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Abstract
Shear band localization is investigated by a strain-gradient-enhanced damage model for quasi-brittle geomaterials.
This model introduces the strain gradients and their higher-order conjugate stresses into the framework of continuum
damage mechanics. The inﬂuence of the strain gradients on the constitutive behaviour is taken into account through a
generalized damage evolutionary law. A weak-form variational principle is employed to address the additional boundary conditions introduced by the incorporation of the strain gradients and the conjugate higher-order stresses. Damage
localization under simple shear condition is analytically investigated by using the theory of discontinuous bifurcation
and the concept of the second-order characteristic surface. Analytical solutions for the distributions of strain rates and
strain gradient rates, as well as the band width of localised damage are found. Numerical analysis demonstrates the
shear band width is proportionally related to the internal length scale through a coeﬃcient function of PoissonÕs ratio
and a parameter representing the shape of uniaxial stress–strain curve. It is also shown that the obtained distributions
of strains and strain gradients are well in accordance with the underlying assumptions for the second-order discontinuous shear band boundary and the weak discontinuous bifurcation theory.
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1. Introduction
Shear band localization in geomaterials has attracted attention of many researchers over the last 30 years
(see, e.g., Rudnicki, 1977; Pietruszczak and Mroz, 1981), and is generally treated as material instabilities by
bifurcation theory (Hadamad, 1903; Hill, 1958; Thomas, 1961; Rudnicki and Rice, 1975; Ottosen and Runesson, 1991; De Borst and Van der Giessen, 1998). Substantive experimental data have proved that, during
a typical localized failure process of a geomaterial, the underlying micro-scale mechanisms, such as crystal
dislocation and development of defects and imperfections like pre-existing micro-crack and micro-void,
may account for the irreversible deformation and stiﬀness degradation with damage accumulation in the
material. These microscopic mechanisms also play a key role in triggering and forming shear band localization in the material, especially when the wavelength of deformation ﬁeld is much larger than the dominant length scale of the microstructure. In such circumstances, the inﬂuence of the gradient terms of
constitutive variables may be signiﬁcant and can no longer be neglected. However, due to the absence of
a length scale within the constitutive law and the neglect of these gradient terms, conventional continuum
mechanics largely exhibits scale-independence when used to predict material behaviour. Width or spacing
of shear band is generally unable to be determined. Moreover, in numerical simulation of localization, conventional continuum models may frequently encounter such problems as spurious mesh-dependency and
high sensitivity to constitutive relations. To overcome the aforementioned diﬃculties, various approaches
and models have been developed during the past decades, among which, higher-order gradient theories
have recently revived much interest among scholars in both solid mechanics and materials science.
Gradient theories generally introduce local or non-local gradients of one or more ﬁeld variables into the
constitutive description of materials, and simultaneously one or more internal length scales into the governing equations. For example, Aifantis and his co-workers assumed the yielding stress is depend on the gradients of the plastic strain (Aifantis, 1984; Zbib and Aifantis, 1988, 1989, 1992), and based on this a series of
similar models were developed to deal with problems such as stress singularity at dislocation lines and crack
tips, shear band width and size eﬀects (see, e.g., Triantafyllidis and Aifantis, 1986; Mühlhaus and Aifantis,
1991; De Borst and Mühlhaus, 1992; Gutkin and Aifantis, 1999). More recent development and review of
this type gradient model may be referred to Tsagrakis and Aifantis (2002, 2003a,b), Konstantinidis and
Aifantis (2002), Tsagrakis et al. (2003), Aifantis (2001, 2003). To discuss a variety of problems at small
scale, Fleck and Hutchinson (1993, 1997) proposed a phenomenological higher-order theory by introducing
higher-order stresses that are conjugate to the strain gradients into the constitutive relations, and later
developed various mechanism-based strain gradient (MSG) plasticity theories (see, e.g., Gao et al., 1999;
Fleck and Hutchinson, 2001). Some researchers also include damage mechanics into the gradient theory
(see, e.g., Peerlings et al., 1996; Kuhl and Ramm, 2000; Zhou et al., 2002; Askes and Sluys, 2003).
While bifurcation theories within the framework of conventional continuum mechanics may be used to
ﬁnd the occurrence conditions for the inception of shear band localization, they are inadequate to describe
the post-localization behaviours, as well as the microscopic eﬀects on the macroscopic response. In this regard, gradient theories aforementioned exhibit an advantage due to the introduction of gradient terms and
accordingly internal length scale limiters into the constitutive relations. By using gradient theories, various
problems, such as the mesh dependency in numerical simulation of localization, and the size eﬀects in mesoor micro-scale experiments, have been reasonably addressed. However, as much has been done on numerical simulation and experimental data calibration by gradient theories, little eﬀort has been made on
analytically investigating the formation of shear band localization, such as the band width and distributions
of ﬁeld variables within and outside the band. References addressing this subject are due to Aifantis (1984),
Zbib and Aifantis (1988), Chambon et al. (1998, 2001) and Shi et al. (2000). Aifantis (1984, 1987), Zbib and
Aifantis (1988) (see also other articles co-authored by Aifantis) linked the length scale coeﬃcient in their
gradient plasticity model with shear band width/spacing to interpret size eﬀects typically exhibited in
metals. Chambon et al. (1998, 2001) used a second grade model to address one-dimensional localization
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problems in granular materials and implied a possible application to shear band analysis. Shi et al. (2000)
used a micro-scale Taylor ﬂow based MSG model to interpret shear band thickness in ductile materials.
However, a direct and thorough investigation of shear band formation in geomaterials by gradient theories,
which may reveal the distribution of all ﬁeld variables in the deformation ﬁeld as well as relate the band
width with the internal length scale and other constitutive coeﬃcients, is not yet available and thus needs
to be addressed. This is the motivation of the paper.
In this paper, the problem of shear band localization is thoroughly investigated by a strain-gradient enhanced damage model previous proposed by the authors (2002). This model introduced damage mechanics
to account for mechanical behaviours like irreversible deformation and stiﬀness degradation with damage
accumulation in geomaterials. This model features of splitting the strain and strain gradients into elastic
and inelastic part, which makes it essentially a derivative of the higher-order theory of Fleck and HutchinsonÕs (1997). Meanwhile, due to the inclusion of the strain gradients and their higher-order stress conjugates into the constitutive laws and governing equations, additional boundary conditions will be introduced
and thus are addressed. In this regard, a weak-form variational formulation is developed to address the
boundary restrictions for traction and higher-order traction in this paper. This formulation resembles those
developed by Toupin (1962), Vardoulakis and Aifantis (1991) and Mühlhaus and Aifantis (1991), and is
equivalent with the special case of second gradient theory of GermainÕs (1973) framework (also see Chambon et al., 1998, 2001).
In the following sections, the constitutive relations are reformulated within the framework of continuum
damage mechanics based on the previous work of the authors (Zhou et al., 2002). In dealing with the damage localization, characteristic surfaces of second order (Thomas, 1961) are assumed to account for the continuity of velocities and their derivatives, and localized bands are formed by conjugated pairs of such
surfaces. Typical hypothesis of weak discontinuous bifurcation is employed, which assumes that, inside
the localized band, the material undergoes continuous damage loading, while outside the bands, the material undergoes elastic-damage unloading (see, e.g., Ottosen and Runesson, 1991). The formation of shear
banding under simple shear condition is then analysed. Band widths in relation with these formations
are found, and further discussions on boundary layer eﬀects and size eﬀect are carried out.

