiable programming is based on automatic differentiation
(AD) [52] methods. The basic observation is that computer calculation
consists of a series of elemental arithmetic operations and functions. By
applying the chain rule repeatedly, AD is able to obtain the gradients
of a complex function with simple derivative calculations. There are
two primary modes to apply the chain rule: forward mode and reverse
mode. In this paper, reverse mode is adopted to compute the deriva-
tives. Unlike forward mode, which computes derivatives alongside the
forward simulation, reverse mode first completes the entire forward
computation, storing intermediate results as needed, and then traverses
the computational graph backward to evaluate derivatives. This mode
enables the efficient computation of derivatives of a scalar output with
respect to multiple input parameters in a single backward propagation,
which is particularly advantageous for high-dimensional problems,
e.g., sensitivities of multiple parameters can be found all at once.

From the perspective of automatic differentiation, the MLS-MPM
algorithm shown in Section 2.2 can be expressed as:

wtl = fw",0), u’=b, (18)

where u is the state vector encapsulating all elementary information of
the particles in each time step: position, velocity, deformation gradient,
and velocity gradient. Forward operator f represents the entire compu-
tational process, consisting of the particle-to-grid (P2G) mapping, grid
operations, and grid-to-particle (G2P) updates. Given the explicit time
integration scheme used in the developed solver, the discrete adjoint
method is employed for the reverse mode differentiation.

The outcome of 3DCP (e.g., the cross-section of printed concrete)
can be described with an objective function J(u") that relies on the
final state of the printing process, whose gradient with respect to 6 can
be expressed using the chain rule:

dJ _ dJ duM

aJ _ dJ du” 19
d0 ~ duN do a9

Since every state u' depends on previous state u’~! and 0, with chain
rule, Eq. (19) can be further expressed as:
ou® do

daJ _ dJ ouN + ouN ([ ouN-! +6uN_1 ey
do  duN \ 00  guN-! 00 ouN-2

_dJ ouN | dJ o ouNl | dJ ouN ouN! gulN?
duN 00 ~ duN ouN-1 00 dulN ouN-1 guN-2 06
4) o ou*! oul dud
duN ouN-1 guN-2  ou® dO "’
(20)
By introducing the set of adjoint variables [63] 4, and ,:
n
R = AR 3
ou du @1

-1 _ ou"
P Ly

N _
b 90 ta =0

a
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it can be shown that the quantity of interest in Eq. (20) exactly matches
lg, ie., 4l _ )f;. In other words, the derivative dJ /d0 can be obtained
by backwardly evaluating adjoint variables ),;, and /1; from N to O.

While the above derivation provides a theoretical foundation for
the reverse-mode differentiation in MPM, its direct application in large-
scale numerical simulations is often impractical due to the prohibitive
memory requirements. Unlike forward simulation, which only requires
information from the previous time step, reverse-mode differentiation
demands access to the states and intermediate variables at all time
steps to compute gradients. The high requirement on memory poses
a significant challenge for large-scale simulations on GPUs, where
memory is limited (e.g., 48 GB for the NVIDIA Quadro RTX8000 GPU
used in the conducted experiments). This issue is further exacerbated
when the weakly compressible assumption is used, which necessitates
small time increment. To make the reverse-mode AD practically feasi-
ble, a memory-efficient differentiable programming scheme based on
checkpointing algorithms is employed.

Checkpointing algorithms are memory-saving techniques that re-
compute required intermediate variables during the differentiation pro-
cess, rather than storing all of them [64]. Without checkpointing,
reverse-mode AD in MPM would keep the initial and final states of all
particles as well as all intermediate nodal variables from every time
step. With the checkpointing scheme designed for MPM [65], the entire
simulation process with N time steps can be divided into m segments,
each consisting of N/m time steps. During the forward simulation,
particle states and nodal information of the intermediate N/m time
steps are discarded in each segment. Only the initial and final particle
states need to be retained. The final particle state of one segment serves
as the initial particle state for the next. As the forward simulation of
each segment depends only on its initial state, this storage scheme does
not impede the forward computation.

For the reverse-mode differentiation process, the adjoint variables
in Eq. (21) need to be calculated from the N-th time step to obtain the
final gradient. Fig. 4 demonstrates the backward propagation process.
Because the objective function is an explicit function of the final stored
particle state u™, AD is able to directly calculate the adjoint variables
l,’;’ and A%'. In contrast, AD cannot immediately update other adjoint
variables in the last segment (e.g., 45!, A¥~!, AN=2, and 1}~?) since
the stored values in the last segment are only particle states u¥=N/m
and uV. Hence, the forward simulation of the last segment has to
be executed again with stored particle state u¥~N/" to recover the
required intermediate particle states and node variables for AD. To save
memory, these intermediate particle states and node variables will be
discarded after evaluating the adjoint variables 4" /™ and A;V_N/ .
Then, AD repeats the same procedure for the preceding segment until
the final adjoint variable ,12 is updated, which involves forward sim-
ulation to recompute all intermediate variable values, reverse-mode
differentiation, and discarding all intermediate variables. In this way,
the amount of required memory is O(m + N /m) (i.e., m particle states
and N /m intermediate particle states), as opposed to the original O(N).
In addition, the original requirement can be scaled down to O(s), by
setting s = \/ﬁ, making reverse-mode AD feasible for large-scale
physical simulations.

