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Abstract
The shear strength of granular materials has been found to increase nonlinearly with particle asphericity before reaching a

steady value independent of particle asphericity. Although the origin of shear strength has been extensively studied, the

underlying mechanism of its nonlinear dependency on particle shape remains unclear. In this study, we present a microscopic

investigation of shape-dependent shear strength from the perspective of particle dynamics. A series of numerical simple shear

tests on assemblies of ellipsoids with different aspect ratios are performed using the discrete element method. It is confirmed

that the power-law scaling in nonlocal granular rheology is still valid for granular materials composed of non-spherical

particles, such that the macroscopic shear strength and microscopic dynamics can be bridged using granular temperature.

Analogous to other amorphous solids, granular materials with higher granular temperature are much softer and exhibiting less

resistance to shear. The statistics of the clusters of the particles with higher granular temperature indicate that granular

systems with different particle shapes showing different collective motion patterns. We further explore the coupling between

rotational and translational particle dynamics and their long-range correlations. Themacroscopic shear strength shows a clear

monotonic relation with the intrinsic length scale reflecting long-range dynamic correlations. Finally, we propose a picture

illustrating the negative feedback mechanism between particle rolling and sliding, which leads to the nonlinear increase and

steady value of shear strength with particle asphericity. Our finding may shed light not only on the particle shape effects, but

also on the fundamental understanding of the microscopic origin of shear strength of granular materials.

Keywords Granular materials � Granular temperature � Microscopic dynamics � Particle shape � Shear strength �
Spatial correlation

1 Introduction

Granular materials refer to a class of natural and man-made

materials consisting of individual particles, featuring

inhomogeneous, anisotropic, and disordered internal

structures. In different circumstances, granular materials

exhibit complex physical properties and mechanical

behaviors [28, 30]. The complicated behavior of granular

media on the macroscopic level is known to be closely

related to the complexity of their underlying microstructure

[72]. The particle-scale properties, such as particle shape

[4, 12, 34, 40, 68, 69, 74, 77], surface friction [8, 17, 55]

and size polydispersity [25, 49, 78], contribute significantly

to the mechanical behaviors at the ensemble level. This is

attributed to the multiscale nature of granular materials,

where complex macroscopic responses emerge from par-

ticle interactions and particle dynamics. In spite of great

efforts, it remains a challenge to directly relate the

microscopic behaviors to the macroscopic responses to

render rigorous cross-scale understandings [73].

Particle shape is regarded as one of the most important

particle-scale characteristics, which significantly affects the
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macroscopic behaviors of granular materials, such as shear

strength [60, 62, 69], packing density [14, 16, 51, 59],

dilatancy [3, 67], and plastic deformation [50]. Among the

various mechanical properties affected by particle shape,

the shear strength has attracted much attention for its

importance in industry and engineering applications.

Extensive experimental studies have reported that the shear

strength increases with particle asphericity [34, 60, 62, 69].

The most commonly accepted explanation is that irregular

particle shape suppresses particle rotation and thus

enhances the particle inter-locking effects, which results in

the increase of shear strength [34, 62, 76]. Using particle-

based numerical simulation methods, some studies have

further found that the shear strength has a curvilinear

relation with particle asphericity [4, 5, 10, 26, 58].

Specifically, the shear strength increases with asphericity

up to a maximum value, and further increase the particle

asphericity will not improve the shear strength.

Microscopic investigations from different perspectives

have been dedicated to gain a full understanding of the

nonlinear shape dependence of shear strength. For exam-

ple, due to the enhanced arching effect, the proportion of

weak contact increases with particle asphericity [5, 6].

Focuses of many other studies are placed on the effects of

particle shape on the anisotropy of different sources in

granular materials, such as fabric anisotropy and mechan-

ical anisotropy. The well-developed stress-force-fabric

(SFF) relationship enables the stress ratio to be expressed

in terms of different anisotropic coefficients [52, 71]. As

such, the effects of particle shape on shear strength can be

quantified based on anisotropy analysis. It is generally

accepted that both the fabric anisotropy and contact force

anisotropy are enhanced by particle asphericity

[10, 71, 74]. For angular particles, the increase of the shear

strength with angularity mainly results from the increase of

contact force anisotropy [6, 74]. For elongated particles,

the increase of the shear strength with aspect ratio is

attributed to the combined effect of fabric anisotropy and

contact force anisotropy, which may result from the for-

mation of an ordered nematic phase in which the particle

axes align along a common direction [5, 10, 26, 71]. The

contribution of different sources of anisotropy to shear

strength varies from case to case. Therefore, we still need a

more fundamental explanation for the particle shape

dependence of shear strength, especially the underlying

mechanism responsible for the saturation of shear strength.