2. Constitutive description of the strain-gradient-enhance damage model
2.1. Strains and stresses in a higher-order continuum theory
In this paper, both strain and strain gradients are introduced in higher-order continuum theories (Toupin, 1962; Koiter, 1964; Mindlin, 1965; Fleck and Hutchinson, 1993, 1997). The symmetric strain tensor eij
and symmetric third-order strain gradient tensor gijk are assumed to be related to displacement ui by the
following expressions in a Cartesian coordinates system:
(


eij ¼ ui;j þ uj;i =2


ð1Þ
gijk ¼ uk;ij þ uk;ji =2
It is further assumed that the rates of strains and strain gradients may be decomposed into elastic and damage parts respectively:
(
e_ kl ¼ e_ ekl þ e_ dkl
ð2Þ
g_ lmn ¼ g_ elmn þ g_ dlmn
Supposing the work-conjugates to eij and gijk are denoted by the Cauchy stresses rij and the higher-order
stresses sijk, respectively.
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2.2. A variational formulation of the governing equations
Due to the introduction of the strain gradients and the higher-order stresses into the constitutive relations, additional boundary conditions will be needed in the model. Moreover, the equilibrium equations
will also change upon the introduction of the gradient terms. A weak-form variational principle is used here
to derive the equilibrium equations, following a similar approach used by Toupin (1962) for couple stress
theory, Germain (1973) for the second grade theory, or Vardoulakis and Aifantis (1991) and Mühlhaus and
Aifantis (1991) for their gradient plasticity models.
We ﬁrst deﬁne the following equivalent stress rates according to (Mindlin, 1964, 1965; Toupin, 1962),
R_ ij ¼ r_ ij  ok s_ ijk
ð3Þ
where R_ ij denotes the equivalent stress rates, r_ ij and s_ ijk are the rates of the Cauchy stresses and the higherorder stresses, respectively. Note that the term ok s_ ijk may be regarded as the eigen-stress tensor or the
back-stress tensor according to Mindlin (1964).
According to the principle of virtual-work, the variation of the internal work is deﬁned as
dW int ¼ r_ ij d_eij þ s_ ijk dg_ ijk

ð4Þ

Hence the following variation within a material volume V may be integrated by the local internal work over
a representative volume V
Z
DW int ¼
dW int dV
ð5Þ
V

The external surface S of V may be divided into two parts: one is the surface boundary SR for static forces,
and the other is Su for dynamic forces. In classic continuum theories, these two boundaries are usually prescribed with tractions and velocities respectively. Due to the introduction of the strain gradients and the
higher-order stress terms, extra conditions are required for the kinematic surface Su. Generally, the velocity
as well as its normal gradient along Su should be initialized. This is equivalent to the following expression
u_ k ¼ u_ 0k

and nl

ou_ k
¼ e_ 0k
oxl

ð6Þ

on S u

where nl is the norm of the surface Su.
The virtual work done by external force, DWext, includes contributions from the surface tractions, higher-order tractions, body forces and inertial forces. An inertial force can be treated as a negative body force
and its work is the product of the material density and the second-order diﬀerentials, i.e., qDt u_ i , with
Dt ¼ ot þ u_ j oj denoting the material diﬀerential. In the following formulations, the ﬂux term in the material
diﬀerential will be neglected. Hence the material diﬀerential may be replaced by the time partial–diﬀerential.
The work done by external forces is thus:
Z
Z


DW ext ¼
ð7Þ
f_ i  qDt u_ i dui dV þ ðt_i dui þ r_ i nk ok dui Þ dS
V

S

where f_ i is the body force, t_i and r_ i are the rates of the traction and the higher-order traction force, respectively, and they are related to the Cauchy stresses and the higher-order stresses.
According to the principle of virtual work, the following equation holds:
DW int ¼ DW ext

ð8Þ

Substitution of (4), (5) and (7) into (8) leads to
Z
Z


 
t
_
ðt_i dui þ r_ i nk ok dui Þ dS
r_ ij d_eij þ s_ ijk dg_ ijk  f i  qD u_ i dui dV ¼
V

S

ð9Þ
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To compute the surface integral of the right-hand-side term of Eq. (9), the virtual velocity and its normal
gradients must vanish on Su:
du_ k ¼ 0

and

nl

o du_ k
¼0
oxl

ð10Þ

on S u

In order to derive the equilibrium equations and the corresponding boundary conditions from (9), the internal work presented in (4) is re-written in the following form