2.4. 3DCP simulation model

Having introduced the constitutive model for fresh concrete (Sec-
tion 2.1) and the MLS-MPM algorithm (Section 2.2), we now detail
the specific 3DCP simulation model. To simulate the 3DCP process
within the MLS-MPM framework, it is essential to numerically represent
the concrete extrusion from the nozzle. In particle-based methods, the
extrusion can be modeled by adding new particles to the computational
domain at appropriate time intervals. Given the weak compressibility
of the material, the concrete can be assumed to be extruded through
the nozzle at a constant velocity. The nozzle is considered to be in-
stantly refilled after the previously extruded concrete is fully expelled.
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Fig. 4. The reverse-mode differentiation process with checkpointing scheme.

Consequently, the time interval for adding new particles is determined
by hnozzle/uextmsion’ where hnozzle is the nozzle height and Uextrusion is
the extrusion velocity. In real-world printing, concrete is continuously
pumped into the nozzle, forcing out the concrete inside. To replicate
this interaction in MLS-MPM, an extrusion velocity is applied to the
grid nodes closest to the highest concrete particle in the nozzle at each
time step.

The implementation is illustrated in Fig. 5, which also defines the
global coordinate system used throughout the 3DCP study. The Z-axis
is oriented vertically upwards, opposite to the direction of gravity. The
nozzle moves in the printing direction, which is defined as the X-axis,
with a prescribed printing velocity. All cross-sectional profile results
presented in Section 3 are consequently taken in the Y-Z plane, which
is perpendicular to the printing direction. The printing nozzle is not
explicitly modeled. Instead, at each time step, its position is updated
based on the printing time and velocity. Grid cells whose center points
lie within the nozzle radius are identified as inside the nozzle. If the
current time matches the printing time interval, new particles will
be introduced in these cells with two initial velocity components: a
printing velocity along the printing direction, and an extrusion velocity
perpendicular to the nozzle. In this paper, the nozzle height is set equal
to the grid spacing, Ax.

Besides adding new particles, appropriate boundary conditions
should be applied to accurately simulate the 3DCP process. The nozzle
moves continuously during the actual printing process, affecting the
velocity of the concrete inside the nozzle. Hence, the grid nodes inside
the nozzle are assigned the printing velocity at each time step, as
shown in Fig. 5. Additionally, the boundary condition between the
extruded concrete and the printing platform is set to a no-slip condition,
consistent with previous simulations [25,28,33,34]. Table 1 provides
a short summary of the algorithm executed at each time step: First,
the background grid is reset at the beginning of the step to facilitate
the subsequent particle-to-grid (P2G) transfer. Next, the nodal velocity
is updated using an explicit time integration scheme. Appropriate
boundary conditions are then applied to the nodes based on their
positions relative to the nozzle. Finally, the nodal velocity is mapped
back to the particles to advance their states.

2.5. The incorrect gradient issue and a smoothing method

Notably, a challenge arises when employing automatic differenti-
ation to compute the gradients of objective functions with respect to
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Table 1
Summary of the 3DCP simulation algorithm.

Algorithm

Reset grid quantities: m, = 0; (mv), =0; f =0; fi* =0
Mapping from particles to nodes (P2G)
Using Eq. (9), compute nodal mass
Using Eq. (10), compute nodal force
Using Eq. (14), compute nodal momentum
End mapping
Updating nodal velocity
Compute nodal velocity: v, = (mv);/m;
9: Using Eq. (13), update nodal velocity
10: Applying boundary condition
11: If node is inside the nozzle:
12: Ui = Uprinting
13: If node is closest to the concrete in z direction:
14: U; += Ugyrusion
15: If node is inside the printing platform:
16: v, =0
17: Update particles (G2P)
18: Using Egs. (15), (16), update particle velocities, velocity gradients, and
particle positions
19: Using Egs. (17), (4), (6), (5), (3), update stress and volume
20: End

A R o -

the printing velocity within the simulation model from Section 2.4.
The reason is that the independent variable-printing velocity-appears
in the conditional expression of the “if”’statement, which determines
the relative position of the nodes and the nozzle. Here, the position
of the nozzle is updated based on its initial state and the printing
velocity. While AD can track the execution path of each branch within
an “if” statement, it does not consider the conditional expression that
determines which branch is taken. As a result, unmodified AD code
cannot fully capture the effect of the printing velocity on the objective
function in this scenario, which is undesired.

This issue can be better explained using a simplified case of a step
function f that increases in its trend but always has a zero derivative.
Consider a sequence of real numbers {x,-}fi Iy where x; = i - Ax, with
Ax = 107* and N = 10000. a function is defined:

N
IOEDIES W (22)
i=1

where 6 is a threshold parameter, and 1,  is the indicator function,
which equals 1 if x; < 6, and 0 otherwise. The function f(6) represents
the sum of all x; values that are less than the threshold §. When AD is
used to compute the gradient d f /d0, the final result is zero, because the
threshold parameter does not appear in the execution path. However,
to capture the effect of the threshold parameter over the summation
result in a continuous manner, a non-zero gradient would be much
useful instead a vanishing gradient.