There is also a growing interest in investigating the

granular dynamics to offer new insights into the emergent

behaviors of granular materials [2, 17, 38, 39, 43, 46].

Compared with the fabric structure and force transmission,

the particle dynamics of granular materials can be more

easily obtained from experimental observations and

numerical simulations. Recent studies have revealed the

effective macroscopic fluidity is controlled by velocity

fluctuations of particles, suggesting that the shear flow of

granular materials is strongly dependent on the particle

scale dynamics [23, 35]. In this study, we present an

investigation of this long-lasting puzzle in granular mate-

rials from the perspective of particle dynamics. We first

confirm that the recently developed power-law scaling in

nonlocal granular rheology is still valid for non-spherical

granular systems [35]. We then probe the particle dynamics

of granular systems composed of particles of different

shapes and systematically investigate their long-range

correlations. A relationship between shear strength and the

intrinsic length scale reflective of long-range dynamic

correlations is established. For a plain interpretation, we

finally explain the influence of particle shape based on two

microscopic dynamic events of rolling and sliding.

2 Model and simulation details

2.1 Brief introduction of computational methods
of discontinua

Nowadays, computational techniques, e.g., the discrete

element method (DEM), are increasingly popular in vari-

ous domains of science and engineering on capturing the

mechanical behaviors of granular materials while provid-

ing grain-scale insights. In DEM, the translation and rota-

tion of the particles are governed by the following

Newton–Euler equations:

FðbÞ þ
XNc

k¼1

F
ðcÞ
k ¼ m

dv

dt

XNc

k¼1

M
ðcÞ
k ¼ I

dx
dt

8
>>>><

>>>>:

ð1Þ

where m is particle mass; I is the moment of inertia of the

particle;v and x are the translational and angular velocities;

FðbÞ is the body force; F
ðcÞ
k is the contact force at contact k;

M
ðcÞ
k is the torque around the mass center at contact k; and

Nc is the number of contacts. In the soft-particle DEM,

particles are allowed to overlap, and the contact forces are

calculated as functions of the overlap as follows:

Fn ¼ kndn � cnmn
Ft ¼ min ktdt � ctmt; lpFn

� �
�

ð2Þ

where kn and kt are the normal and tangential contact

stiffness which are determined by the overlap, particle

radius, Young’s modulus, and Poisson’s ratio in the Hertz-

Mindlin contact model [32]; dn is the normal overlap dis-

tance; dt is the tangential displacement between two par-

ticles for the duration of the time they are in contact; cn and
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ct are viscoelastic damping constant for normal contact and

tangential contact; mn and mt are normal and tangential

component of the relative velocity; lp is coefficient of

friction.

In addition to DEM, the combined finite and discrete

element method (FDEM) is also a popular numerical

approach due to its great advantages not only in consid-

ering the irregular particle shapes but also in particle

breakage [22, 41–45]. In FDEM analysis framework, each

particle with arbitrary shape is discretized into finite ele-

ment meshes, and the deformation of individual particles is

simulated using the FEM formulation, while DEM tech-

niques handle the contact detection and interaction. The

advantage of FDEM in the modeling of non-spherical

particles is obvious; however, FDEM generally requires

considerable computational resources and thus not feasible

for simulations of a large number of particles. For that

reason, DEM is applied as a tool to probe the behavior of

granular systems in this work.

2.2 Implementation of ellipsoidal particles
in DEM

Barrett quantifies the particle shape into three aspects:

form, roundness and surface texture [7]. An overly com-

plex distortion of particle shape may not be conducive to

quantifying the impact of particle shape, so we focus on the

form in this work, and the ellipsoidal particle system is

selected as the research object. Ellipsoid is the simple yet

practical realization of non-spherical particles and can be

easily incorporated into DEM. The major challenge in

DEM modeling of ellipsoids is the implementation of an

efficient and robust contact detection algorithm. A brief

introduction of the contact detection algorithm of ellipsoids

is given here, and the interested reader is referred to [53]

for more details. The surface function of an ellipsoid is as

follows:

f ðxÞ � x

a

� �2

þ y

b

� �2

þ z

c

� �2

�1 ¼ 0

x ¼ ðx; y; zÞT
ð3Þ

where a, b, c are the half-lengths of the particles along its

principal axes. f ðxÞ is referred as the shape function in the

local (canonical) coordinate system.