 




DW int ¼ oi r_ ij  ok s_ ijk duj  oi r_ ij  ok s_ ijk duj þ ok s_ ijk oi duj
ð11Þ
From the divergence theorem we have
Z
Z
Z






DW int ¼
ni r_ ij  ok s_ ijk duj dS  oi r_ ij  ok s_ ijk duj dV þ nk s_ ijk oi duj dS
S

V

Therefore, Eq. (9) becomes
Z
Z
Z






ni r_ ij  ok s_ ijk duj dS  oi r_ ij  ok s_ ijk duj dV þ nk s_ ijk oi duj dS
S
V
S
Z
Z


t
¼
f_ i  qD u_ i dui dV þ ðt_i dui þ r_ i nk ok dui Þ dS
V

ð12Þ

S

ð13Þ

S

The equilibrium equation is obtained by the volume integral in Eq. (13)


oi r_ ij  ok s_ ijk þ f_ j ¼ qDt u_ j

ð14Þ

The equilibrium equation may also be expressed in the form of equivalent stresses
oi R_ ij þ f_ j ¼ qDt u_ j

ð15Þ

If all the terms in (14) are time-independent, the right-hand side will become zero. Hence the static equilibrium equation is obtained
rij;i  sijk;ik þ fj ¼ 0

or oi R_ ij þ f_ j ¼ 0

ð16Þ

Note that the surface integrals in Eq. (9) include not only dui but also its gradients. In order to derive the
static boundary conditions from the surface integrals, the following integral is considered
Z


I¼
ð17Þ
nk s_ ijk oi duj dS
S

oi duj is decomposed into normal and tangential parts:
oi duj ¼ ni nk ok duj þ ðdik  ni nk Þok duj

ð18Þ

If the following symbols are adopted
D ¼ nk ok ;

Di ¼ ðdik  ni nk Þok

ð19Þ

with D denoting the normal diﬀerential where the normal vector is nk in local coordinate system, and Di
being the surface gradient operator.
From Eqs. (17)–(19), we have
nk s_ ijk oi duj ¼ nk s_ ijk Di duj þ nk s_ ijk ni D duj
The ﬁrst term on the right-hand side of the above equation may be transformed into


nk s_ ijk Di duj ¼ Di nk s_ ijk duj  nk Di s_ ijk duj  ðDi nk Þ_sijk duj

ð20Þ

ð21Þ
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In order to calculate the ﬁrst term of the right-hand side of Eq. (21), the following operator is adopted:
Dj F j ¼ Dk nk nj F j  nq eqpm op ðemkj nk F j Þ

ð22Þ

here eijk is the permutation tensor. We further assume
Am ¼ emkj nk F j ;

F j ¼ nk s_ ijk dui

Then the following form integral must be zero on a closed surface
Z
eqpm op Am nq dS ¼ 0

ð23Þ

ð24Þ

S

As it also holds
nj ok s_ ijk ¼ nj Dk s_ ijk þ nk nj D_sijk
Extraction of all the surface integrals in (13) leads to
Z
Z


nj r_ jk  ni nj D_sijk  ðni Dj þ nj Di Þ_sijk þ ðni nj Dl nl  Dj ni Þ_sijk duk dS þ ni nj s_ ijk D duk dS
S
S
Z
Z
¼
t_k duk dS þ r_ k D duk dS
S

ð25Þ

ð26Þ

S

Hence the rate forms of the boundary traction and the higher-order external force (or double surface traction in term of Germain (1973)) may be obtained
t_k ¼ nj r_ jk  ni nj D_sijk  ðni Dj þ nj Di Þ_sijk þ ðni nj Dl nl  Dj ni Þ_sijk

ð27Þ

r_ k ¼ ni nj s_ ijk

ð28Þ

The boundary traction conditions in (27) may be further simpliﬁed as


t_k ¼ ni r_ ik  oj s_ ijk  Dj ðni s_ ijk Þ þ ni nj ðDl nl Þ_sijk

ð29Þ

Note that the above attained results largely resemble those obtained by Germain (1973) for the special case
of second gradient theory. The only diﬀerence between them is, the intrinsic stress deﬁned in Eq. (68) of
Germain (1973) involves a term for long range volumetric double force, while the equivalent stress deﬁned
in Eq. (3) of this paper does not consider this term. Form most boundary/initial value problems, it is always
diﬃcult to specify this term, while neglect of it generally has litter eﬀect on the solutions.
2.3. Reformulation of the strain-gradient-enhanced damage model
To simplify the presentation, the isotropic and anisotropic strain-gradient-enhanced (SGE) damage
models by Zhou et al. (2002) are generalized into a united formulation in this section. The following expressions for the rate of the Cauchy stresses and the higher-order stresses are adopted:
(