To alleviate this issue, a strategy is proposed that replaces the
“if” statement in such cases with a smooth function approximation.
The key idea is that a smooth function can be incorporated into the
computational graph — thus enabling automatic differentiation — while
also approximating the behavior of an ”if” statement. A sigmoid-like
polynomial is used:

1, <0,
f@O=491-123-21, 0<t<l, (23)
0, t>1,
where
. |x - xnozzlel - bCO
t=clip(| —— . 0, 1), 24
be; —bey

and clip(a, 0, 1) = min(max(a, 0), 1) restricts a to [0, 1]. The parameters bc,
and bc, define the inner and outer bounds of the transition region near
the nozzle boundary, respectively. The transition width is controlled by
6 = bcy —bey; a larger 6 results in a smoother and wider transition. Fig.
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Fig. 6. Smooth function used in 3DCP differentiation process.

6 illustrates the weight distribution for § = 0.01. The red line indicates
the nozzle boundary. Inside this region, the weight remains close to
1, while it rapidly decays to 0 outside. With the smooth function, the
modified algorithm is presented in Table 2, based on the algorithm
shown in Table 1.

3. 3D concrete printing simulation result

Before its application to the 3DCP simulation, the accuracy of the
developed MLS-MPM solver is first verified. The verification is accom-
plished through three numerical benchmarks, for which the detailed
setups and validation results are presented in Appendix B.

Having established the credibility of the solver, this section vali-
dates the complete 3DCP simulation model. To this end, several print-
ing cases with different printable parameters [25] are simulated. The
material properties and printing parameters for these cases are listed
in Tables 3 and 4, respectively. The computational domain measures
0.5 mx0.1 mx0.03 m. And eight particles are initially evenly distributed
in each cell. To ensure the accuracy and reliability of the simulation

Table 2
Modification of the 3DCP simulation algorithm.
Algorithm
1: Reset grid quantities: m;, = 0; (mv), = 0; f' =0; f i.“‘ =0
2: P2G: Same as Algorithm 1 in Table 1
3: Updating nodal velocity: Same as the algorithm shown in Table 1
4: Applying boundary condition
5: Calculating a weight w based on the
distance from the node to the nozzle center:
6: W= [ omooth Xnode = Xnozzie)
7: U = W0 Upriing + (1 - w0) - 0;
8: If node is closest to the concrete in z direction:
9: U, += W Ueyrysion
10: If node is inside the printing platform:
11: v, =0

12:  G2P: Same as Algorithm 1 in Table 1

results, a convergence study considering both grid size and time step
is first conducted using the printing parameters from Case 1. A grid
independence study is first performed with three different grid sizes:
2 mm, 1.5 mm, and 1 mm, while the time step is held constant at
5 x 1077 s. As shown in Fig. 7(a), three grid resolutions produce
similar cross-sectional profiles, indicating that the simulation results are
approaching grid convergence. Although the differences are minor, the
1 mm grid shows a marginal refinement in capturing the curvature of
the profile. Then a time step sensitivity analysis is conducted with the
grid resolution fixed at 1 mm. Three time steps, 1 x 107® s, 5x 1077 s,
and 2.5 x 1077 s, are evaluated. The results, presented in Fig. 7(b),
demonstrate consistency, with all three simulations yielding nearly
identical profiles, which confirms that the solution is converged with
respect to the time step in the tested range. Given that both studies
show good convergence, the final parameters are 1 mm for grid size
and 5x 1077 s for time step.

With the grid resolution and time step established, the simulation
model is validated against experimental data for various printing con-
ditions. Fig. 8(a) presents the velocity and pressure distribution at
t =3 s for case 1. Consistent with [25], most deposited concrete slows
to near-zero velocity, while the newly extruded concrete continues to
flow. The flow behavior is governed by the pressure gradient around
the moving nozzle. Due to the confinement of deposited concrete, a
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Fig. 7. Convergence study for grid resolution and time step: (a) comparison of cross-sectional profiles obtained with different grid resolutions (1 mm, 1.5 mm,
and 2 mm). (b) comparison of profiles obtained with different time steps (1 x 107° s, 5x 1077 s, and 2.5 x 1077 s). Both plots are compared against experimental

data from [25].

high-pressure region develops at the rear of the nozzle, which creates
a pressure gradient that drives the material toward the lower-pressure
region at the front. Under this pressure distribution, the velocity field
achieves its maximum at the nozzle front. The velocity and pressure
distribution demonstrates the buildability required in 3DCP: the ma-
terial should be easily extrudable yet stabilize quickly. Fig. 8(b)-(f)
illustrate the simulated cross-section shapes under different printing pa-
rameters, in comparison with the reported results [25], which include
both experimental and numerical data. In the reported simulations, the
generalized Newtonian fluid (GNF) model and the elasto-visco-plastic
(EVP) fluid model are employed. To provide a quantitative validation,
the relative errors between the simulation and the experimental results
are summarized in Table 5. In this analysis, the width is defined as the
maximum extent of the cross-section in the y-direction, and the height
is the maximum z-coordinate value. The results show that all calculated
errors remain below 20%, indicating a good overall agreement with
the experimental data. And a consistent underestimation is observed in
the layer height, which constitutes the primary source of discrepancy.
A possible reason for this discrepancy is the weakly compressible
assumption, which may reduce the total volume, reflected by the height
underprediction of the printed layer. Although the assumption has been
adopted in previous studies [4,33,35], it is not fully consistent with the
nearly incompressible nature of concrete, and a quasi-incompressible
model may provide better agreement with experimental results. Over-
all, the results confirm that the MLS-MPM-based simulation model can
effectively simulate the 3DCP process and accurately capture its key
physical features. The simulation is executed on a NVIDIA Quadro
RTX8000 GPU, and for each case it requires approximately 23 h, with a
500x300x 100 grid, a total number of approximately 800,000 particles,
and 1 x 107 time integration steps. Engineering printed structures often
consist of dozens or even hundreds of layers. Therefore, it is crucial to
develop reduced-order models to lower the cost of the full-order MPM
simulations, which is left for future work.