Through rotation and translation operations, we can

transform f ðxÞ to the global coordinate system and rename

it as FðXÞ. In DEM, two contacting particles are allowed to

overlap but without deformation, so the contact detection

task can be converted to an optimization problem.

Assuming the shape functions of two ellipsoids in the

global frame are F1ðXÞ and F2ðXÞ, the potential contact

point X0 can be determined by solving the following

optimization problem:

F1ðX0Þ þ F2ðX0Þ ¼ minðF1ðXÞ þ F2ðXÞÞ
F1ðX0Þ ¼ F2ðX0Þ

�
ð4Þ

For the contact point X0 (X0 is inside the two ellipsoids)

being determined, constraints F1ðX0Þ\0 and F2ðX0Þ\0

are both satisfied; thus, the contact between two particles

occurs at X0. The contact direction is taken as the normal

direction of F1ðXÞ ¼ F1ðX0Þ (or F2ðXÞ ¼ F2ðX0Þ) at the

contact point X0, i.e., n12 ¼ X1 � X0= X1 � X0j j (or

n12 ¼ X0 � X2= X2 � X0j j), and the normal overlap vector

is X1 � X2 (referring to Fig. 1). The equivalent radius is

calculated based on the Gaussian curvature radius at the

contact point. The modified Hertz-Mindlin contact model

with Coulomb sliding friction is employed to calculate the

normal and tangential contact forces of ellipsoidal particles

in this work [53]. Particle motion is governed by Newton–

Euler equations that do not need to be adjusted for the

ellipsoidal particle.

2.3 DEM simulation of simple shear

The numerical simulations were performed using

LIGGGHTS, an open-source discrete element code that has

been well validated and verified [36]. The simulation

parameters are determined based on the mechanical prop-

erties of polyvinyl chloride (PVC) [39]. The particles have

a density of 1,270 kg/m3, Poisson’s ratio of 0.38, Young’s

modulus of 4.1 GPa, friction coefficient of 0.4, and resti-

tution coefficient of 0.9. For a prolate ellipsoid, the aspect

ratio (AR) is defined as the ratio of major axis to minor axis

(Fig. 2a). The particle size is defined as the diameter of a

sphere with the same volume. The particle size is uni-

formly distributed between 0.9 and 1.1 d to prevent crys-

tallization (d = 11.5 mm is the mean particle diameter).

Seven assemblies of ellipsoid-shaped particles with AR of

Fig. 1 Schematic of two contacting ellipsoidal particles showing the

controlling variables of the overlap. The overlap is magnified for

clarity
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1.0, 1.25, 1.50, 1.75, 2.0, 2.5, 3.0 are prepared and used in

the DEM simulations.

The model setup is shown in Fig. 2b, in which a rect-

angular solid domain is employed, filled with up to 50,000

particles. The sizes in the three directions are, respectively,

52 d (length) 9 26 d (depth) 9 30 d (height). Two rough

particle walls are placed at the top and bottom of the

sample to transfer shear displacements. Periodic bound-

aries are applied in the shear and depth directions (x-axis

and y-axis). The particle assemblies are first compressed to

a prescribed normal pressure P = 100 kPa. The top and

bottom walls are displaced horizontally in opposite direc-

tions with a fixed velocity, while the normal pressure is

maintained constant by servo-control [46, 47, 65]. The

shear rate, defined as the ratio of shear velocity to the

undeformed sample height, is set to _c ¼ 0:5. The inertia

number I ¼ _cd
� ffiffiffiffiffiffiffiffiffiffi

P=qs
p

\10�3 (qs is the particle density)

is small enough to guarantee a quasi-static regime (Midi,

2004).

Figure 2c, d shows the spatial maps of horizontal

velocity vx for two particle assemblies (AR = 1.0 and 2.0).

We also compute the vertical profile of horizontally aver-

aged particle velocity vx. When the boundaries of a

granular system are slowly sheared, a narrow shear band

with a typical width of a few particle diameters emerges

and develops at the sample center. The particle shape has

apparent effects on the localized deformation pattern. The

granular system with larger particle AR has a more distinct

shear band along the shear direction, which is confirmed by

the sharp transition of the velocity profile (Fig. 2d). The

kink at the center of the velocity profile corresponds to the

localized granular flow.