r_ ij ¼ Dijkl e_ kl  e_ dkl
ð30Þ


s_ ijk ¼ l2 Dijkl dmn g_ lmn  g_ dlmn
where Dijkl denotes the elasto-damage stiﬀness tensor of the material, which may accounts for the degradation due to accumulation of damage, d is the second-order Kronecker delta, and l represents a material
length scale which reﬂects the inﬂuence of crystal or grain size and microstructures, such as micro-void
and micro-cracks in geomaterials, on the macroscopic mechanical response. Note that the expressions in
Eq. (30) are not the only choice. The formulation adopted here is based on a similar concept that was used
by Shu and Fleck (1999), who expressed the constitutive relations by the macroscopic average of the micro-
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scale mechanical behaviors and, related the higher-order stress to the local average variation of Cauchy
stress on the micro-scale, e.g., s_ ijk ¼ l2 or_ ij =oxk . Consequently, the abovementioned formulation may be
generalized into a more general constitutive relations proposed by Mindlin (1964) and/or Fleck and Hutchinson (1997), if taking no account of damage. While the initially phenomenological Fleck–Hutchinson theory is intended to model metal plasticity, such appropriate changes as stated above, make it still suitable to
describe mechanical behavior of geomaterials. In fact, as has been stated by Chambon et al. (2001), various
features of geomaterials make phenomenological theories the only possible way of study.
A damage ﬂow rule usually takes the same form as that in classic plasticity theory:
og
og
_ ¼ k_ og
ð31Þ
e_ dkl ¼ k_
; g_ dlmn ¼ k_
; H
orkl
oslmn
oQ
where k_ is the rate of damage multiplier, g = g(H, Q, j) denotes a damage potential in the composite stress
space constituted by the Cauchy stresses and the higher-order stresses, j denotes an internal variable related
with dissipation processes, H and Q are generalized damage variable and its thermodynamic conjugate
force respectively and they are used for both isotropic and anisotropic damage. In this paper the dissipation
_ i.e. j_ ¼ k_ (similarly, see, e.g., Kuhl and Ramm, 2000). In the case of
rate of j is assumed to be equal to k,
isotropic damage, H and Q are scalars, whereas for anisotropic damage, they are second-order tensors:


d
Y ; isotropic damage case;
H¼
; Q¼
ð32Þ
Xij
Y ij ; anisotropic damage case;
where d and Xij denote isotropic scalar damage variable and the second-order fabric damage tensor, respectively, Y and Yij are the thermodynamic conjugates to the scalar d and the anisotropic damage tensor Xij,
respectively. Their detailed expressions are referred to Eq. (5) and (23) in Zhou et al. (2002).
Supposing that the damage yield function has the following expression


f ¼ f rij ; sijk ; H; j
ð33Þ
the consistency condition of the damage surface leads to the following equation:
of
of
of _ of
H þ j_ ¼ 0
f_ ¼
r_ ij þ
s_ lmn þ
orij
oslmn
oH
oj

ð34Þ

Substituting Eq. (31) into (34) leads to
of
of
r_ ij þ
s_ lmn  c_ H ¼ 0
orij
oslmn

ð35Þ

where


of og of
þ
H ¼
oH oQ oj

ð36Þ

Hereafter H is referred to as the hardening/softening modulus for the strain-gradient-enhanced (SGE) damage model, which is analogue to that in the classic plasticity theory.
Manipulation of Eqs. (2), (30), (35) and (36) can result in the following expression for the damage
multiplier:

of
of 2
_c ¼
Dijab e_ ab þ
l Dxylm dpn g_ lmn
A
ð37Þ
orij
osxyp
where
A¼Hþ

of
og
of 2
og
Dabcd
þ
l Duvxy dwz
orab
orcd osuvw
osxyz

ð38Þ
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Generalization of Eqs. (2), (30), (31), (37) and (38) leads to the following incremental constitutive relations
for the SGE damage model:

8
1
og of
1
og of 2
>
>
>
< r_ ij ¼ Dijkl  A Dijab orab orcd Dcdkl e_ kl  A Dijpq orpq osrst l Drsuv dtw g_ uvw
ð39Þ

>
1 2
og of
1 2
og of
>
2
>
: s_ ijk ¼ Dijlm dkn  l Dijab dkc
Dxylm dpn l g_ lmn  l Dijqr dks
Duvwt e_ wt
A
osabc osxyp
A
osqrs oruv
Eq. (39) presents a form of coupled strains and strain gradients for both the Cauchy stresses and the higherorder stresses. As can be seen, the Cauchy stress increments do not only depend on the strain increments,
but also on the strain gradient increments. The same applies to the higher-order stress increments. We see
that the introduction of the strain gradients and their conjugate higher-order stresses into the constitutive
relations changes the normal structure of classic elastoplastic models.

3. Shear banding analysis of damage localization
In this section, shear banding localization for simple shear tests will be investigated using the model present above and discontinuous bifurcation theory. In literature, the shear banding problem has long been
treated by gradient theories for times. For example, Aifantis (1984) has derived a shear band solution that
provides the width of the localized deformation zone. Chambon et al. (1998) have also developed analytical
solutions of boundary value problems by second grade generalization of a common softening model to verify the numerical simulations of localization of one dimensional bar. They further implied potential applications of this model to the study of a wide range of localization phenomena and/or boundary layer eﬀects
for both granular materials and cohesive geomaterials (Chambon et al., 2001).
The following assumptions are made in the analysis:
(1) Second-order discontinuous surfaces. Here in this paper, the discontinuous surfaces that bound the
shear band with the rest area is supposed to be a second-order one deﬁned by Thomas (1961), which
is characterized by the continuity of the displacement and its gradient along the normal direction of
the characteristic surface, while the second-order gradient of the displacement exhibiting a jump
across the surface.
(2) Stress–strain relations. We further assume the constitutive cones on both sides of the surface are characterized by the strain-gradient-enhanced damage model formulated above. For the sake of simplicity, only isotropic damage is considered. Bi-linear uniaxial stress–strain relations are assumed in the
following analysis of plane shearing of geomaterials (Fig. 1), which share a similarity of those adopted
by Chambon et al. (1998). Assume the uniaxial tensile strength is ru, the elastic modulus is E, and the
bulk modulus is K and the shear modulus is G. The following evolutionary law is adopted for the isotropic damage
8
< jc j  j0 ; if j < j 6 j
0
c
j jc  j0
dðjÞ ¼
ð40Þ
:
1;
if jc < j
The internal variable j is assumed to be equal to the following equivalent strain e:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
eij eij
j¼e¼
3

ð41Þ

J. Zhao et al. / International Journal of Solids and Structures 42 (2005) 5335–5355

5343

σ

Ek0

E
1

0

κ0

κC

ε

Fig. 1. Bi-linear stress–strain relation.