As a representative case of multi-layer printing, a three-layer con-
crete structure is numerically printed. Each layer is 200 mm long, and
the printing parameters match those in Case 1. Fig. 9(a) shows the
velocity distribution during the printing process. The velocity profile of
the top layer resembles that of a single-layer print. However, in the sec-
ond layer, the region directly beneath the nozzle has a non-zero velocity
due to the additional pressure from the extruded concrete. In contrast,
other areas experience only self-weight and the load from upper layers,
which suggests that this nozzle-induced pressure is significantly greater
than gravity. Fig. 9(b), (c) and (d) show the cross-sectional shapes after
printing one, two, and three layers, along with the literature results
from [35,66]. A notable phenomenon is that the MLS-MPM shows
good agreement with the experimental data in the case of one-layer
printing. When the second and third layers are numerically printed,
the MLS-MPM results deviate more from experimental data, while
the EVP fluid model remains accurate. A similar trend is observed
in the simulation results of [35], where the Bingham fluid model
and the weakly compressible assumption are also employed within a
PFEM solver to simulate the multi-layer printing process. One possible

Table 3

Material parameters for printing cases, adapted

from [25].
Parameter Value
Density (kg/m?) 2100.0
Yield Stress (Pa) 630.0

Viscosity (Pa s) 7.5

Bulk Modulus (Pa) 1.0 x 10°
Table 4
Printing parameters for Cases 1-5, adapted from [25].
Parameter Case 1 Case 2 Case 3 Case 4 Case 5
Printing velocity (mm/s) 30.0 30.0 40.0 30.0 50.0
Extrusion velocity (mm/s) 33.6 38.2 31.6 26.7 33.4
Nozzle height (mm) 12.5 7.5 12.5 17.5 12.5
Table 5

Relative errors between simulation and experimental results from [25] for
cases 1-5.

Error type Case 1 Case 2 Case 3 Case 4 Case 5
Width error (%) 10.99 3.00 7.64 11.68 14.99
Height error (%) -12.40 -9.64 -5.33 -11.37 -18.89
Cross section error (%) 4.92 5.59 2,51 2.83 4.24

reason is that the weakly compressible assumption is employed in
the MLS-MPM simulation model, which may not only lead to greater
deformation but also result in the accumulation of errors, especially
as the number of printed layers increases. Another reason is that the
EVP model exhibits elastic response under stresses below the yield
threshold, allowing it to resist deformation. In contrast, the pseudo-
rigid body behavior of Bingham model relies on high viscosity, causing
it to continue deforming under shear forces.

Overall, the proposed MLS-MPM approach yields satisfactory results
in the single-layer and multi-layer printing cases under various process
parameters. These numerical tests demonstrate the accuracy and relia-
bility of MLS-MPM in the forward simulation tasks of 3DCP, paving the
way for the more challenging inverse sensitivity analysis.

4. Automatic sensitivity analysis

This section presents automatic sensitivity analyses conducted based
on the differentiable MLS-MPM solver. Compared to traditional empir-
ical parametric studies and finite-difference-based sensitivity analyses,
the differentiable numerical framework provides a more accurate and
efficient quantification of how printing parameters influence the print-
ing results, laying the foundation for possibly solving inverse problems
such as parameter identification and process optimization. The accu-
racy of the automatic gradient computations of the developed solver is
first validated through several numerical benchmarks. Then, automatic
sensitivity analyses are conducted for the 3DCP process to demonstrate
the ability of the proposed solver to quantify the effects of key printing
parameters.
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generalized Newtonian fluid model and EVP is the elasto-visco-plastic fluid model.

4.1. Sensitivity analysis for numerical benchmarks

To verify the reliability of the automatic differentiation feature of
the solver, two numerical cases from Appendix B are examined.

The first case is the Poiseuille flow. The forward simulation in Ap-
pendix B.1 demonstrates that the velocity profile is parabolic, with
the maximum value occurring at the center. Therefore, the quantity of
interest is the gradient of the maximum velocity at r = 1 s with respect
to the driving force. Despite the large number of time increments
(1x10° time steps), the developed solver is able to complete the reverse-
mode differentiation process, owing to the checkpointing technique
detailed in Section 2.3.