2.4 Particle shape dependence of shear strength

To generate enough data for analysis, we shear the granular

systems up to a shear strain of c ¼ 8:0. The stress–strain

curves of granular materials are illustrated in Fig. 3a. The

overall response shows an overshoot behavior followed by

a series of stress drops and convergence to a relatively

constant value at a large strain. When the shear stress

fluctuates around a mean value, it can be considered that

the granular system has reached the steady state, where the

memory of the initial state is fully erased. The following

analyses are based on the average over the last 25% of

shear strain (i.e., c from 6.0 to 8.0). The shear strength is

Fig. 2 a Definition of the aspect ratio for a prolate ellipsoid. b Schematic of the particle assembly and the simple shear setup. c, d The spatial

maps of horizontal velocity vx for granular systems with particle AR = 1.0 (spherical particle) and AR = 2.0. The white line is the profile of

horizontal velocity vx
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expressed in terms of the ratio of shear stress to normal

pressure. Figure 3b shows the relations between the stress

ratio at steady state and particle AR. The shear strength

increases nonlinearly with particle AR up to a maximum

value and the increase rate slows down gradually for larger

ARs. The fitting curves appear to indicate that shear

strength saturates as the particles become more aspheric.

The nonlinear particle shape dependence of shear strength

has also been observed in granular materials made of other

particle shapes, such as Rounded-cap rectangle [5], 3D

square plate [10], and multi-sphere ellipsoid [26].

3 Microscopic dynamics

3.1 The relationship of stress ratio and granular
temperature

Like other amorphous materials, almost all particles in the

granular system are moving under shear. The shear resis-

tance is originated from the balance between microscopic

elementary rearrangements occurring in opposite directions

[23]. The shear strength represents a bulk property result-

ing from a collective process, which depends on the nature

of particle interactions and their geometrical arrangement

[20]. For example, the rearrangement of irregularly shaped

particles will be more limited due to inter-locking effects,

exhibiting stronger resistance to shear compared to spheres.

Therefore, exploring particle dynamics may be helpful to

understand the nonlinear shape dependence of shear

strength. In granular rheology, attempts have been made to

develop nonlocal constitutive relation, which connects the

global stress ratio and nonlocal fluidity [23, 33, 54]. Kim

and Kamrin [35] recently proposed a general constitutive

equation lH1=6 ¼ f ðIÞ that relates three dimensionless

variables: stress ratio l, inertia number I, and granular

temperature H. The dimensionless granular temperature is

defined as H � qsT=P, where T ¼ dv2=3 and dv is the

velocity fluctuation.

We layered the granular system along the z-axis and

calculated l, I, and H of each layer following the proce-

dures used by Kim and Kamrin [35]. The relations between

lH1=6 and I for granular systems with different particle

shapes are shown in Fig. 4a. To verify the universality of

the nonlocal constitutive relation, the data points obtained

from simple shear tests of different shear rates ( _c = 2, 5,

20) are also added into Fig. 4a. Strikingly, all the data

points collapse to a single master curve in spite of different

particle shapes and different shear rates used. This result

indicates that the new-form nonlocal constitutive equation

is independent of packing fraction, shear rate, and particle

shape. As the nonlocal constitutive relation appears robust

to varying particle properties in granular materials, we can

use this relation to link the macroscopic response and

particle dynamics of granular materials. We further

examine the whole granular systems. Since the inertial

number of granular systems with different particle shapes

are the same in this study, the l H; Ið Þ relation can be

reduced to l¼g Hð Þ. As shown in Fig. 4b, we can observe a

linear relationship between l and 1=H in a semi-logarith-

mic scale. Similar to a thermal system, granular materials

with higher granular temperature are softer and exhibit less

resistance to shear [9]. From this point of view, the relation

between shear strength and particle AR is controlled by

granular temperature.