Thus the following bi-linear uniaxial stress-strain relations (as depicted in Fig. 1) may be obtained
8
Ee;
if e < j0
>
>
< j0 jc  j
Ee; if j0 6 e < jc
ð42Þ
r¼
j jc  j0
>
>
:
0;
if e P jc
(3) Shear band formation. The plane pure shear test and formation of the shear band localization are
illustrated in Fig. 2. The band width is assumed to be h. The coordinate system is such chosen that
axis y is perpendicular to the shear direction, while axis x parallel with the shear direction. The origin
of the coordinate is located at the symmetric centre of the band. Due to the symmetry, only the upper
half plane (y P 0) is considered.
(4) Boundary conditions. The shear band is assumed to be located in an inﬁnite domain imposed by only
shear stress at the inﬁnite far boundary. This implies, only remote shear traction force is considered,
while the double traction force (or alternatively higher-order traction) at this boundary is neglected.
(5) Discontinuous bifurcation. It is further assumed before the inception of localization bifurcation, the
deformation in the material is homogeneous. Once j reaches its critical value j0, the initial bifurcation
state is attained. And a weak form discontinuous bifurcation according to the bifurcation theory will

⋅

⋅
Fig. 2. Simple shear test and shear banding.
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occur afterwards. That is, damage loading dominates the mechanical behaviors within the band during shear band localization, while elasto-damage unloading prevails outside the band.
Some remarks should be addressed here on the physical interpretation of the softening laws in Eq. (42).
As it is assumed here the internal variable j is directly related with the total strain in Eq. (41), the progressive deformation in the material will induce an accumulation of j. When the magnitude of j is lower that its
lower threshold j0, damage process is assumed not to happen and the ﬁrst order stress–strain relation is
therefore elastic. However, when it is large enough to reach j0, irreversible damage will be triggered according to Eq. (40). At this point, several types of laws may be assumed further, say, hardening, perfectly damaging and softening ones (as see the patch conditions in Chambon et al. (1998)). Here we adopt the last
type, which implies once the material reaches its peak stress through elastic response, further loading will
result in a softening(/damaging) branch, while unloading along a reverse line of the previous elastic branch.
In connection with the assumption for discontinuous bifurcation in (5), the damage loading within the band
is clearly controlled by the softening branch, while outside the band the elastic–damage unloading evolves
along the reverse elastic branch. It will be shown that these assumptions combined together make it possible
to reach an analytical solution for the particular pure shear problem.
Let us continue with simple shear test. It is clear the displacement is horizontal, i.e. u = ux 5 0, and is
only related to y. If c = du/dy is the engineering shear strain, non-zero strain and strain gradient may be
written as
8
1 ou 1
>
>
< e12 ¼ e21 ¼ 2 oy ¼ 2 c
ð43Þ
2
>
>
: g221 ¼ d u ¼ c;2
dy 2
We also assume that the shear strain c is continuous throughout the material and monotonically varies
from its maximum at the centre to an imposed value at far ﬁeld. In the upper half space we thus have
c > 0;

c;2 < 0

The following equivalent strain and equivalent strain gradient are then obtained
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c
1
1
gijk gijk ¼  c;2
e ¼ pﬃﬃﬃ ; g ¼
4
2
3

ð44Þ

ð45Þ

The equilibrium equation (16) without body force becomes
r21;2  s221;22 ¼ 0

ð46Þ

Integration of the above equation along the y direction leads to
r21  s221;2 ¼ r021

ð47Þ

The rate form of the this equation is
r_ 21  s_ 221;2 ¼ r_ 021

ð48Þ

From the constitutive equation (39), we obtain the following stress and higher-order stress for the damage
ﬂow stage:
8
pﬃﬃﬃ

>
3jc  c
j0 jc  j
j0 G
>
>
Ge21 ¼
< r21 ¼
j c  j0
2
j jc  j0
ð49Þ


>
j
j

j
4
4
0
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>
2
2 j0 jc  j
>
K þ G g221 ¼ l
K þ G c;2
: s221 ¼ l
3
3
j jc  j0
j jc  j0
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It is reasonable to assume that before the inception of localization bifurcation, the deformation in the
material is homogeneous. Once the damage is accumulated so that j reaches its critical value j0, the initial
bifurcation state is attained. At this time, the higher-order stress rate is approximated as follows

4
s_ 221 ¼ l2 K þ G c_ ;2
ð50Þ
3
The Cauchy stress rate is then
8
j0 G
>
>
< r_ 21 ¼  2ðj  j Þ c_ ; if c_ P 0
c

0

ð51Þ
>
G
>
: r_ ¼ c_ ;
if c_ < 0
21
2
Shear band localization is generally treated as a weak discontinuous bifurcation. According to the bifurcation theory, damage loading dominates the mechanical behaviors within the band during shear band
localization, and elasto-damage unloading prevails outside the band. Thus, from the above equation we
have

8
j0 G
4
h
>
2
>
_

K þ G c_ ;22 ¼ s0 ; c_ P 0; 0 6 y 6
c

l
>
< 2ðjc  j0 Þ
3
2
ð52Þ

>
G
4
h
>
2
0
>
: c_  l K þ G c_ ;22 ¼ s ;
c_ < 0; < y 6 1
2
3
2
The general solution to the above diﬀerential equation is
8
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0
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2ðj

j
Þ
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3j
G
3j0 G
h
>
c
0
0
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>
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þ C 1 cos
y þ C 2 sin
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2
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>
2
j
G
ðj

j
Þð3K
þ
4GÞ
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þ
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>
0
c
0
c
0
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sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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>
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h
2l ð3K þ 4GÞ
>
: c_ ¼ 21 þ C 3 e
<y61
;
2
G
ð53Þ
where h is the band width to be determined. Unknown parameters Ci (i = 1,2,3) may be determined by the
following boundary conditions:
(1) Anti-symmetry of the shear strain rate under pure shear conditions
c_ ;2 jy¼0 ¼ 0