To assess the correctness of the automatic differentiation results,
two approaches are used. First, the derivative computed by AD is
compared with that obtained via the central difference (CD) method
by evaluating the relative error:

|Dap — Dep)

|Dep|
where D,y and D¢y, represent the derivatives from automatic differen-
tiation and the central difference method, respectively. In this case, the
derivative derived from the analytical velocity solution [67] is used in
place of the central difference derivative in Eq. (25) for the comparison
with the AD result. The resulting relative error is 0.6%, indicating a
high level of accuracy.

Relative Error = x 100%, (25)

The second approach is the Taylor remainder convergence test,
which has been adopted to verify the derivative result in several
previous works [68-70]. For a perturbation 66, the first-order Taylor
expansion predicts second-order convergence for the remainder:

Fenst = |10+ h66) — J(0) — h % 80| > 0 at o). (26)
Here, 50 is a unit vector defining the direction of the perturbation,
and 4 is a dimensionless scaling factor. The term & 56 represents an
absolute perturbation applied to the parameter 6. The numerical value
of h is equivalent to the magnitude of this absolute perturbation in
the corresponding physical units. For the Poiseuille flow case, the
parameter of interest is the driving force. Accordingly, 66 represents
a unit perturbation of 1 N/m?. The scaling factors h used here are
1074, 107%, 107%, and 1077, successively reduced by an order of mag-
nitude. These values of & directly correspond to absolute perturbations
of 10* N/m?,10~> N/m?, etc., applied to the baseline driving force.
Accordingly, the remainders are expected to decrease by two orders of
magnitude, corresponding to a straight line with a slope of 2 on a log—
log plot. Fig. 10 displays the remainder trend. The remainder curve is
not parallel to the second-order reference. This result is expected, since
analytically the maximum velocity should have a linear relation with
driving force, resulting in a theoretically zero Taylor remainder. In this
case, the observed remainder is on the order of 10~15, which is within
double-precision machine accuracy and can be regarded as zero.
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Fig. 10. Taylor remainder test result of Poiseuille Flow.

The second numerical example is the slump test from Appendix
B.3. The gradient of interest here is the derivative of the maximum
displacement in the x direction at t = 5 s (5 x 10° time steps) with
respect to the yield stress, a key rheological parameter for viscoplastic
flow. For reverse-mode differentiation, mix C is used, with a yield stress
of 130 Pa.

Fig. 11(a) presents the relative error between the AD and central
difference derivatives. The relative error remains at a very low level
across different step sizes, confirming the accuracy of the AD implemen-
tation. Fig. 11(b) illustrates the Taylor remainder obtained for different
values of the perturbation h. Considering the order of magnitude of
the yield stress, the perturbations used are 10~!, 1072, 1073, 1074,
and 107°. As h decreases, the remainder decreases proportionally to
the square of the change in perturbation, verifying the correctness

10

of the computed gradients. These results underscore the effectiveness
and robustness of automatic differentiation for sensitivity analysis in
complex non-Newtonian flow problems.

4.2. Sensitivity analysis for 3DCP

Printing parameters play a crucial role in the extrusion flow process.
With a validated forward simulation model, automatic differentiation
enables an efficient and quantitative evaluation of these effects. To
illustrate this ability, case 5 in Section 3 is considered. A key geometric
feature, the cross-sectional width of the printed concrete (defined as
the maximum width), is chosen as the objective function. Printing
velocity and extrusion velocity are treated as the independent variables
affecting the objective function.

As the printing velocity appears in the conditional expression of
the “if’statement in the simulation model, the smoothing technique
detailed in Section 2.5 is employed to calculate the gradient. The final
computed gradients with respect to the printing velocity and extrusion
velocity are —0.43634 s and 0.69724 s, respectively. Fig. 12 shows
the relative error between the AD and central difference derivatives
from the smoothed simulation model. The consistently low relative
error for various step sizes demonstrates the capability of automatic
differentiation to provide highly accurate gradients for the given differ-
entiable model. In addition, the sign of the derivatives further reflects
the underlying physical mechanisms. Increasing the printing velocity
will lead to a decrease in width, as reflected by the negative derivative.
The reason is that at higher printing velocities, the nozzle moves faster
and allows less time for the extruded concrete to flow under the applied
pressure, causing the material to better retain its original shape. This
trend is consistent with previous parametric studies [25]. In contrast,
the width increases with extrusion velocity, as indicated by the positive
derivative. Higher extrusion velocity leads to greater pressure at the
nozzle, delivering more material and resulting in a wider printed track.
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Fig. 12. Automatic differentiation validation of 3DCP: (a) printing velocity; (b) extrusion velocity.

To demonstrate the necessity and reliability of the smoothing method,

a comprehensive comparison against the original model with the “if”
statement is performed and the results are compiled in Table 6. First,
the smoothing approximation has a negligible impact on the predicted
result of the forward simulation, as demonstrated by the agreement
with experimental data in Fig. 13. Because the forward simulation re-
sults are preserved, the sensitivities of parameters not directly involved
in the “if” statement remain largely unaffected, which is confirmed by
the gradient of extrusion velocity. Indeed, the gradient from the smooth
approximation is in good agreement with the gradient values obtained
from both the central difference method and a direct AD application
on the original “if” statement model, showing a relative difference of
about 4%.

