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 A B S T R A C T

This study presents a novel differentiable framework for automated calibration of elastoplastic 
constitutive models using stress–strain data from various loading paths. The key innovation 
is a soft-gated stress-point integration scheme that smooths the elastic–plastic transition, 
enabling end-to-end automatic differentiation (AD) of phenomenological models. This frame-
work leverages the Critical State Unified Hardening (CSUH) model as a principled ’surrogate’ 
to replace computationally expensive discrete element method (DEM)-based representative 
volume element (RVE) in an explicit finite element method-discrete element method (exFEM-
DEM) multiscale scheme. This CSUH-based surrogate is trained iteratively on extensive RVE 
data, with physics-based regularisation applied to the loss function to ensure all calibrated 
parameters remain physically interpretable. Results demonstrate that the trained surrogate 
accurately replicates granular responses from high-fidelity DEM simulations and generalises 
excellently across diverse boundary value problems (BVPs), achieving significant computational 
acceleration. A comparison with an alternative elastoplastic model (the enhanced-IME model) 
underscores the framework’s versatility and the critical importance of model selection. This dif-
ferentiable approach offers a robust pathway to substantially accelerate multiscale simulations 
and streamline the calibration of complex constitutive models.

. Introduction

Granular media are ubiquitous in natural systems and engineering applications. Their engineering-scale response is typically 
nalysed within a continuum framework, yet the macroscopic behaviour of granular media fundamentally originates from discrete 
article-level interactions (Liu et al., 2020; Houdoux et al., 2021; Mei et al., 2023; W. Zhang et al., 2025). This discrete-continuum 
ismatch motivates multiscale strategies that bridge grain-scale mechanics within continuum solvers.
The FEM-DEM multiscale framework represents one such approach by coupling a discrete description of grain assemblies with 

 continuum-based FEM solver (Guo and Zhao, 2014, 2016; Guo et al., 2022). In such a multiscale method, the granular media 
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are explicitly represented by DEM-based RVE models to compute the stress–strain response of each Gauss point, given the local 
deformation from the FEM mesh (Wang and Zhang, 2021; Hu et al., 2022). This setup enables the FEM-DEM approach to serve as 
an alternative to phenomenological constitutive models by directly bridging the transition from RVE-scale mechanical response to 
continuum-scale behaviour. However, the FEM-DEM multiscale approach is computationally intensive, as each Gauss point requires 
a concurrent DEM simulation, especially for irregularly shaped particles in the BVP analysis (Lai et al., 2022; Huang et al., 2024). 
Such computational cost increases rapidly with mesh refinement, severely limiting its applicability to large-scale simulations.

Recent advances in machine learning (ML) provide a promising alternative to alleviate this computational bottleneck by 
leveraging the data-fitting capabilities of neural networks (NNs) (Li et al., 2019; Fu et al., 2023). Various neural networks, such 
as single-step-based neural networks (Jordan et al., 2020; Wang et al., 2024b), recurrent neural networks (Qu et al., 2021; Ma 
et al., 2022; Tancogne-Dejean et al., 2021; Girard and Mohr, 2025), temporal convolutional neural networks (Wang et al., 2022; 
Q.Z. Guan et al., 2023), and graph neural networks (Mei et al., 2025), have been adopted to develop NN-based stress–strain 
surrogates or NN-based simulators. By replacing DEM solvers with such ML surrogates trained on RVE datasets, the resulting FEM-
NN framework (Logarzo et al., 2021; Zhang et al., 2021) can achieve comparable performance to the corresponding FEM-DEM 
simulation while offering significant computational acceleration (Qu et al., 2023b).

A common feature of these pure data-fitting models is that they learn material behaviour directly from data without explicitly 
relying on established constitutive theories (Qu et al., 2023a). Therefore, their performance is highly sensitive to the training 
scenarios, and typically deteriorates markedly under unseen loading paths or boundary conditions (Qu et al., 2025). This 
limitation restricts their practical utility for solving diverse BVPs for granular materials, making their deployment to case-specific 
applications (S. Guan et al., 2023; Wang et al., 2024a; S. Guan et al., 2023), and raising concerns regarding interpretability and 
physical consistency.

In this work, rather than training a pure neural-network surrogate, an elastoplastic constitutive model, encapsulating elasticity, 
yield criteria, hardening laws, and plastic flow rules, is leveraged as a ‘principled surrogate’, serving as a simplified, fast-to-
evaluate approximation of high-fidelity, computationally expensive granular systems. The term ‘surrogate’ is adopted here for two 
related reasons. First, the optimised constitutive model is deployed at Gauss points to replace repeated RVE calls in the FEM-DEM 
multiscale scheme, thereby reducing computational cost while retaining comparable macroscopic predictions, which aligns with the 
conventional objective of surrogate modelling. Additionally, the model parameters are identified from large collections of Gauss point 
stress–strain curves extracted from multiscale analyses in a training-like manner of a surrogate, so that the resulting constitutive 
update reproduces the RVE response with high accuracy in both interpolation and extrapolation regimes. Compared with black-
box emulators, the proposed surrogate preserves mechanical consistency with the underlying granular assembly while remaining 
physically interpretable through its embedded elastoplastic constitutive skeleton.

Within the proposed framework, two primary challenges need to be addressed. Given numerous established constitutive models 
for granular materials, encompassing soils (Li et al., 2024; Yao et al., 2024; Zhao et al., 2024; Cheng and Yin, 2024) and rocks (Cao 
et al., 2020, 2022; Zhu et al., 2025), selecting a rational constitutive backbone is crucial. In parallel, conventional calibration 
strategies for constitutive parameters are generally designed for laboratory or macroscopic simulation data generated under triaxial 
or other regular loading scenarios (Mohr and Henn, 2007; Levasseur et al., 2008; Papon et al., 2012; Gras et al., 2017; Yin et al., 
2018; Zhu and Chen, 2022; Gavris and Sun, 2025). By contrast, the RVE dataset generated by exFEM-DEM modelling at Gauss points 
exhibits complex, often non-smooth stress–strain histories, rendering traditional calibration strategies inadequate, necessitating the 
design of a robust parameter optimisation procedure for identifying the free parameters of the chosen principled surrogate with the 
collected RVE dataset.

In this work, to address these issues, a novel data-driven, automated calibration scheme for tunable parameters of constitutive 
models is proposed, in which different candidates are adopted as principled surrogates and systematically assessed for their ability 
to reproduce the mechanical response of granular assemblies. Furthermore, automatic differentiation (AD)-compatible modifications 
are also introduced into the constitutive skeleton to ensure a smooth and numerically stable optimisation process.

Automatic differentiation (AD) is not new as a computational technique and has been widely used in physics-informed neural 
networks (PINNs) and differentiable programming. In PINNs (Haghighat et al., 2021; Eghbalian et al., 2023; Eghtesad et al., 2024; 
Jadoon et al., 2025; Chen et al., 2025; N. Zhang et al., 2025), AD is primarily used to differentiate network-represented field 
variables with respect to space and time so that governing PDE residuals together with boundary and initial conditions can be 
constructed and minimised. The inferred quantities are typically a small set of coefficients or material parameters associated with 
relatively simple constitutive descriptions. In differentiable modelling, such as differentiable FE (Xue et al., 2023; Wang et al., 2025) 
or MPM (Zhao et al., 2026), AD is more commonly applied at the solver level by treating the simulator as a differentiable mapping 
and computing gradients of a misfit objective with respect to selected inputs, thereby enabling gradient-based inverse problems, 
usually for simplified material parameters or boundary and initial-condition variables. For critical-state-based, path-dependent soil 
elastoplastic constitutive models, however, systematic AD-based calibration remains relatively limited, and parameter identification 
is still more often performed using derivative-free global optimisers, such as genetic algorithms (Yin et al., 2018; Liu et al., 2024) 
and particle swarm optimisation (Tao et al., 2022; Granitzer et al., 2024), because non-smooth sensitivities arising from return 
mapping, yield-surface crossing, and internal-variable evolution can make gradient-based optimisation difficult to stabilise.