ð54Þ

(2) Continuity of the displacement rate and its ﬁrst derivative along the normal direction of the band for
the second-order discontinuous surface of Thomas (1961)
½_cjy¼h=2 ¼ c_ jy¼ðh=2Þþ  c_ jy¼ðh=2Þ ¼ 0

ð55Þ

½_c;2 jy¼h=2 ¼ c_ ;2 jy¼ðh=2Þþ  c_ ;2 jy¼ðh=2Þ ¼ 0

ð56Þ

(3) Damage loading within the band requires c_ P 0, while elasto-damage unloading outside the band
requires c_ 6 0. Therefore at the boundary it is required c_ ¼ 0. That is
c_ jy¼ðh=2Þþ ¼ c_ jy¼ðh=2Þ ¼ 0

ð57Þ
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Noted that the third condition is exactly equivalent to the soft piece of the patch conditions in Chambon
et al. (1998). Upon collection of the above four equations, the parameters Ci (i = 1,2,3,4) can thus be determined. After some manipulation, the following expressions for the shear strain rate may be attained
8

>
2r_ 021
bv cosðnyÞ
>
>
1vþ
;
< c_ ¼
b cosðnh=2Þ  n sinðnh=2Þ
G

>
h
2r_ 021
vn sinðnh=2Þ
>
>
ebð2y Þ ;
1þ
: c_ ¼
b cosðnh=2Þ  n sinðnh=2Þ
G

06y6

h
2

h
<y61
2

ð58Þ

where
jc
v¼ ;
j0

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
n¼
;
2l2 ðv  1Þð3K=G þ 4Þ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
b¼
:
2l2 ð3K=G þ 4Þ

ð59Þ

v is a coeﬃcient representing the shape of the uniaxial stress–strain curve.
The rates of the shear strain gradient inside and outside the shear band can then be readily obtained
from (58) as:
8
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h
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>
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;
06y6
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< ;2
2
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ð60Þ
0 
>
2r_ 21
vbn sinðnh=2Þ
h
>
bðh2y Þ
>
_
e
<y61
;
: c;2 ¼ 
2
G b cosðnh=2Þ  n sinðnh=2Þ
The band width can then be obtained from Eqs. (57) and (58)


2
b
h¼
kp  arctan
n
nðv  1Þ

ð61Þ

where k = 1,2,. . . denote the wave number. As the shear band localization belongs to the case of short
wavelength, we take k = 1. Therefore, the shear band width has the following expression:


2
b
p  arctan
h¼
ð62Þ
n
nðv  1Þ
Supposing that the following relation between the bulk modulus and the shear modulus holds
K
2ð1 þ mÞ
¼
G 3ð1  2mÞ

ð63Þ

with m being PoissonÕs ratio, the parameters n and b are then given as:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
ð1  2mÞ
1 ð1  2mÞ
; b¼
n¼
2l ðv  1Þð1  mÞ
2l 3ð1  mÞ

ð64Þ

Therefore, the shear band width can now be expressed as a function of m, v and the internal length scale l
h ¼ -l

or alternatively

h
¼l

ð65Þ

where
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!!
ðv  1Þð1  mÞ
1
p  arctan pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
-¼4
ð1  2mÞ
3ðv  1Þ

ð66Þ
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A note should be made that in Chambon et al. (2001), a local elasto-plastic second gradient model has been
applied to the analysis of plain strain shear band and an analytical method has been developed to ﬁnd the
solutions. As has been stated in their conclusion, such a method may be possibly used to achieve analytical
solutions for all microstructured models and even further, within the damage mechanics framework. Here
the method treating the simple shearing problem in this paper though not necessarily the same, may partially serve as a good proof of their conclusion. Nevertheless, the signiﬁcance of obtaining analytical solutions to some boundary value problems should again be emphasized since these solutions may be used as
benchmarks for numerical simulations. Moreover, by the solution in this paper, the internal length scale in
the SGE damage model is directly link with the shear band width, which provides a possible approach to
calibrate it by experiments.

4. Numerical analysis and discussions
4.1. Internal length scale and shear band width
From Eq. (64) we ﬁnd, under the current assumptions of constitutive relations and simple plane shear
conditions, the shear band width is proportional to the internal length scale. The proportionality is a material parameter -, which is controlled by PoissonÕs ratio m and the coeﬃcient v for the shape of the uniaxial
stress–strain curve. To further illustrate the inﬂuence of m and v on the width, numerical investigations are
carried out and the results are presented in Fig. 3. In the ﬁgure, the band width is normalized by the internal
length scale l, and m and v are conﬁned to the follow range:
m 2 ½0:0; 0:5;

v 2 ½1; þ1

ð67Þ

As can be seen, larger values for m and v generally result in larger shear band width. The band width is also
more sensitive to v than to m. When v = 1.0, which implies jc = j0 and there is no softening period in the
uniaxial stress–strain relation, the material exhibits a typical elasto-brittle feature (as is shown in Fig. 4).
The shear bands for this kind of materials are typically clear-cut shear cracks and hence may be regarded
to have a zero band width, which is in accordance with the results in Fig. 3a. This extreme case of localization may be categorized as the strong discontinuous bifurcation. On the other hand, when v ! +1,
the band width approaches inﬁnite (Fig. 3a). In this case, the uniaxial stress–strain curve displays a characteristic of elasto-perfect-damage material (analogue to elastic perfectly plastic, as shown in Fig. 4). For
this kind of material, once the damage reaches the critical magnitude, inﬁnite damage ﬂow will occur in the
material. In this case, a long wavelength limit applies and no obvious shear band may be observed.
Fig. 3b shows that the band width remains more or less steady when PoissonÕs ratio is smaller than 0.4.
When the PoissonÕs ratio approaches 0.5, the band width increases dramatically, and when m = 0.5, the
band width approaches the inﬁnite. In fact, materials with a small value of m typically demonstrate the characteristic of solid. In this case, the formation of shear band will be constrained by adjacent layers and thus
the band width will be deﬁnite. However, a PoissonÕs ratio of 0.5 shows the feature of ﬂuid, which cannot
sustain shear stress. Therefore, the formation of shear band localization is expected to occur continuously
throughout the material. In other words, shear band width approaches inﬁnite.
To attain the absolute band width for a certain material, the internal length scale l must be determined in
advance. Gradient models typically introduce internal length scales into their constitutive descriptions.
Most of them attribute the internal length scale with the micro-structural size, the external loads and other
material properties. For example, it was shown by Roscoe (1970), Mühlhaus and Vardoulakis (1987), that
the thickness of the shear band is of several times of the mean grain diameter d50 for granular materials. In
Al Hattamleh et al. (2004), it was further demonstrated that other factors, such as the external conﬁning
pressures and elastic properties, may also act as inﬂuential components to the length scale. However, the
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Fig. 3. Sensitivity of shear banding width to m and v. (a) v versus h/l under diﬀerent PoissonÕs ratio. (b) PoissonÕs ratio m versus h/l
under diﬀerent v.