The situation is entirely different for the printing velocity. A naive
application of AD to the original model fails to capture the full contribu-
tion of the printing velocity which appears in the conditional expression
of the “if” statement, yielding an incorrect gradient of 0.30384 s. In
contrast, the smooth approximation rectifies the fundamental issue,
providing a gradient of —0.43634 s. The corrected value aligns well
with the central difference result, demonstrating the accuracy of the
smooth function.

A sensitivity analysis is performed to evaluate the efficiency of AD
for multi-parameter problems in 3DCP. As illustrated in Fig. 14, the
strand width in the initial region deviates from the final, stable value.
For optimal part quality and geometric accuracy, the strand width
throughout the transient region ought to be identical to the final, stable
value. Accordingly, an objective function is defined as the sum of the
widths at three equidistant cross-sections, measured at 8 mm, 16 mm,
and 24 mm downstream from the leading edge of the printed strand.
The design variables are the printing and extrusion velocities, which are
parameterized as piecewise constant functions over four uniform 0.75 s
intervals spanning the initial 3 s of the process. The specific values
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Table 6
Comparison of gradients from three methods: AD with the smooth function,
Central Difference with an “if” statement, and AD with an “if” statement.

Method

Printing Velocity (s) Extrusion Velocity (s)

AD (with the smooth function) —0.43634 0.69724
Central Difference
h=10"3 —0.43532 0.66977
h=10"* —0.42551 0.67098
h=10"° —0.42575 0.67135
AD (with an “if” statement) 0.30384 0.67131
20T Experiment =~ «ree- GNF Model
E —:'- EVPModel _—— MLS-MPM Result
:] 10‘ ‘
[
%
0
-40 -20 0 20 40
Y / mm

Fig. 13. Validation of the smooth approximation: comparison with experimen-
tal and previous simulation results from [25].

for these velocity parameters are adopted from case 1, as presented
in Section 3. The gradients of the objective function with respect to
these eight variables are calculated using AD and the central difference
method.

Fig. 15 presents the relative error, which is generally low, with
a maximum value below 2%. While providing comparable accuracy,
AD requires only 14.4 h for a single forward and backward pass,
whereas the central difference method takes approximately 24 h to
perform the 16 forward simulations needed for the same 8 variables.



W. Zhang et al.

Printing direction

Fig. 14. Top-down schematic of 3DCP.

= Printing Vel. (Error) -~ Printing Vel. (Value)
[ Extrusion Vel. (Error) = Extrusion Vel. (Value) }0.5
10 .
S * o
= 1 =
g 10 ) = . 0.0 =
S
& 0.5~
107!
1.0

0-0.75s 0.75-1.5s 1.5-2.25s

Time Interval

2.25-3s
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And the computational cost of AD is largely independent of the number
of parameters, making its efficiency gain even more pronounced as
the complexity of the problem increases. Fig. 15 also illustrates the
gradient values obtained from AD. The magnitude of the gradients,
for both printing and extrusion velocity, approaches zero for later time
intervals. The reason is that process parameters in later time intervals
(e.g., 2.25-3 s) have a diminishing influence on the strand width in the
initial deposition region (measured from 8 mm to 24 mm).

These results show that the developed numerical framework can
accurately and efficiently evaluate the influence of printing parameters
on the final outcome, demonstrating the potential of the differentiable
MLS-MPM solver in efficiently solving inverse problems in 3DCP, such
as material property identification and process parameter optimization,
which will be conducted as future work.

5. Conclusions

This work presents a differentiable material point method frame-
work designed for the simulation and sensitivity analysis of 3DCP. The
main outcome is an efficient, gradient-enabled solver, which accurately
computes the sensitivity of the final printed geometry with respect to
process parameters. The forward simulation capability of the solver
is validated against both classical fluid dynamics benchmarks and
experimental data for single-layer 3DCP deposition.

Despite its capabilities, the framework has notable limitations that
must be acknowledged. The most significant is the excessive com-
putational cost inherent in high-fidelity simulations of this nature.
Furthermore, the accuracy of the model diverges from experimental
results in multi-layer printing scenarios, which is primarily attributed
to the current weakly compressible Bingham constitutive model.

However, the potential of this differentiable framework lies in its
application to solve complex inverse problems that are currently in-
tractable or prohibitively expensive. A prime example is accurately
determining concrete material parameters, such as yield stress and
viscosity, which play a noticeable role in the extrusion process. By pro-
viding efficient access to gradients, our framework has the potential to
calibrating these complex rheological parameters by inversely match-
ing simulated filament shapes to experimental ones. Furthermore, the
approach could be extended to inverse process design, enabling the
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automatic determination of optimal printing parameters to achieve
specific target geometries.