The present work targets this gap at the constitutive-update level rather than at the PDE-residual or whole-solver level. 
Specifically, the Gauss-point stress update of a physically structured critical-state constitutive model is recast into a stably 
differentiable computational graph with necessary AD-compatible modifications, so that its parameters can be calibrated end-to-
end against RVE-generated stress–strain mappings under physical bounds and regularisation constraints. The resulting calibrated 
constitutive backbone is then reused across different macro-scale BVPs as a principled surrogate for the multiscale constitutive 
2 
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mapping, which distinguishes the present framework from PINN-type equation-driven training and from solver-specific differentiable 
inverse analyses.

The remainder of the paper is organised as follows: Section 2 presents the basic framework for optimising the constitutive 
parameters of the principled surrogate, followed by a brief overview of the exFEM-DEM multiscale simulation method. Then it 
details the end-to-end parameter flow in the chosen surrogate and the implemented differentiability-oriented modifications to the 
surrogate to enable gradient descent-based calibration. Section 3 reports the sensitivity analysis of selected training hyperparameters 
and presents the calibration results for the tunable constitutive parameters of the surrogate, using datasets generated from exFEM–
DEM footing simulations. In Section 4, the resulting surrogate is first validated at the RVE scale and then further applied to solve 
different BVPs to assess the accuracy and generalisation capability of the optimised surrogate. Section 5 reports the optimisation of 
two additional surrogate models (the MCC and the enhanced IME) and examines how the underlying constitutive skeleton of each 
surrogate affects the performance and behaviour of the proposed optimisation workflow. Conclusions are made in Section 6.

2. Methodology

2.1. A data-driven optimisation framework for determining elastoplastic constitutive parameters

This work aims to optimise parameters of an elastoplastic constitutive-based surrogate so that it faithfully reproduces the RVE 
stress–strain responses in exFEM–DEM analysis. Using the proposed data-driven optimisation scheme, the RVE stress–strain features 
extracted from explicit FEM-DEM modelling data are assimilated into the constitutive backbone, encompassing elasticity, yield 
criteria, plastic flow rules, and hardening. In contrast to developing a pure neural network surrogate to replace the DEM solver and 
accelerate multiscale modelling, the optimised constitutive surrogate maintains high computational efficiency and physical fidelity 
to the mechanical response of the RVE, and demonstrates strong generalisation beyond the training domain.

Fig.  1 outlines the optimisation workflow for the elastoplastic constitutive surrogate using data generated from exFEM-DEM 
modelling. In the proposed data-driven optimisation method, an exFEM-DEM strip footing modelling is first executed and, at each 
Gauss point (𝐺𝑃𝑖), the embedded RVE provides stress–strain sequences [𝝐RVE𝑖 , 𝝈RVE𝑖 ]. The collected dataset [𝝐RVE,𝝈RVE]𝐾𝑖=1 is then 
used to initialise and calibrate the free parameters 𝝋(0) =

{

𝜑(0)
1 , 𝜑(0)

2 ,… , 𝜑(0)
𝑚

}

 of the selected constitutive surrogate , and 𝐾 is the 
number of Gauss points in one exFEM-DEM modelling. Given [𝝐RVE𝑖 ]𝐾𝑖=1, the model prediction 𝝈̂𝒊 = (𝝐RVE𝑖 ,𝝋(𝑛)) is compared with 
𝝈RVE𝒊  through a scalar loss . The gradient of the trainable parameter vector 𝝋(𝑛) is iteratively solved by the automatic differentiation 
(AD) and updated by the gradient descent algorithm until a convergence criterion is met, yielding the optimised model . 
The optimised surrogate  is finally validated on independent BVPs, including a biaxial compression, a retaining-wall and a 
cavity expansion cases, with the modelling result compared against corresponding exFEM-DEM simulations to assess its fidelity and 
generalisation. Additionally, the proposed framework is also validated under the 3D FE setting, where a 3D conventional triaxial 
compression (CTC) exFEM-DEM modelling is executed to generate the new training data and reoptimise the CSUH-based surrogate, 
which is then validated via a distinct 3D Plan-strain triaxial compression (PTC) BVP.

Such an optimisation method estimates all elastoplastic parameters jointly. This unified treatment avoids decoupled fitting 
of elastic and plastic parameters, accounting for parameter interactions consistently. Furthermore, the gradient descent-based 
optimisation process provides explicit sensitivity information of optimisable parameters to the mechanical behaviour of the RVE, 
thereby revealing how these elastic and plastic parameters interact to influence the mechanical response of the RVE. Additionally, 
the RVE at Gauss points experiences complex loading conditions, naturally forming a multi-pressure, multi-orientation, multi-path 
dataset that spans a wide range of loading paths and loading conditions. This ample training data facilitates the enhancement of 
the generalisation for an optimised model in the FE analysis.

2.2. The explicit FEM-DEM method

As outlined in Section 2.1, optimising constitutive model-based surrogate  requires a reliable RVE-scale stress–strain dataset. In 
this work, such data are obtained through an FEM-DEM multiscale framework, which automatically produces diverse stress–strain 
loading paths associated with the specific BVP. These loading paths are kinematically affected by the surrounding deformation 
and thus are hard to obtain via pure element-based tests. Attributed to particle-scale description, these RVEs inherently capture 
mechanical behaviours of granular assemblies such as strain localisation and anisotropy evolution, thereby offering a more realistic 
representation of loading paths encountered in engineering simulations than those pre-designed loading paths.

To realise this data-generation strategy, an explicit FEM formulation is adopted within the multiscale framework. Different from 
the implicit FEM, explicit FEM advances the system solution without Newton–Raphson iterations, which involves the assembly of 
the tangent operator. This avoids the associated computational complexity, making the explicit multiscale approach better suited 
for generating training data for surrogate models.

The exFEM-DEM framework comprises two components: (i) the exFEM solver for computing nodal displacements in the FE mesh, 
and (ii) the DEM solver to evaluate the stress–strain response of each RVE embedded into the GP in the FE elements. In the exFEM 
solver, the displacement of FE nodes 𝒖 over a domain 𝛺 is governed by Newton’s second law, which can be expressed in the weak 
3 
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Fig. 1. The optimisation framework for tunable elastoplastic constitutive parameters in the principled surrogate.

form with the assistance of the Gauss theorem: 

∫𝛺
𝜌𝒖̈𝒕𝑑𝛺 = ∫𝛺

▿𝒖𝑡 ∶ 𝝈𝑡𝑑𝑣 − ∫𝛺
𝜌𝒃𝑑𝛺 − ∫𝛤

𝒖𝑡 ⋅ 𝒕𝑑𝛤 (1)

where 𝜌 is the bulk density; 𝒃 and 𝒕 represent body force applied to finite elements and traction imposed on the Neumann boundary 
𝛤 , respectively; and 𝒖̈ denotes the nodal acceleration vector.