internal length scale functions diﬀerently in diﬀerent gradient models, so that there is no uniﬁed physical
interpretation of l. In this paper, the internal length scale is regarded as a material constant that depends
on the mean size of inhomogeneous microstructure in the material and may be experimentally determined,
as has been stated in Zhou et al. (2002). For example, l  0.53 mm for coal rock, l  0.47 mm for sandstone
and l  1.5 mm for granite. For rock-like geomaterials, v is reasonably ranged from 3.0 to 8.0 (see, e.g.,
Jaeger, 1979). If here jc is assumed to be 4j0 so that v = 4 and m is assumed to be 0.2, the corresponding
shear band widths for coal rock, sandstone and granite are 11.96 mm, 11.6 mm and 33.84 mm, respectively.
These results agree favorably with the experimental obtained data for these materials (Zhao, 2002). Typical
band width has also been previously related with gradient coeﬃcients by Aifantis (1984) and Zbib and
Aifantis (1988), and was further calibrated by Panger et al. (1991) through experimental tension data of
steel. They obtained a range of band width from 2.0 mm to 6.3 mm for a group of steel specimens. If these
band widths are used to calibrate the length scale in our model and model parameters of v = 2 and m = 0.28
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Fig. 4. Two extreme cases for the unixial stress–strain curve.

typical for steel are adopted, it is readily to obtain the internal length scale for the experimental steel ranges
0.15  0.47 mm.
Note that size eﬀects may also be addressed by the model in this paper. If the same problem of simple
shear test is treated, this can be readily done by assuming the test specimen has a limited length of L instead
of inﬁnite. The same procedure for the solutions as presented in Section 3 may be repeated and consequently an additional specimen size scale is introduced into the ﬁnal expression for all ﬁeld variables. Based
on this, the dependencies of shear band width, strains and strain gradients, as well as Cauchy stresses and
higher-order stresses on this size scale may all be investigated. Furthermore, if the uniaxial softening law
used in Fig. 1 is reformulated to express the peak strength in terms of other model parameters, the size
eﬀects of material strength may also be addressed.
4.2. Shear strain and shear strain gradient
As Eq. (58) indicates, the shear strain rate yields a cosine distribution within the band, but an exponential decay outside the band. A sensitivity study of the shear strain rate to v and m is conducted and further
veriﬁes this point. Fig. 5 depicts the distribution of the shear strain rate under diﬀerent values of v. In the
ﬁgure, the shear strain rate is normalized by r_ 021 =G, and the distance to the band centre line is normalized by
band width. As is shown, the shear strain rate exhibits a maximum value at the band centre and decreases
towards the band boundary. A larger v generally results in a higher peak shear strain rate at the band centre, while the curves outside the band are largely the same for all values of v. Clearly, the shear strain rate is
continuous across the boundary, which is in accordance with the characteristic of the second-order surface.
The curves in Fig. 5 are independent of the PoissonÕs ratio. This may also be observed from Eq. (58),
where n and h (or y) appear in pairs and thus remove m in the ﬁnal expression of the strain rate. This is
a unique feature of the loading condition of the pure plane shear. For other cases with more complex loading conditions, such as biaxial or triaxial loading, the shear strain rate is generally dependent on PoissonÕs
ratio.
The distribution of the shear strain in Aifantis (1987) and Zbib and Aifantis (1988), as well as that obtained by numerical simulation of one-dimensional bar by Chambon et al. (1998), exhibited a bell shape
like, with the maximum strain at the centre line of the band and the applied shear strain (also the minimum
value) at inﬁnite. This is slightly diﬀerent from the results obtained in this paper, as shown in Fig. 5.
It is also of interest to study the distribution of the strain gradients. Eq. (59) indicates that the rate of the
shear strain gradient has a sine distribution within the band, but an exponential decay outside the band.
Fig. 6a and b shows the normalized distribution of the shear strain gradient under diﬀerent values of m
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Fig. 5. Distribution of the normalized shear strain rate under diﬀerent v values.