Building on this work, our future efforts will proceed in two pri-
mary, grounded directions to address the aforementioned limitations.
First, to enhance model fidelity and address the divergence in multi-
layer simulations, the priority is to incorporate more advanced consti-
tutive models. We will implement an elasto-visco-plastic fluid model
within the differentiable solver to better predict the multi-layer printing
result. Second, to accelerate computation, a reduced-order model will
be developed. The observation that deposited regions far from the
nozzle exhibit highly similar and stable physical states presents a
clear opportunity for model reduction. We will explore techniques to
replace these computationally expensive regions with an efficient surro-
gate, drastically reducing simulation time without sacrificing accuracy
near the critical nozzle-deposition zone, thus enabling the simulation
of industrial-scale printing scenarios. By pursuing these targeted im-
provements, we aim to develop a robust, fast, and physically accurate
differentiable framework that can significantly accelerate the design,
optimization, and adoption of 3D Concrete Printing technology.
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Appendix A. Derivation of the MLS-MPM formulation

This appendix provides a detailed derivation of the MLS-MPM
method. The starting point is the weak form of Eq. (2), which can
be obtained by multiplying a test function éu and integrating over the
object domain:

/pa~5udV=—/0':(V&u)dV+/t~5udS+/pb~5udV, (A1)
14 14 N 14

where integration by parts has been applied and ¢t = o - n is the traction
applied on the boundary.

Like most MPM variants, particle quadrature is adopted in MLS-
MPM and particles serve as integration points. The integrals over the
domain are approximated by summing the integrand evaluated at the
particle locations, weighted by the volumes of the particles:

"p p

le nP

Y mya,ou, ==Y 0, (Vou,V,+ Y t,-6u,V,h™'+ Y mb,-6u,, (A.2)
p=1 p=1 p=1 p=1

where n, is the total number of the particles, the subscript p denotes
the function value at the particle position x,, V, is the particle volume,
and h is the boundary layer thickness. Further simplification requires
space discretization with a shape function. In MLS-MPM, the MLS shape



W. Zhang et al.

function [50] for node i, constructed around particle p, is employed for
any point x in space:

D,(x) = &(x,)PT (x — x, )M~ (x,)P(x; — x,), (A.3)

where @; is the MLS shape function of node i and ¢ is the weighting
function of the moving least squares approximation. P is the linear
polynomial basis, which is [1,x,y,z] in three dimensional case. X,
denotes the position of particle p, while x; represents the position of
node i. The moment matrix M is:

1
M= Z £(x,) [(x,- %)

The quadratic B-spline function, detailed in Section 2.2, is employed
as the weighting function & [60]. As a result, the structure of the
moment matrix M is significantly simplified. In general, any weighting
function satisfying the properties of partition of unity (3,& = 1)
and linear consistency (3, &;(x; — x,) = 0) reduces M to a block-
diagonal form, with a 1 in the top-left entry and zero off-diagonal
blocks. Specifically, the employed quadratic B-spline kernel simplifies
M further into a fully diagonal matrix, as demonstrated in [50]:

(x; — xp)T

VN ¢ (A4

10 0 0
0 %sz 0 0
M=ly "0 la2 o (A-5)
4
0 0 0 %sz

With the MLS shape function, the acceleration and test function
value at particle p can be expressed by nodal values:

i
a = z Dipa;.
i=1

i
u, =) @,u;,
i=1

where n; is the total number of grid nodes and @;, is the MLS shape
function value of node i at the particle position x p» @i(x,). Due to the
simple form of the moment matrix M and the linear polynomial basis
P, the following relation holds:

(A.6)

@y, = &(x))PT (x, = x,) M~ (x,) P(x; = x,) = &(x,). (A7)

With Egs. (A.3), (A.6), (A.7) and the arbitrariness of the vector-
valued test function, Eq. (A.2) can be simplified to:

p

np o n
4
z Z mpSipSip@; = = Z A_ngipo'p (G = xp)V,

p=1j=1 p=1
I’lp n,,
+ D & Vh T+ Y g mb,. (A.8)
p=1 p=1
Eq. (A.8) can also be written as:
ma; = fi" + £, (A.9)

where m;

iio f it and f* are nodal mass, internal force, and external
force:

p
miy = Y miy
p=1

p

; 4
S ==Y 5, =XV, (4.10)
p=1
ny n,
[ =Y gV h T+ Y & mb,.
p=1 p=1

All nodal mass m;; form the consistent mass matrix. In this study,
the consistent mass matrix is simplified to a lumped mass matrix, which
is a diagonal matrix to improve computational efficiency. The diagonal
terms are given by:

p
m; = Zmu = Zmp.f,-p.
Jj=1 p=1

(A.11)
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Table B.1
Material properties for different concrete mixes, adapted
from [44].
Yield Stress (Pa) Viscosity (Pa s)
Mix A 54.0 35.8
Mix B 61.0 29.0
Mix C 130.0 30.2

Appendix B. Numerical benchmarks

In this appendix, several numerical examples, including Poiseuille
flow, dam break and concrete slump test, are conducted to demonstrate
the capability of the developed MLS-MPM solver in solving fluid me-
chanics problems involving both Newtonian and non-Newtonian flow
behaviors.

B.1. Poiseuille flow

The first numerical example is the plane Poiseuille flow, where a
viscous fluid flows through a long, straight tube with a constant circular
cross-section under a pressure difference. A two-dimensional model,
shown in Fig. B.1(a), is used to represent the flow. The computational
domain measures 1 mm x 1 mm and is discretized into a 100 x 100
grid. Each grid cell contains four particles, totaling 40,000 particles.