In the discretised FE system, element-level matrices, including mass matrix 𝑀𝑒, internal force vector 𝐹 𝑒, boundary force 𝑇 𝑒 and 
body force vector 𝐵𝑒, are first computed for each element. These local matrices are then assembled into their corresponding global 
counterparts. Accordingly, the weak form in Eq. (1) can be expressed in the global matrix form to compute the 𝒖̈: 

𝑴𝒖̈|𝑡 = 𝑭 |𝑡 − 𝑩|𝑡 − 𝑻 |𝑡 (2)

where 𝑴 is the global mass matrix; 𝑭 |𝑡, 𝑩|𝑡 and 𝑻 |𝑡 correspond to right-hand side of Eq. (1) at the 𝑡th load step, respectively.
Given the obtained 𝒖̈ in Eq. (2), the central difference method is leveraged to update the nodal displacement 𝒖 ← 𝒖|𝑡+𝛥𝑡 within 

a constant 𝛥𝑡 as follows: 
{

𝒖̇|𝑡+0.5𝛥𝑡 = 𝒖̇|𝑡−0.5𝛥𝑡 + 𝛥𝑡𝒖̈|𝑡
𝒖|𝑡+𝛥𝑡 = 𝒖|𝑡 + 𝛥𝑡𝒖̇|𝑡+0.5𝛥𝑡

(3)

where 𝒖̇ represents the velocity of the node, and the strain increment 𝛥𝝐|𝑡 can be obtained by: 

𝛥𝜺| = ▿(𝛥𝒖| ) = ▿(𝒖| − 𝒖| ) (4)
𝑡 𝑡 𝑡+𝛥𝑡 𝑡

4 
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Fig. 2. The computation procedure of the DEM solver in the exFEM-DEM multiscale framework.

The detailed solving process of the exFEM solver is listed in Algorithm 1.

Algorithm 1 The workflow of the exFEM-DEM scheme
1: Discretise geometry domain into FE mesh 
2: Initialise displacement field 𝐮|(0)
3: Get initial stress 𝝈(0) from the RVE 
4: for 𝑡 = 0, 1, 2, 3,. . . , N do 
5: Apply the boundary condition of the 𝑡𝑡ℎ load step to the FE mesh 
6: Compute the 𝒖̈|𝑡 with Eq. (2)
7: Compute the 𝛥𝒖|𝑡 and 𝛥𝜺|𝑡 with Eqs. (3) and  (4)
8: Compute the 𝛥𝝈|𝑡 with the RVE and 𝛥𝝐|𝑡
9: Update strain state: 𝝐|𝑡+1 ←∶ 𝝐|𝑡 + 𝛥𝝐|𝑡
10: Update stress state: 𝝈|𝑡+1 ←∶ 𝝈|𝑡 + 𝛥𝝈|𝑡
11: Update nodal displacement: 𝒖 ←∶ 𝒖|𝑡 + 𝛥𝒖|𝑡
12: 𝑛 = 𝑛 + 1
13: end for

As presented in Step 8 of Algorithm 1, the stress update at each Gauss point in the exFEM-DEM multiscale scheme is performed 
using a DEM-based RVE, which consists of different disks with a thickness of 0.1 mm under the 2D setting or different sphere 
particles under the 3D setting in this work. At the start of a macroscopic time step 𝑡, the RVE, characterised by material parameters 
𝜆 such as the normal and tangential stiffnesses 𝐾𝑛 and 𝐾𝑡, inherits grain-level particle configurations 𝑿(𝑡) (such as particle velocity 
and position) from the previous macroscopic step. The strain increment 𝛥𝝐|𝑡, computed by the exFEM solver at the Gauss point, is 
applied as a boundary condition to the RVE.

Under the imposed deformation, the 2D-RVE system is advanced through multiple explicit micro-time steps. Within each micro-
time increment 𝛥𝑡′, as shown in Fig.  2, interparticle contacts are first detected, and the corresponding geometric descriptors (such 
as contact normal 𝒏, tangential direction 𝒕, overlap 𝛿𝑛) are computed. Then, contact forces 𝑭 (𝑡) and torques 𝑻 (𝑡) of each particle 
are evaluated based on the selected contact law (e.g., the Hertz–Mindlin model), which are then used to compute the stress tensor 
𝝈|𝑡+𝛥𝑡′ = 𝝈|𝑡 + 𝛥𝝈|𝛥𝑡′  of the RVE with the homogenisation assumptions. Finally, particle accelerations are determined by Newton’s 
second law and are used to update particle configurations 𝑿(𝑡) to 𝑿(𝑡+𝛥𝑡′).

Such micro time-stepping continues until an equilibrium criterion is satisfied and the final RVE stress tensor 𝝈|𝑡+1 is passed back 
to the exFEM solver as the updated stress of Step 8 in Algorithm 1, thereby enabling the global equilibrium to be advanced to the 
next macroscopic time increment.

2.3. The end-to-end parameter flow in the chosen surrogate

2.3.1. Criteria for selecting principled surrogates
Selecting a constitutive model-based surrogate with sufficient expressiveness to reproduce the RVE stress–strain response is 

essential to implement the proposed scheme. In this work, the principled surrogate is chosen based on the following principles: (i) 
strong ability to describe different types of granular media under various states; (ii) fewer yet identifiable constitutive parameters to 
improve the stability of the calibration; (iii) strong physical interpretability; (iv) minimising square-root and division operations in 
5 
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Fig. 3. The reference and current yield surface of the CSUH model.

constitutive formulations to enable a smoother stress-point integration, thereby remaining a numerically more stable optimisation 
process.

Guided by these criteria, an IME (Isotropic elasticity, von Mises yield surface, and Exponential hardening)-based surrogate is 
modified and first optimised within the proposed workflow. The optimisation procedure and comparative analyses for the enhanced 
IME surrogate are detailed in the Discussion section. These results demonstrate that, despite its computational simplicity, the 
enhanced IME surrogate is ultimately insufficiently expressive to reproduce the RVE stress–strain responses.

Alternatively, the Critical State Unified Hardening (CSUH) model (Yao et al., 2019) is adopted as the other principled surrogate 
in this work due to its ability to comprehensively describe the mechanical behaviour of diverse soil types and consolidation history, 
but with fewer material parameters. This unification is realised mainly by introducing a unified hardening function 𝐻 , a modified 
normal compression line (NCL), and a density-dependent state variable 𝜉.

Briefly, the CSUH model comprises: (i) a reference surface 𝑓 to represent the preconsolidation state; (ii) the current yield surface 
𝑓 to characterise the hardening-softening behaviour of soils, including over-consolidated clays and dense sands (see Fig.  3); (iii) 
the plastic potential function 𝑔 with the non-association flow rule. The constitutive equations for the plastic part are formulated as 
follows: 

𝑓 = ln
𝑝̄
𝑝̄𝑥0

+ ln
(

1 +
𝑞2

𝑀2𝑝̄2

)

−
𝜖𝑝𝑣
𝑐𝑝

(5)

𝑓 = ln
𝑝 + 𝑝s
𝑝𝑥0 + 𝑝s

+ ln
(

1 +
(1 + 𝜒)𝑞2

𝑀2𝑝2 − 𝜒𝑞2
⋅

𝑝
𝑝 + 𝑝s

)

− 𝐻
𝑐𝑝

(6)

𝑔 = ln
𝑝
𝑝𝑦

+ ln

(

1 +
𝑞2

𝑀2
c 𝑝2

)

(7)

𝐻 = ∫
𝑀4
f − 𝜂4

𝑀4
c − 𝜂4

𝑑𝜖𝑝𝑣 (8)

with stress invariants: 
𝑝 = 1∕3tr (𝝈) , 𝑞 =

√

3∕2𝐬 ∶ 𝐬, 𝐬 = 𝝈 − 𝑝𝐈, (9)

where, 𝑀 is the critical state stress ratio; 𝑐𝑝 = (𝜆 − 𝜅)∕(1 + 𝑒0), with 𝜆, 𝜅 and 𝑒0 being the NCL slope, unloading slope and initial 
void ratio, respectively; 𝑝𝑠 is the compressive hardening parameter; 𝜒 control the distortion of the current yield surface; and 𝑝̄𝑥0, 
𝑝𝑥0 and 𝑝𝑦 are the 𝑝-axis intersection of 𝑓 , 𝑓 and 𝑔.