3.2 Spatial correlation of local granular
temperature

The universality of nonlocal constitutive relation indicates

that granular temperature plays a crucial role in mobilizing

the shear strength of granular materials. We can analyze

the local granular temperature to gain microscopic insight

into the effects of particle shape on shear strength. The

Fig. 3 a Stress–strain curves of granular systems with different particle shapes. The lines are colored based on particle AR. b Shear strength at

steady state as a function of particle AR

Acta Geotechnica (2022) 17:2697–2710 2701

123



local granular temperature Tloc of each particle is calcu-

lated as:

Tloc ¼
1

3Ni

XNi

i

vi � vj j2 ð5Þ

v ¼
XNi

j

vjVj=
XNi

j

Vj ð6Þ

where vi is the velocity of the particle i, and the index j

iterates over the Ni neighbors of particle i. Two particles

are defined to be neighbors if their Voronoi cells have a

common face.

It should be noted that local granular temperature is a

measure of the fluctuating (nonaffine) velocity of the par-

ticle, which is different from the temperature in thermo-

dynamics. Recently, some scholars have also attempted to

introduce rotational motion into the definition of local

granular temperature [37]. Figure 5a shows the probability

distribution functions of local granular temperature for

granular systems with different particle shapes. The local

granular temperature spans over several orders of magni-

tude, and its distribution is extremely nonuniform,

exhibiting a power-law decay at the tail part. The 5%

highest Tloc accounts for over half of the sum of granular

temperature, suggesting that these particles mainly con-

tribute to the granular temperature of the system. We take

the particles with the top 5% local granular temperature as

‘‘active’’. Previous studies have shown that active particles

tend to form compact clusters [11, 24, 46, 57]. We then

identify those active clusters by connecting active particles

that are neighbors. To avoid the unreasonable identification

of the clusters, such as the case shown in Fig. 5b, in which

two groups of particles connected by a single particle

(colored gray) is identified as a cluster, we use the density-

based spatial clustering of applications with noise

(DBSCAN) clustering algorithm to identify active clusters

[18].

In DBSCAN clustering, particles are classified as core

particles, boundary particles, and outliers (Fig. 5c). One

particle is regarded as a core particle (colored red) if the

number of its neighbors is larger than the threshold (set to 3

in this study). The non-core particles with neighbors are

defined as boundary particles (colored in yellow), whereas

the particles without neighbors are taken as outliers (col-

ored green). Each core particle is connected with its adja-

cent core particles and boundary particles to form clusters

(marked by red dashed circles). Moreover, several adjacent

boundary particles can form a small cluster without core

particles (marked by a yellow dashed circle). Figure 5d, e

shows typical snapshots of the active clusters formed in the

granular systems with particle AR = 1.0 and 2.0, respec-

tively. The active clusters demonstrate obvious differences

in the cluster size and spatial distribution. Compared with

spherical particles (Fig. 5d), the ellipsoidal particles tend to

form larger active clusters and these clusters are concen-

trated in a more localized zone of the particle assembly

(Fig. 5e).

We qualitatively characterize the active clusters,

including the cluster size, cluster geometry, and spatial

correlation. The cluster size s is defined as the number of

particles in the cluster. The radius of gyration Rg of a

cluster is calculated as:

R2
g ¼

Ps
i¼1 Vi ri � R

	 

Ps

i¼1 Vi
ð7Þ

where the summation is over s particles belonging to the

cluster; Vi and ri is, respectively, the volume and position

of particle i; R is the center of mass of the cluster calcu-

lated by R ¼
PN

i¼1 Viri
�PN

i¼1 Vi:

Figure 6a shows the cluster size distribution for a

granular system with different particle shapes. The cluster

Fig. 4 a The relations between l, I, and H in various granular layers. The dashed line is fit to the data of Kim and Kamrin [35]. b The

relationship between l and 1=H of granular systems with different particle shapes. The dashed line is a logarithmic fit to the data. The data points

in (a, b) are colored according to particle AR
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size shows a power-law decay distribution as PðsÞ� s�g.

As shown in Fig. 6b, the gyration radius shows a power-

law growth with the cluster size, i.e., Rg / s1=D, indicat-

ing that the clusters have fractal structures. Uncertainty of

the fitting parameters was estimated using the bootstrap

method. We resampled the cluster data 1000 times and then

fitted the resampled data. The shape dependence of expo-

nent g and fractal dimension D is shown in Fig. 6c. Both g
and D decrease with increasing particle AR, indicating that

aspherical particles tend to form active clusters of larger

size and more anisotropy in shape. These results suggest

that the spatial characteristic of microscopic plasticity is

tuned by the particle shape, which may be the underlying

mechanism responsible for the particle shape dependence

of shear strength.