Since the pipe length is typically greater than its radius in Poiseuille
flow, a periodic boundary condition is applied at the inlet and outlet.
The upper and lower boundaries impose a no-slip boundary condition,
ensuring the velocity at the pipe wall remains zero. Water is used as
the working fluid, with a density of 1000 kg/m* and a viscosity of
0.001 Pa - s. To account for weak compressibility, a bulk modulus of
1 x 103 Pa is applied. Instead of directly imposing a pressure difference,
a body force F = 8 mm/s? is added in the x-direction, mimicking the
pressure gradient. Gravity is neglected in this example.

The total flow time is 1 s with a time step of 1 x 10~ s, which
is enough to allow the flow to evolve from rest to a steady state.
Fig. B.1(b) presents the final velocity distribution, where the max-
imum velocity is observed at the center region, while zero veloc-
ity is maintained near the pipe wall. Fig. B.1(c) plots the horizontal
velocity against y-coordinates at different time steps. The velocity
profiles exhibit a parabolic shape, closely matching the analytical solu-
tion [67], confirming the accuracy of MLS-MPM for this fluid mechanics
benchmark.

B.2. Dam break

The dam break is a well-known benchmark for mesh-free meth-
ods [71-74]. In this scenario, a viscous fluid initially at rest is confined
by a dam. When the dam is removed, the fluid flows freely under
gravity, creating a free surface flow problem. A 3D geometrical model,
consistent with Lobovsky’s experiment [75], is established, as shown in
Fig. B.2(a). The computational domain, matching the tank dimensions,
measures 1.6 m X 0.8 m x 0.25 m, while the initial fluid block occupies
0.6 mx 0.6 mx0.15 m. The domain is discretized into regular cubic cells
of size 0.01 m x 0.01 m X 0.01 m. Eight particles are evenly distributed
in each cell, totaling 432,000 particles.

All tank walls impose a slip boundary condition, meaning the nor-
mal velocity is zero, while the tangential velocity remains unchanged.
The fluid properties and time step are the same as in the previous exam-
ple. Gravity is considered as the sole driving force (g = 9.8 m/s?), and
the total time is 0.5 s, which is sufficient for the fluid to spread across
the entire bottom wall. To validate accuracy, the normalized time-front
position curve is compared with experimental and existing simulation
results [75-77]. Fig. B.2(b) shows that the MLS-MPM solution for the
normalized front with respect to the normalized time aligns well with
previous numerical and experimental results. Fig. B.2(c) illustrates the
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Fig. B.1. Poiseuille flow: (a) geometric model; (b) final velocity distribution; (c) comparison of simulation and analytical results at different times: ‘A’ represents

the analytical solution and ‘M’ represents the MLS-MPM result.

velocity distribution and front position during the flow process. The
maximum velocity occurs at the flow front and the front shape closely
matches the experimental results.

B.3. Concrete slump test

To further test the ability of MLS-MPM for simulating non-Newt-
onian fluids, e.g., fresh concrete as concerned in this research, a nu-
merical simulation for the slump test is conducted. The slump test
is a widely used method in engineering to evaluate the fluidity of
concrete [78]. The test process is shown in Fig. B.3(a). Engineers fill
a cone mold with fresh concrete and lift it quickly. The distance that
the concrete spreads before stopping indicates its flow capacity.

A 3D computational domain of size 1 m X 1 m x 0.4 m is created. In
this model, the cone mold is ignored, as is common in several previous
studies [79-81], and the initial concrete shape is directly represented
as a cone with an upper radius of 0.05 m, a lower radius of 0.1 m, and
a height of 0.3 m. The domain is discretized into regular cubic cells of
size 0.01 mx0.01 mx0.01 m, with eight particles per cell, totaling 44,096
particles. The bottom boundary is set as a no-slip condition, meaning
the velocity at the bottom remains zero. The Bingham fluid constitutive
model is employed here, and the material properties for three different
concrete mixtures are summarized in Table B.1, as reported in [44].
The bulk modulus is 1 x 10° Pa and the time step size is 1 x 1075 s.

Fig. B.3(b) illustrates the simulated slump process for material C.
In the beginning, the concrete retains its cone shape. Once released, it
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collapses rapidly under gravity, with the maximum velocity occurring
at the top. As the flow progresses, the velocity decreases due to the no-
slip boundary condition and viscous resistance. Since Eq. (7) provides
only an approximate representation of the Bingham fluid constitutive
model (especially for rigid behavior below the yield stress), the velocity
does not reduce to zero [82]. A relatively small velocity, 1x10~* m/s, is
selected as the critical velocity threshold, below which the yield stress
is assumed to balance gravity, marking the end of the flow process.

To validate the results, Fig. B.3(c) compares the simulated spread
distance with an existing MPM simulation and experimental data
from [44]. The red lines represent the experimental spread distance.
The MLS-MPM results closely match the experimental measurements;
even for Mix B, which shows the largest visual gap, the relative
error is only 7%. Notably, while three different calibrated friction
coefficients are used in the MPM simulation, the MLS-MPM simulation
consistently applies a no-slip boundary condition across all cases. The
consistent application of the no-slip boundary condition highlights
the improved conservation in MLS-MPM, which is particularly im-
portant for accurately simulating high-viscosity fluids like Bingham
fluids.

Data availability

Data will be made available on request.
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