The potential failure ratio 𝑀𝑓 , related to Hvorslev envelopes (Zhou and Yao, 2018), governs the hardening boundary and the 
hardening-softening transition behaviour of soils. The characteristic ratio 𝑀𝑐 (a function of the state variable 𝜉) is specifically 
introduced to capture the state-dependent dilatancy behaviour of sands. Parameters 𝑀𝑓  and 𝑀𝑐 are respectively formulated as: 

⎧

⎪

⎨

⎪

⎩

𝑀f = 6

(
√

𝑘
𝑅
(1 + 𝑘

𝑅
) − 𝑘

𝑅

)

, 𝑘 = 𝑀2

12(3 −𝑀)

𝑀c = 𝑀 exp (−𝑚𝜉)

(10)

which extends the function of the unified hardening (UH) model (Yao et al., 2009) from clays to sands/granular soils. Where 𝜂(= 𝑞∕𝑝)
is the stress ratio; 𝑚 is a dilatancy parameter; the over-consolidation parameter 𝑅 = 𝑝∕𝑝̄ = 1∕𝑂𝐶𝑅 (over-consolidation-ratio) = 
6 
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Fig. 4. The NCL, anisotropic compression line (ACL), critical state line (CSL), and state variable 𝜉.

𝑒𝑥𝑝[−𝜉∕(𝜆 − 𝜅)], and 𝜉 = 𝑒𝜂 − 𝑒 as shown in Fig.  4(a). Furthermore, replacing the linear formulation in Eq. (11), a curved isotropic 
compression line (ICL), given in Eq. (12), is adopted as the NCL in the CSUH model, as shown in Fig.  4(b). 

𝑒 = 𝑁 − 𝜆 ln 𝑝 (11)

𝑒 = 𝑍 − 𝜆 ln(
𝑝 + 𝑝s
1 + 𝑝s

) (12)

with parameter 𝑝𝑠 being computed as: 

𝑝s = exp(𝑁 −𝑍
𝜆

) − 1 (13)

Correspondingly, 𝑒𝜂 is formulated as: 

𝑒𝜂 = 𝑍 − 𝜆 ln(
𝑝 + 𝑝s
1 + 𝑝s

) − (𝜆 − 𝜅) ln
⎡

⎢

⎢

⎣

( 𝑀2+𝜂2

𝑀2−𝜒𝜂2 )𝑝 + 𝑝s
𝑝 + 𝑝s

⎤

⎥

⎥

⎦

(14)

and according to the geometry relationship plotted in Fig.  4(a) 𝑒0 at point 𝐴 when 𝑝 = 𝑝0 can be computed as: 

𝑒0 = 𝑒𝜂,𝑝=𝑝0 − (𝜆 − 𝜅) ln(
(𝑝0 ∗ ocr∕1000 + 𝑝𝑠)

(𝑝0∕1000 + 𝑝𝑠)
) (15)

where 𝑁 and 𝑍 are the void-ratio at 𝑝 = 1 kPa on the linear and curved NCLs, respectively.
Therefore, in the CSUH model, elastic and plastic parameters, including 𝜈, 𝜆, 𝜅, 𝑁 , 𝑍, OCR, 𝑚, 𝑀 , 𝜒 , as well as 𝑒0 reflecting the 

OCR, are required to be calibrated. However, the RVE datasets reflect the mechanical response of the local material rather than a 
dense, well-distributed set of yield points in the 𝑝 − 𝑞 space, making it difficult to calibrate a 𝜒 with physical meaning. Therefore, 
in this work, 𝜒 is directly fixed to zero.

2.3.2. The automated parameter-optimisation workflow
As outlined in Section 2.3.1, the parameter vector in the CSUH model is initialised as 𝝋(0)

{

𝜅0, 𝜆0, 𝑁0, 𝑍0,𝑀0, 𝑚0, 𝜈0, 𝑒
(0)
0

}

 and 
subsequently optimised to reproduce the RVE stress–strain response. The stress-point integration process starts with an initial state: 
𝝈0 = 𝑝𝐈, 𝝐0 = 0,𝐻0 = 0, 𝝐𝑝0 = 0, and 𝜂0 = 0. The flow of these optimisable parameters within the whole integration at one Gauss point 
for a single 𝛥𝝐 is presented in Fig.  5.

As shown in Fig.  5, constitutive constants in a surrogate 𝝋(0) are first converted to trainable 𝝋 by weights 𝑾 = (𝑤𝜅 , 𝑤𝜆, 𝑤𝑁 , 𝑤𝑧,
𝑤𝑚, 𝑤𝜈 , 𝑤𝑒0), and are used to computed two material constants 𝑐𝑝(𝜆, 𝜅, 𝑒0) and 𝑝𝑠(𝑁,𝑍, 𝜆). To accurately detect the onset of 
yielding and enhance the numerical stability of the optimisation process, the stress-point integration is iteratively executed in the 
sub-increment 𝛥𝝐𝑛 for one strain increment 𝛥𝝐: 

𝑇 = max
(

1,
⌈

‖𝛥𝝐‖2

𝜖ref

⌉)

, ℎ = 1
𝑇
, 𝛥𝝐𝑛 = ℎ𝛥𝝐, 𝑛 = 1,… , 𝑇 . (16)

Coupled with current state variables (𝝈𝑛,D𝑛, 𝑒𝑛,𝐻𝑛, 𝜉𝑛, 𝝐
𝑝
𝑛), the sub-strain 𝛥𝝐𝑛 is then used to compute the trial stress 𝝈𝑡𝑟

𝑛 , the current 
yield value 𝑓 𝑠𝑡 and trail yield value 𝑓 𝑡𝑟. These quantities determine the intersection factor 𝑟𝑚𝑖𝑑 , which locates the fraction of the 
sub-increment that remains within the yield surface. The computed 𝑟  are forwarded to the stress-point integration process to 
𝑚𝑖𝑑

7 
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Fig. 5. The end-to-end parameter flow within the CSUH-based surrogate.

obtain 𝝈𝑛+1, 𝑒𝑛+1, and 𝛥𝝐𝑝𝑛, which are further used to update the hardening parameter and material elastic matrix for the next 
sub-step. After iterating until 𝑛 > 𝑇 , the set (𝝈𝑇 , D𝑒

𝑇 , 𝐻𝑇 , 𝑒𝑇 , 𝜉𝑇 , 𝝐𝑝𝑇 ) is stored as the initial state for next 𝛥𝝐 and used to compute 
the loss value.