The emergence of active clusters implies that particle

motion is collective. The different characteristics of active

clusters give evidence to the different collective behaviors

of granular systems with different particle shapes. To

measure how far the granular temperature extends in space,

we compute the characteristic length scale of active

regions. The characteristic length is calculated according to

n2 ¼ 2
P

i R
2
gis

2
i =

P
i s

2
i , where Rgi is the radius of gyration

for cluster size si [24]. Figure 7 shows the variations of

characteristic length of active regions and its components

in three directions with particle AR. Unlike the thermal

systems, where the spatial correlations of microscopic

fluctuations decay isotropically, the decay becomes direc-

tional dependent in the stress-driven granular materials.

The characteristic length is longer in the shear direction (x-

dir) and shorter in other directions [13]. The anisotropy of

spatial correlations is more evident for aspherical particle

assemblies, as confirmed by the ever-larger difference

between nx and ny with the increasing particle AR. The

characteristic length and its component in the shear

direction increase with particle AR and saturate as AR

C 2.0. The variation of characteristic length of active

regions with particle AR is consistent with the asymptotic

convergence of shear strength. Moreover, our previous

study has shown that the change in the stress state during

Fig. 5 a Probability distribution functions of local granular temperature for granular systems with different particle shapes. The dashed line is a

guide to the eye. b Schematic illustration of the nonrealistic clustering by directly connecting active particles that are neighbors. c Schematic

illustration of DBSCAN. d, e Snapshots of active clusters formed in granular systems with particle AR = 1.0 (d) and AR = 2.0 (e). For the sake
of clarity, clusters with less than 4 particles are not shown
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shearing corresponds to the evolution of active region

inside which the particles undergo nonaffine rearrangement

[43]. Once the stress ratio reaches the steady state, the

active region will remain stable for the remainder of

loading. The rearrangement of particles may be the key to

understanding the dynamic origin of shear strength. The

larger characteristic length implies more collective

motions, which is responsible for the increasing viscosity

of dense suspensions [61]. Similarly, granular materials

with more intensive collective motions can mobilize higher

resistance to shear deformation.

4 Coupling between translational
and rotational dynamics

Recent experimental tests have revealed the complex

coupling between translational and rotational particle

dynamics [39], which may be the key to understand the

higher granular temperature and larger characteristic length

of active regions in granular materials made of irregularly

shaped particles. Many previous studies attributed the

increase of shear strength with particle shape irregularity to

the enhancement of particle rolling resistance

[34, 62, 72, 75, 76]. Several contact models with rolling

resistance have been proposed and implemented in DEM

code [1, 29, 31, 64]. Although the rolling resistance contact

models have been widely used in DEM studies to consider

the particle inter-locking effects [19, 56, 66], Zhao et al.

[71] recently pointed out that the rolling resistance models

have limitations in considering irregular particle shapes.

Similar results have been found by the authors [79]. These

studies highlight the key role of rotational dynamics in

unveiling the effects of particle shape on shear strength.

Particle rearrangements and the resulting velocity fluc-

tuations are often accompanied by particle sliding and

rolling [63]. Figure 8 shows the evolutions of mean particle

Fig. 6 a, b Cluster size distributions (a) and radius of gyration of the active cluster versus cluster size (b) for granular systems with different

particle ARs. Data for AR� 1:25 are shifted horizontally (by 51, 52, 53, 54, 55 and 56) for clarity. The solid lines are power-law fits to the data. c
Parameter space for the power-law fits to PðsÞ and Rg ðsÞ. The dotted (solid) ellipses around each best fit (g, D) are the 1r (2r) confidence regions
as determined by the bootstrap method
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Fig. 7 Relations between characteristic length of active regions and

its components in three directions with particle AR
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angular velocity and the fraction of sliding contacts with

particle AR. Sliding occurs when the tangential contact

force exceeds its Coulomb limit. We can see that the

fraction of sliding contacts increase and mean angular

velocity decrease with the increasing particle AR, indi-

cating that the particle motion changes from rolling dom-

inated to sliding dominated as the particles become more

irregular. Compared with particle rolling, contact sliding is

a more ‘expensive’ process due to the frictional energy

dissipation, leading to higher shear strength for non-

spherical particle assemblies [10].