and v respectively. As can be seen in both ﬁgures, the normalized shear strain rate vanishes at the band
centre. It reaches a maximum at around 0.26–0.27h and a minimum at 0.58–0.68h, and exponentially approaches zero at far ﬁeld. As shown in Fig. 6a, a smaller PoissonÕs ratio generally leads to a higher peak
within the band. When PoissonÕs ratio approaches 0.5, no obvious shear strain gradient is observed
throughout the material. It is also observed that, under the same magnitude of v = 5.0, all curves for different values of m reach their maximum, minimum and zero at the same locations. Fig. 6b shows that, under
the same value of m = 0.15, all curves for diﬀerent values of v start with a zero rate of the shear strain gradient at the band centre, reach a positive peak at around 0.26–0.27h. The larger v is, the higher the peaks
are. All curves passes through the band boundary into the non-localized area at the same point with a nonzero rate of the shear strain gradient.
However, the distribution of the strain gradient still diﬀers from that of the strain in several ways.
Firstly, the strain gradient does not vanish at the band boundary, whereas the strain does. Secondly, the
location of the maximum strain gradient does not necessarily coincide with that of the maximum strain
within the shear band. Thirdly, the PoissonÕs ratio has a signiﬁcant inﬂuence on the distribution of the
strain gradient, but a limited impact on the strain.
It is also noted that the strain gradient does not show an obvious jump across the band boundary, but it
still satisfy the requirement of the second-order characteristic surface (Thomas, 1961).
4.3. Shear stress and higher-order stress
The distributions of the shear stress and the higher-order stress can be investigated using Eqs. (50), (51)
and (58). In Fig. 7, the Cauchy shear stress rate r_ 21 and the higher-order stress rate s_ 221 are normalized by
r_ 021 and lr_ 021 , respectively. Fig. 7a presents the distribution of the normalized shear stress rate under diﬀerent
v values. As the shear strain rate, the Cauchy shear stress rate is independent of PoissonÕs ratio. The Cauchy
shear stress rate exhibits a peak at the centre of the shear band, and then decreases to zero at the band
boundary. The peak shear stress rates for diﬀerent v values are almost the same. Outside the shear band,
the shear stress rate increases rapidly from zero to another peak value, and then decreases to the far-ﬁeld

J. Zhao et al. / International Journal of Solids and Structures 42 (2005) 5335–5355

5351

Fig. 6. Distribution of the normalized rate of the shear strain gradient. (a) Shear strain gradient rate under diﬀerent m values and
v = 5.0; (b) shear strain gradient rate under diﬀerent v values and m = 0.15.

stress at inﬁnity. In terms of the shear stress rate, the transition from the shear band to the non-localized
zone is abrupt, even though still continuous. The larger v is, the more dramatic this transition is.
Fig. 7b and c shows the distribution of the normalized higher-order stress rate under diﬀerent m and v
values, respectively. The general pattern of the higher-order stress rate within and outside the shear band
is similar to that of the strain gradient rate (Fig. 6). Larger values of v generally lead to higher peaks of the
higher-order stress within the band, as shown in Fig. 7b. Comparing Figs. 6a and 7c, we observe that PoissonÕs ratio inﬂuences the strain gradient and the higher-order stress in a diﬀerent way. Larger values of m
generally lead to smaller peaks of the strain gradient within the band, but higher peaks of the higher-order
stress. It is also observed that the normalized higher-order stress rate at the centre of the shear band
becomes extremely large when m approaches 0.5.
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Fig. 7. Distribution of the normalized stress rates. (a) Shear stress rate under diﬀerent v values; (b) higher-order stress rate under
diﬀerent v values and m = 0.15; (c) higher-order stress rate under diﬀerent m values and v = 0.5.
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In a further comparative observation of Fig. 5–7 one may ﬁnd, whatever the inﬂuence of either v or PoissonÕs ratio may be, distributions for the strain, the strain gradient, the shear stress and the higher-order
stress commonly exhibit dramatic changes around the shear band, while decay to be the prescribed magnitude at far ﬁeld. This depicts an obvious boundary layer eﬀect. In other words, the constitutive parameters
used for the SGE damage model do aﬀect the local deformation, strain gradients, stresses and higher-order
stresses around the shear band, even though they have little eﬀect on far-ﬁeld physical quantities, such as
the remotely applied stresses.

5. Conclusion
A strain-gradient-enhanced damage model is presented in this paper. The governing equations and the
boundary conditions are obtained from the weak-form variational principle. The formulations presented in
this paper are in accordance with those obtained by Toupin (1962) for the higher-order theory, Germain
(1973) for a second gradient theory, and Aifantis (1987), Vardoulakis and Aifantis (1991) and Mühlhaus
and Aifantis (1991) for the gradient plasticity theory. It should be noted that Aifantis (1987) is the ﬁrst
to obtain a shear band thickness within a softening plasticity model incorporating gradient eﬀects, which
substantially diﬀerentiates his work from the work of Toupin (1962) and Germain (1973), and also presents
the basis for the subsequent work by Vardoulakis and Aifantis (1991) and Mühlhaus and Aifantis (1991).
Damage localization is thoroughly analyzed for the simple shear case using the isotropic form of the
strain-gradient-enhanced damage model. Through a simple uniaxial stress–strain relation, the analytical
solutions to the shear band localization are obtained. The obtained solutions satisfy the requirement of
the second-order characteristic surface of Thomas (1961) and the condition of weak discontinuous
bifurcation.
It is demonstrated the shear band width is proportionally related to the internal length scale and the proportionality is a function of PoissonÕs ratio m and a coeﬃcient v for the shape of the uniaxial stress–strain
curve. In the speciﬁc case of plane simple shear test, external boundary conditions, such as far-ﬁeld load or
displacement restrictions, have no inﬂuence on this width. The strain and strain gradient exhibit a cosine
and sine distribution within the band respectively, and both decay exponentially in the non-localized zone.
Numerical investigations of the analytical solutions for the simple shear test are carried out. Distributions of the shear strain, the shear strain gradient, the Cauchy shear stress and the higher-order shear stress
show that they generally comply with the characteristic of the second-order discontinuous surface deﬁned
by Thomas (1961). Sensitivity studies of these distributions to v and m are also conducted and compared.
The model and approach presented in this paper is also suitable to address the problem of size eﬀects in
materials. As has been pointed out in the paper, appropriate modiﬁcations of the boundary conditions in
deriving the solutions to the simple shear problem will readily make the size eﬀects accountable. Actually,
the underlying theory of this model, the Fleck–HutchinsonÕs higher-order theory, was initially developed to
describe size eﬀects in microscopic experiments of materials. This model is thus essentially capable of
addressing size eﬀects problem in materials.
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