To guarantee the optimised constitutive parameters within prescribed physical bounds, a penalty item 𝝋 is added to the total 
loss function, and only the out-of-range values are penalised. The normalised total loss function 𝑡𝑜𝑡 is expressed as: 

𝑡𝑜𝑡 = 𝝈 + 𝛾𝝋 =
MSE(𝝈T,𝝈RVE)
mean(𝝈2

RVE)
+ 𝛾

∑

𝑖∈𝑝𝑎𝑟𝑎𝑚𝑠

[(max(0, 𝑙𝑖 − 𝜑𝑖)
(𝑢𝑖 − 𝑙𝑖)

)

+
(max(0, 𝜑𝑖 − 𝑢𝑖)

(𝑢𝑖 − 𝑙𝑖)

)]

(17)

Here, 𝝈 denotes the stress-misfit term, formulated as the mean-squared error (MSE) between the Gauss-point stress predicted by 
the surrogate CSUH model and the corresponding RVE stresses, given the current strain state and parameter set. The residuals are 
8 
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Table 1
The limited domain for optimisable parameters in the CSUH-based surrogate.
 Parameters 𝜅 𝜆 𝑁 𝑍 𝑚 𝜈 𝑒0 𝑀  
 Lower bound 0.01 0.02 0.3 0.3 0.5 0.1 0.2 0.8 
 Upper bound 0.25 0.25 3.0 3.0 2.5 0.5 0.8 2.0 

calculated component-wise at every retained load increment and Gauss point, and then averaged over the entire dataset. The loss 
is further normalised by 𝑚𝑒𝑎𝑛(𝝈2

𝑅𝑉 𝐸 ) to obtain a dimensionless measure of stress discrepancy. Each optimisable parameter 𝜑𝑖 is 
bounded as 𝜑𝑖 ∈ [𝑙𝑖, 𝑢𝑖], with values of 𝑙𝑖 and 𝑢𝑖 referring to the work of Zhu and Chen (2022) and listed in Table  1. The range-
normalisation term (𝑢𝑖− 𝑙𝑖)2 renders the penalty term dimensionless. The hyperparameter 𝛾 > 0, governing the strength of the bound 
enforcement and specified via an exponential rule that transitions from 𝛾𝑚𝑎𝑥 to 𝛾𝑚𝑖𝑛 by: 

𝛾(epoch) = 𝛾max

(

𝛾min
𝛾max

)epoch∕total
(18)

2.4. Automatic differentiation-compatible modifications to the constitutive surrogate

To implement the flowchart in Section 2.3.2, a critical challenge is to render the stress-integration in the constitutive surrogate 
differentiable and numerically stable, thereby enabling an AD-based gradient-descent optimisation of the parameter vector 𝝋. In the 
CSUH model, however, the effect of the intermediate principal stress is incorporated via a stress-transformation procedure, which 
can amplify round-off errors and create singularities near degenerate stress states. In addition, the evaluation of 𝑟𝑚𝑖𝑑 in classical 
return-mapping calculations using stress-point integration is typically non-differentiable. Therefore, AD-compatible adjustments are 
introduced to the CSUH-based surrogate and its stress-point integration process, ensuring a stable data-driven calibration scheme.

2.4.1. Explicit parameterisation to intermediate principal stress ratio
In this section, the influence of the intermediate principal stress ratio 𝑏 = (𝜎2−𝜎3)∕(𝜎1−𝜎3) (or equivalently the Lode angle 𝜃) on 

the critical state stress is explicitly considered to ensure a stable and differentiable optimisation when optimising parameters with 
the RVE training data.

In the CSUH model, the influence of the intermediate principal stress coefficient 𝑏 or Lode-angle 𝜃 on the critical state stress 
ratio is implicitly considered in a transformed stress (TS) space through mapping the curved-triangular SMP yield surface on the 
𝜋-plane to a circular von Mises–type yield locus with a direction-preserving radial scaling 𝛼(𝜃) = 𝑞𝑐∕𝑞 (Yao and Wang, 2014; Yao 
et al., 2019): 

{

𝜎̃𝑖𝑗 = 𝜎𝑖𝑗 𝑞 = 0

𝜎̃𝑖𝑗 = 𝑝𝛿𝑖𝑗 + 𝛼(𝜃)
(

𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗
)

𝑞 ≠ 0
(19)

where 𝑞𝑐 = 2𝐼1∕(3
√

(𝐼1𝐼2 − 𝐼3)∕(𝐼1𝐼2 − 9𝐼3) − 1) with 𝐼1, 𝐼2 and 𝐼3 are the invariants for stress tensor, and 𝜎̃𝑖𝑗 represents stress state 
in the TS space.

The TS mapping approach within the CSUH model offers a unified description of triaxial compression and extension on the 
𝜋-plane, and the intermediate principal stress ratio or Lode-angle dependence is introduced implicitly via 𝑞𝑐 , which is also referred 
to as 𝑀ts(𝜃) in this study. However, a direct implementation of such an invariant-based TS formulation inside an AD-based data-
driven calibration is often numerically fragile. The underlying reason is that the TS scaling factor 𝛼(𝜃), evaluated from the invariant 
expression, depends on nested square-root operations and ratio terms, which can introduce ill-conditioned gradients and thereby 
induce noisy and unstable gradient updates in the proposed data-driven calibration framework.

To address this issue, an algebraically simpler and smoothly differentiable alternative 𝑀approx(𝜃) is designed to explicitly describe 
the effects of the Lode angle 𝜃 on 𝑀 in this work. A 𝑀approx(𝜃) is proposed and used solely to improve AD robustness rather than 
to modify the underlying TS/SMP locus.

In the TS method, the transformed space can be mapped back to the original 𝑝 − 𝑞 space with 𝑝 = 𝑝̃ and 𝑞 = 𝛼(𝜃)𝑞 by: 
𝑞 −𝑀com𝑝̃ = 𝛼(𝜃)𝑞 −𝑀𝑐𝑜𝑚.𝑝 = 𝑞 −𝑀approx(𝜃)𝑝 = 0 (20)

In this way, the relationship between 𝑀approx and the Lode angle 𝜃 can be explicitly expressed: 

𝑀approx(𝜃) = 𝑀com∕(𝑞𝑐∕𝑞) = 𝑀com∕𝛼(𝜃) (21)

where 𝑀com is the stress ratio under triaxial compression, corresponding to the principal stress 𝜎1 > 𝜎2 = 𝜎3. To ensure the expression 
of 𝑀approx(𝜃) smoother, the expression of stress ratio under compression 𝑀com in the Mohr–Coulomb criterion is leveraged: 

𝑀com =
6 sin𝜙
3 − sin𝜙

(22)

where 𝜙 is the frictional angle. Therefore, optimising the critical stress ratio is equivalent to calibrating the friction angle.
Once the 𝛼(𝜃) is specified, the explicit 𝑀approx(𝜃) formulation can generate the same yielding states as the circular locus in the 

SMP/TS space. Since the 𝜋-plane yield locus exhibits a 2𝜋∕3 cyclic symmetry, the TS scaling factor 𝛼(𝜃) should be representable as 
9 
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Fig. 6. Two different forms of the 𝑀approx(𝜃) under different friction angle.

a periodic function of 3𝜃. To obtain an algebraically simple, continuously differentiable 𝑀approx(𝜃), the following form is originally 
adopted to construct the formulation of 𝛼(𝜃), referring to the work of (Pastor et al., 1990): 

𝛼(𝜃) = 𝑎 + 𝑏 sin 3𝜃 (23)

and the 𝑀approx(𝜃) can be expressed as: 