As the granular temperature and its spatial characteris-

tics play an important role in the mobilization of shear

resistance, we further explore the contributions of particle

rolling and sliding to the granular temperature. Figure 9a

shows a typical snapshot and the vertical profile of local

granular temperature of the granular system with particle

AR = 1.5. Particles with higher granular temperature are

clustered along the shear direction and form a system

spanning band-like region. Figure 9b shows the vertical

profiles of angular velocity and the number of sliding

contacts. Local granular temperature correlates well with

the particle angular velocity. However, the sliding contacts

show no apparent correlation with the local granular tem-

perature. The correlation analysis indicates that the particle

rotational dynamic has a more direct relation with particle

rearrangement. Figure 9c–d shows typical snapshots of fast

transition particles and fast rotating particles (green and

blue, respectively) for granular systems with particle

AR = 1.0 and AR = 2.0. The fast translation particles are

defined as those with 5% highest local granular tempera-

ture. The fast rotation particles are defined as those with

5% highest angular velocity. A significant part of the fast

translating particles is also fast rotating (colored in red),

providing direct evidence that the rotational and transla-

tional motion are significantly coupled. This analysis again

demonstrates that the granular temperature is significantly

affected by particle rolling rather than sliding. However,

this does not mean that particle sliding does not influence

granular temperature and shear strength. In what follows,

we will illustrate that particle sliding influences the shear

strength by regulating the rotational behavior.

We have noticed that particle rolling has a significant

influence on granular temperature. To measure how far the

particle rotational dynamics extends in space, we calculate

the spatial correlation function of particle angular velocity

CxðDrÞ ¼ xðr þ DrÞxðrÞh i � xðrÞh i2
� �

=

x2ðrÞ
� �

� xðrÞh i2
� �

, which correlates angular velocity x

at locations separated by Dr. As shown in Fig. 10a, the

correlations decay exponentially with the distance between

particles, which can be fitted by an exponential function

CxðDrÞ� expð�Dr=nrÞ, where nr is the correlation length

[61]. The correlation length nr as a function of particle AR

is shown in the inset. The correlation length characterizing

the internal scaling relation of particle rolling grows with

particle AR, and it saturates at AR C 2.0. Imagining a

rotating particle as a point source perturbation, particles

with much more irregular shapes are able to affect the

particles far away from the rolling site due to the inter-

locking effects. From another point of view, the rotation of

particles with more irregular shapes will be blocked by

more particles, resulting in higher rolling resistance.

Therefore, the correlation length of angular velocity can be

considered a measure of rolling resistance. The relationship

between the correlation length and particle shape also

explains why using the rolling resistance model can

reproduce the main macroscale mechanical behavior of

non-spherical particles.

Figure 10b presents a strong relationship between the

correlation length of particle angular velocity and the stress

ratio at steady state. The property at the assembly level is

directly related to the spatial length scale of particle

dynamics. Moreover, both the correlation length and shear

strength saturate at AR C 2.0. Combing the analysis above,

we can reach the conclusion that the shear strength of

granular materials is controlled by the characteristic length

of active regions and the correlation length of particle

rotational dynamics. As strong coupling exists between the

translational and rotational particle dynamics, these two

length scales are essentially related to each other. The clear

relationship between shear strength and the intrinsic length

scale may provide a more general understanding of the

linkage between macroscopic responses and microscopic

dynamics of granular materials.

Similar to the relationship between shear strength and

particle asphericity observed herein, previous studies have

found that the shear strength of granular materials first
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increases with interparticle friction and then reaches a

plateau at large interparticle friction [15, 17, 27, 70].

Dorostkar and Carmeliet [17] attributed this phenomenon

to the fact that particle dynamics showing a transition from

sliding to rolling due to the increase of interparticle

friction. Recalling the transition of particle dynamics from

rolling to sliding with increasing particle asphericity, we

believe there is a negative feedback mechanism between

the rotational and translational particle dynamics. In dense

granular systems, the collective motion propagates in space

Fig. 9 a Spatial map of the local granular temperature of the granular system with particle AR = 1.5. The white line is the vertical profile of local

granular temperature. b Profiles of angular velocity and the number of sliding contacts along the system height. c, d Snapshots showing the fast

translating (green) and fast rotational (blue) particles. Also shown are the particles that are fast translating as well as fast rotating (red). c, d For

granular systems with particle AR = 1.0 and AR = 2.0, respectively (color figure online)