𝑀approx(𝜃) = 𝑀com∕(𝑎 + 𝑏 sin 3𝜃) (24)

where 𝑎 and 𝑏 are determined from two anchors, specifically, the triaxial compression (TC) with 𝜃 = 𝜋∕6 and triaxial extension (TE) 
condition with 𝜃 = −𝜋∕6: 

{

𝑀approx(𝜋∕6) = 𝑀com∕(𝑎 + 𝑏) = 𝑀com ⇒ 𝑎 + 𝑏 = 1 TC, 𝜃 = 𝜋∕6

𝑀approx(−𝜋∕6) = 𝑀com∕(𝑎 − 𝑏) = 𝑀𝑒 ⇒ 𝑎 − 𝑏 = 𝑟 TE, 𝜃 = −𝜋∕6
(25)

where 𝑟 represents the compression-to-extension strength ratio 𝑀com∕𝑀e and formulated as a friction-angle-dependent quantity 
𝑟 = 𝑟(𝜙): 

𝑟(𝜙) = 𝑀com∕𝑀e (26)

which is not treated as an independent trainable parameter in the AD framework, but as a derived shape-control variable. Therefore, 
the 𝑀approx(𝜃) with two anchor points can be refreshed as: 

𝑀approx(𝜃) =
2𝑀com

(1 + 𝑟) + (1 − 𝑟) sin 3𝜃
(27)

Specifically, once the friction-angle 𝜙 is determined, the 𝑀com can be computed. Then, given the lode angle 𝜃 = −𝜋∕6 and mean 
stress 𝑝, the corresponding value of 𝑞 in the original stress space can be obtained from: 

𝑞𝑐 (𝑝, 𝑞, 𝜃) = 𝑀com𝑝 (28)

Since 𝑞𝑐 is expressed in terms of stress invariants, its dependence on 𝑞 is implicit and nonlinear, and thus the above equation cannot 
be inverted analytically to give an explicit expression of 𝑞. Therefore, given the prescribed 𝜃 = −𝜋∕6, 𝑞 is computed numerically by 
solving the nonlinear scalar equation: 

𝐹 (𝑞) = 𝑞𝑐 (𝑝, 𝑞, 𝜃) −𝑀com𝑝 = 0 (29)

In this work, the root 𝑞(𝜃 = −𝜋∕6) is located by a bracketing strategy and then solved robustly using the bisection method, which 
can be further used to compute the 𝑀e = 𝑟 = 𝑀ts(𝜃 = −𝜋∕6).

However, as shown in Fig.  6(a), such a two-anchor form of the 𝑀approx(𝜃) remains limited. It can match 𝑀ts exactly under TC 
and TE paths but still exhibit systematic discrepancies at intermediate Lode angles (e.g. near 𝜃 = 0), which tend to be more visible 
when the calibrated friction angle is large.
10 
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Table 2
The detailed difference between two forms of the 𝑀approx(𝜃).
 𝑀approx(𝜃) Formula The number of

anchor points
Anchor
positions

Parameters 

 Two-anchor form 2𝑀com
(1+𝑟)+(1−𝑟) sin 3𝜃

2 𝜃 = 30◦ ,−30◦ 𝑟  
 Exponential form 𝑀com[

2
(1+𝑟1∕𝑘 )+(1−𝑟1∕𝑘 ) sin 3𝜃

]𝑘 3 𝜃 = 30◦ , 0◦ ,−30◦ 𝑟, 𝑘  

Table 3
The absolute error of two 𝑀approx formulations relative to 𝑀ts.
 𝑀approx(𝜃) 𝜃 = 15◦ 𝜃 = 0◦ 𝜃 = −15◦

 
Two-anchor form

𝜑 = 15◦ Error = 0.014 𝜑 = 15◦ Error = 0.012 𝜑 = 15◦ Error = 0.011 
 𝜑 = 45◦ Error = 0.164 𝜑 = 45◦ Error = 0.106 𝜑 = 45◦ Error = 0.095 
 𝜑 = 75◦ Error = 0.486 𝜑 = 75◦ Error = 0.215 𝜑 = 75◦ Error = 0.189 
 
Exponential form

𝜑 = 15◦ Error = 0.010 𝜑 = 15◦ Error = 0.000 𝜑 = 15◦ Error = 0.009 
 𝜑 = 45◦ Error = 0.012 𝜑 = 45◦ Error = 0.000 𝜑 = 45◦ Error = 0.012 
 𝜑 = 75◦ Error = 0.036 𝜑 = 75◦ Error = 0.000 𝜑 = 75◦ Error = 0.017 

To improve global agreement while preserving smoothness and symmetry of 𝑀approx(𝜃), a exponential transformation is 
introduced with: 

𝑀approx(𝜃) =
𝑀com
𝛼(𝜃)𝑘

, 𝑘 > 0 (30)

where 𝑘 controls the curvature (sharpness/roundness) of deviatoric parts generated by the two-anchor form of 𝑀approx(𝜃). However, 
a direct application of this transformation to Eq. (27) can alter the compression-to-extension strength ratio from 𝑟 to 𝑟𝑘. To preserve 
the prescribed ratio 𝑀com∕𝑀e = 𝑟, an internal ratio 𝑟𝑖𝑛 is introduced: 

𝑟𝑘in = 𝑟 ⇒ 𝑟in = 𝑟1∕𝑘 (31)

Then, Eq. (25) can be reformulated as: 
{

𝑀approx(𝜋∕6) = 𝑀com∕(𝑎 + 𝑏)𝑘 = 𝑀com ⇒ 𝑎 + 𝑏 = 1 TC, 𝜃 = 𝜋∕6

𝑀approx(−𝜋∕6) = 𝑀com∕(𝑎 − 𝑏)𝑘 = 𝑀e ⇒ 𝑎 − 𝑏 = 𝑟in = 𝑟1∕𝑘 TE, 𝜃 = −𝜋∕6
(32)

and the modified two anchor form of the 𝑀approx(𝜃) can be recomputed as: 

𝑀approx(𝜃) = 𝑀c[
2

(1 + 𝑟1∕𝑘) + (1 − 𝑟1∕𝑘) sin 3𝜃
]𝑘 (33)

where 𝑘 is also treated as a derived shape-control variable, and can be identified with another anchor point 𝑀ts(𝜃 = 0). The detailed 
difference between the two-anchor and the exponential form of 𝑀approx(𝜃) is listed in Table  2

As shown in Fig.  6(b), introducing the curvature parameter 𝑘 enables the 𝑀approx(𝜃) to match the global shape of the TS/SMP 
locus more closely across the entire Lode-angle range, while retaining the required 2𝜋∕3 cyclic symmetry to sin 3𝜃 and smooth 
differentiability under different friction angles.

Table  3 quantifies the absolute errors of the two 𝑀approx formulations relative to 𝑀ts under different Lode angles and friction 
angles. Since the 𝑀ts values at 𝜃 = −30◦ and 30◦ are prescribed as the anchoring conditions in both two forms of 𝑀approx, the errors 
at these two Lode angles are identically zero and therefore omitted. Accordingly, Table  3 reports only the errors at the Lode angles 
𝜃 = −15◦, 0◦, 15◦ for friction angle 𝜑 = 15◦, 45◦, 75◦ as shown in Fig.  6.

The results show that the exponential form of 𝑀approx can significantly reduce the intermediate-Lode-angle errors, particu-
larly under high friction angles where the two-anchor form exhibits large deviations. This demonstrates that the exponential 
mapping effectively compensates for the insufficient curvature/flexibility of the two-anchor interpolation between the prescribed 
compression–extension anchors.

2.4.2. A soft-gated stress-point integration scheme
A smooth, continuously differentiable stress-point integration process is crucial to the gradient-descent-based error backpropa-

gation algorithm and to maintaining the numerical stability of the parameter calibration process.
Given a strain increment 𝛥𝝐, the stress-point integration begins by computing the elastic trial stress by 𝝈tr

𝑛+1 = 𝝈𝑛 + De𝑛 ∶ 𝛥𝝐
with D𝑒

𝑛 being the elastic material matrix. The yield value is then evaluated at both the previous stress and the trial stress with 
𝑓 st = 𝑓 (𝝈𝑛,𝐻𝑛) and 𝑓 tr = 𝑓 (𝝈tr𝑛+1,𝐻𝑛), respectively.

Based on 𝑓 st and 𝑓 tr, the stress-point integration over a 𝛥𝝐 is classified as (i) inside the yield surface, (ii) crossing the yield 
surface, and (iii) outside the yield surface, as illustrated in Fig.  7. Specifically, the increment is accepted elastically in Fig.  7(a). 
The plastic return mapping is required to correct the stress state when the stress-point integration crosses or over the current yield 
surface 𝑓 = 0, as plotted in Fig.  7(b) and (c), respectively.
𝑛
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Fig. 7. Different situations within one stress-point integration.

As discussed in Section 2.3.2, the stress-point integration is iteratively executed in the sub-increment 𝛥𝝐𝑛 within a total strain 
increment 𝛥𝝐 with Eq. (16), and the stress-point integration can be unified into a single expression to describe three cases (inside, 
crossing, and outside the yield surface): 

𝝈𝑛+1 = 𝝈𝑛 + De𝑛 ∶ 𝑟mid𝛥𝝐𝑛 + De𝑛,rmid ∶ ((1 − 𝑟mid)𝛥𝝐𝑛 − 𝛥𝝐𝑝𝑛) (34)

where the plastic strain increment 𝛥𝝐𝑝𝑡  within 𝛥𝝐𝑡 follows the non-associated flow rule: 

𝛥𝝐𝑝 = 𝑑𝜆𝜕𝑔𝑛,rmid∕𝜕𝝈rmid (35)

and the plastic factor 𝑑𝜆 is derived from the consistency condition: 

𝑑𝑓 =
𝜕𝑓𝑛,rmid
𝜕𝝈rmid

𝑑𝝈 +
𝜕𝑓𝑛,rmid
𝜕𝐻𝑛

𝑑𝐻 =
𝜕𝑓𝑛,rmid
𝜕𝝈rmid

De𝑛,rmid(𝑑𝝐𝑛 − 𝑑𝜆
𝜕𝑔𝑛,rmid
𝜕𝝈rmid

) +
𝜕𝑓𝑛,rmid
𝜕𝐻𝑛

𝜕𝐻𝑛

𝜕𝝐𝑝𝑛
𝑑𝜆

𝜕𝑔𝑛,rmid
𝜕𝝈rmid

= 0 (36)

leading to 𝑑𝜆: 

𝑑𝜆 =
( 𝜕𝑓𝑛,rmid

𝜕𝝈rmid
De𝑛,rmid𝑑𝝐𝑛

)

∕
( 𝜕𝑓𝑛,rmid

𝜕𝝈rmid
De𝑛,rmid

𝜕𝑔𝑛,rmid
𝜕𝝈rmid

−
𝜕𝑓𝑛,rmid
𝜕𝐻𝑛

𝜕𝐻𝑛

𝜕𝝐𝑝𝑛

𝜕𝑔𝑛,rmid
𝜕𝝈rmid

)

(37)

with 𝝈rmid = 𝝈𝑛 + De𝑛 ∶ 𝑟mid𝛥𝝐𝑛 and 𝑓𝑛,rmid = 𝑓 (𝝈rmid,𝐻𝑛)
The elastic ratio 𝑟mid ∈ [0, 1] in one 𝛥𝝐𝑛 in Eq. (34) serves as a switch between three situations within the stress-point integration 

and is controlled by values of both 𝑓 𝑠𝑡 and 𝑓 𝑡𝑟, and as: 

𝑟mid =

⎧

⎪

⎨

⎪

⎩

1 𝑓 𝑡𝑟 < 0
(0, 1) 𝑓 𝑠𝑡 < 0, 𝑓 𝑡𝑟 > 0
1 𝑓 𝑠𝑡 > 0, 𝑓 𝑡𝑟 > 0

(38)

As the trial stress is computed under the elastic assumption, a linear interpolation along the elastic stress path is used to locate 𝑟𝑚𝑖𝑑
as an approximation to its exact solution within a tiny 𝛥𝝐𝑡 when 𝑓 st < 0 and 𝑓 tr𝑛+1 > 0: 

(1 − 𝑟mid)𝑓 st + 𝑟mid𝑓
tr = 0 ⟹ 𝑟mid =

𝑓 st

𝑓 st − 𝑓 tr
(39)

When 𝑟mid = 0, 𝑜𝑟 1, De𝑛,rmid = De𝑛, 𝝈rmid = 𝝈𝑛, 𝑓𝑛,rmid = 𝑓 𝑠𝑡, and 𝑔𝑛,rmid = 𝑔𝑛.
However, the above definition of 𝑟mid renders the piecewise switch (inside/crossing/outside) non-differentiable at 𝑟mid = 0 and 

𝑟mid = 1. Therefore, a cubic Hermite smooth operator 𝑆(𝑢) is applied to 𝑟mid to ensure the interior of (0,1) remains unchanged while 
two endpoints are differentiable with an edge width 𝛿𝑟: 

𝑆(𝑢) =

⎧

⎪

⎨

⎪

⎩

2𝑢2∕𝛿𝑟 − 𝑢3∕𝛿2𝑟 0 < 𝑢 ≤ 𝛿𝑟
𝑢 𝛿𝑟 < 𝑢 < 1 − 𝛿𝑟

1 − [2(1 − 𝑢)2∕𝛿𝑟 − (1 − 𝑢)3∕𝛿2𝑟 ] 1 − 𝛿𝑟 ≤ 𝑢 < 1
(40)

and the rounded elastic ratio is therefore revised as: 

𝑟mid =

⎧

⎪

⎨

⎪

⎩

1, 𝑓 tr < 0
𝑆(𝑟mid), 𝑓 st < 0, 𝑓 tr > 0

0, 𝑓 st > 0, 𝑓 tr > 0
(41)
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Algorithm 2 The stress-point integration process with a local edge-rounding clipping
1: Given: strain increment 𝛥𝝐 and void ratio 𝑒𝑛; 
2: Compute elastic material matrix De𝑛
3: Split 𝛥𝝐 into sub-increment 𝛥𝝐𝑛
4: for 𝑛 = 0, 2, 3, ..., 𝑇 − 1 do 
5: Compute 𝝈tr

𝑛+1 ←∶ 𝝈𝑛 + De𝑛 ∶ 𝛥𝝐𝑛
6: Compute 𝐻𝑛 with Eq. (8)
7: Compute 𝑓 st(𝝈tr

𝑛 ,𝐻𝑛),  𝑓 tr(𝝈tr
𝑛+1,𝐻𝑛)