Fig. 10 a Spatial correlations of particle angular velocity for granular systems with different particle shapes. Dr is in units of the mean particle

diameter. Solid lines are fits to an exponential function. The inset shows angular velocity correlation length as a function of particle AR, in which

the red line is a guide to the eye. bMonotonic growth of shear strength with the correlation length of angular velocity. The red line is also a guide

to the eye. The data points in both subplots are colored according to particle AR
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through particle contacts. Meanwhile, the contact failure

caused by particle rolling and sliding will suppress this long-

range behavior. It eventually leads to the spatial correlation

of rotational dynamics decaying exponentially in space and

disappearing till the induced disturbance is not able to

overcome the rolling resistance. Figure 11a, b shows the

snapshots of two types of contact failure that occur within the

strain interval of Dc¼ 1:0% for granular systems with par-

ticle AR = 1.0 and 2.0, respectively. The size and color of

spheres denote themagnitude and type of contact failure. The

black lines are the vertical profiles of local granular tem-

perature.Wefind the failures of strong contactsmost occur in

the zone with high granular temperature, showing a strong

correlation between force chain instability and particle

nonaffine rearrangement. Moreover, for spherical particle

assembly, there are significant number of separated contacts

and most of them are caused by rolling (green). In contrast,

the contact failure caused by sliding (red) take themajority in

ellipsoidal particle assembly.

Figure 12a shows the relations between the proportion

of contact failures caused by sliding and normalized

contact force. For spherical particle assembly, the majority

of sliding contacts are weak contacts (F=F\1). While for

non-spherical particle assemblies, the fraction of contact

failures caused by sliding increases, and many strong

contacts (F=F[ 1) also fail by sliding. Based on the

analysis above, we propose a physical picture of the par-

ticle shape effects on long-range dynamic correlations. As

shown in Fig. 12b, the contact failure due to particle rolling

suppresses the long-range propagation of particle dynamics

in spherical particle assembly. While for non-spherical

particle assemblies, the inter-locking effects enhance the

long-range correlations of particle dynamics, but the con-

tact sliding could also prohibit the particle dynamics from

extending further.

5 Conclusions

In this work, we presented a microscopic investigation of

the effects of particle shape on the shear strength of

granular materials. To the best of our knowledge, this is the

Fig. 11 a, b Spatial distribution of two types of contact failures for granular systems with AR = 1.0 (a) and AR = 2.0 (b). The size and color of

spheres indicate the magnitude and type of failure contact, respectively. The black lines are the vertical profiles of local granular temperature

(color figure online)

Fig. 12 a Relations between the proportion of contact failure caused by sliding and normalized contact force for granular systems with different

particle shapes. b Picture illustrating the mechanism of long-range dynamic correlations
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first time that the particle shape dependence of shear

strength is investigated from the perspective of particle

dynamics. We confirmed that the power-law scaling in

nonlocal granular rheology remains valid for non-spherical

granular assemblies. The universal scaling between

macroscopic stress ratio and granular temperature thus

provides an informative clue to decoding the long-standing

mystery concerning the nonlinear increase of shear strength

with particle asphericity and saturates when particles

become more irregular.

The particles with higher granular temperature tend to

gyrate together and form clusters, showing dynamical

heterogeneity. Compared with spherical particles, non-

spherical particles tend to form active clusters of larger size

and more anisotropy in shape, indicating the different

spatial correlation patterns. Both the characteristic length

of active regions and spatial correlation length of particle

angular velocity increase with particle AR and saturate at

AR C 2.0, which coincides with the growth of shear

strength. These two length scales are essentially related to

each other because a strong coupling exists between the

translational and rotational particle dynamics. Therefore,

the macroscopic shear strength shows a clear relationship

with the intrinsic length scale reflecting long-range

dynamic correlations.

Based on the above observations, we have further pro-

posed a physical picture of the particle shape effects on

long-range dynamic correlations. In the conventional sce-

nario, the effect of particle shape on granular materials is

mainly attributed to the inter-locking effects. The collec-

tive particle motions and their long-range correlations

provide a more fundamental explanation for the effect of

particle shape. With the increase of particle asphericity, the

contact failures experience a transition from rolling dom-

inated to sliding dominated. The saturation of shear

strength at a large AR is attributed to the fact that contact

sliding suppresses the propagation of rotational particle

dynamics, which finally leads to the nonlinear increase and

saturation of shear strength.
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