8: Compute 𝑟mid
9: if 𝑟mid = 1 then 
10: 𝝈𝑛+1 ←∶ 𝝈tr

𝑛+1
11: else 
12: Update 𝝈𝑛 ←∶ 𝝈rmid, 𝑓𝑛 ←∶ 𝑓𝑛,rmid, 𝑒𝑛 ←∶ 𝑒rmid = 𝑒𝑛 − (1 + 𝑒𝑛)𝑟mid ∗ 𝛥𝝐𝑛,𝑣
13: Compute De𝑛,rmid
14: Compute 𝑑𝜆 and 𝛥𝝐𝑝𝑛, 
15: Correct 𝝈𝑛+1 ←∶ 𝝈𝑛 + De𝑛 ∶ 𝑟mid𝛥𝝐𝑛 + De𝑛,rmid ∶ ((1 − 𝑟mid)𝛥𝝐𝑛 − 𝛥𝝐𝑝𝑛)
16: end if
17: Update 𝝈𝑛 ←∶ 𝝈𝑛+1, 𝑒𝑛 ←∶ 𝑒𝑛+1, 𝝐𝑝𝑛 ←∶ 𝝐𝑝𝑛+1
18: Update De𝑛 ←∶ De𝑛+1
19: Update 𝐻𝑛 ←∶ 𝐻𝑛+1
20: Update 𝑓 st ←∶ 𝑓 (𝝈𝑛+1,𝐻𝑛+1)
21: 𝑛 ←∶ 𝑛 + 1
22: end for

The detailed implementation of the stress-point integration process in the CSUH model is listed in Algorithm 2.

2.4.3. Backpropagation-induced gradient flow during parameter updating
As exhibited in Fig.  5, the error-backpropagation scheme is leveraged to update the CSUH parameters after computing the 

normalised 𝑡𝑜𝑡. However, the stress-point integration in one 𝛥𝝐 is iteratively executed within sub-strain increment 𝛥𝝐𝑛. Furthermore, 
the supervision is available only at the terminal substep, i.e. a labelled stress 𝝈RVE associated with 𝛥𝝐𝑇𝑛 . Therefore, the corresponding 
modification is required for the reverse AD process to ensure the gradient of the trainable weight can be transmitted around a total 
𝛥𝝐.

During the optimisation process, the normalised loss 𝑡𝑜𝑡 is backforwarded to update the gradient of trainable weight 𝑾 (𝑡) at 
the current moment 𝑡: 

𝜕𝑡𝑜𝑡

𝜕𝑾 (𝑡)
=

𝜕𝝈
𝜕𝝋

∶
𝜕𝝋

𝜕𝑾 (𝑡)
+

𝜕𝝋

𝜕𝑾 (𝑡)
= 𝝋(0) 𝜕

𝜕𝝈𝑇
∶
𝜕𝝈𝑇
𝜕𝝋

+
𝜕𝝋

𝜕𝑾 (𝑡)
(42)

According to Eq. (34), 𝝈𝑛+1 is a function of 𝝈𝑛 and 𝝋: 

𝝈𝑛+1 =  𝑛(𝝈𝑛,𝝋) (𝑛 = 0, 1,… , 𝑇 − 1) (43)

As the computation of 𝝈𝑛+1 depends on 𝝈𝑛, thereby 𝜕𝝈𝑛+1∕𝜕𝝋 can be iteratively solved by: 

𝑱 𝑛+1 =
𝜕 𝑛
𝜕𝝈𝑛

𝑱 𝒏 +
𝜕 𝑛
𝜕𝝋

𝑤𝑖𝑡ℎ 𝑱 𝑛 ≡
𝜕𝝈𝑛
𝜕𝝋

, 𝐺𝑛 =
𝜕 𝑛
𝜕𝝈𝑛

=
𝜕𝝈𝑛+1
𝜕𝝈𝑛

, 𝐶𝑛 =
𝜕 𝑛
𝜕𝝋

|𝝈𝑛 =
𝝈𝑛+1
𝜕𝝋

|𝝈𝑛 (44)

and accordingly, Eq. (42) can be rewritten as: 

𝜕
𝜕𝑾 (𝑡)

= 𝝋(0) 𝜕
𝜕𝝈𝑇

∶
𝑇−1
∑

𝑛=0
(
𝑇−1
∏

𝑘=𝑛+1
𝐺𝑘)𝐶𝑛 +

𝜕𝝋

𝜕𝑾 (𝑡)
(45)

with: 

𝐶𝑛 =
𝜕De𝑛
𝜕𝝋

∶ 𝑟mid𝛥𝝐𝑛 + De𝑛 ∶
𝜕𝑟mid
𝜕𝝋

𝛥𝝐𝑛 +
𝜕De𝑛,rmid

𝜕𝝋
∶ 𝑷 𝑛 + De𝑛,rmid ∶ (−

𝜕𝑟mid
𝜕𝝋

𝛥𝝐𝑛 −
𝛥𝝐𝑝𝑛
𝜕𝝋

) (46)

𝐺𝑛 = 𝐈 +
𝜕𝝈𝑛+1
𝜕𝑟mid

𝜕𝑟mid
𝝈𝑛

+
𝜕𝝈𝑛+1
𝜕D𝑡

𝑛

𝜕D𝑒
𝑛

𝝈𝑛
+

𝜕𝝈𝑛+1

𝜕De𝑛,rmid

𝜕De𝑛,rmid
𝝈𝑛

+
𝜕𝝈𝑛+1

𝜕𝛥𝜖𝑝𝑛

𝜕𝛥𝜖𝑝𝑛
𝝈𝑛

(47)

where 𝑷 𝑛 = (1− 𝑟mid)𝛥𝝐𝑛 −𝛥𝝐𝑝𝑛. Then the gradient of 𝑾 (𝑡) can be updated with the learning rate 𝜷 until the final training epoch by: 

𝑾 (𝑡+1) = 𝑾 (𝑡) − 𝛽
𝜕𝑡𝑜𝑡

𝜕𝑾 (𝑡) 𝑡𝑜𝑡
(48)

where 𝜷 is learning rate and related to the adopted optimiser.
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Table 4
The parameters of each RVE in the exFEM-DEM simulation.
 Parameter Value 
 Particle number 1000  
 Particle size range (mm) (3∼7) 
 Young’s modulus (MPa) 600  
 Density (kg∕m3) 2650  
 Particle frictional coefficient 0.5  
 Damping ratio 0.1  

Fig. 8. The solved displacement field of the exFEM-DEM strip footing problem.

3. The optimisation for surrogate material mode

This section presents the detailed optimisation results for each elastic and plastic parameter mentioned in Section 2.3.1 using 
the collected RVE datasets generated by an exFEM-DEM modelling.

3.1. An explicit FEM-DEM strip footing modelling

In this section, a strip-footing problem is simulated within the exFEM-DEM framework under a 2D plane-stress FE setting with 
out-of-plane stress and strain components of zero, and the stress–strain curves of each RVE at the Gauss point are collected during the 
modelling, serving as the training set. The computational domain is a 4.0 m × 2.0 m rectangular domain with a 0.3 m rigid footing 
at its top-left corner. The domain is discretised using an unstructured triangular mesh; in total, 552 finite elements are generated 
with 552 Gauss-point RVEs embedded. The base boundary is fully fixed, whereas the two lateral boundaries are constrained in 
the horizontal direction and free in the vertical direction. A uniform surcharge 𝑃0 = 100 kPa is applied to the rigid footing. 
A displacement-controlled vertical loading is imposed by prescribing a constant downward velocity of 𝑣 = 0.1 m∕s with a time 
increment of 𝛥𝑡 = 2 × 10−4 s. The loading is advanced until a nominal loading strain of 7.5% is reached.

In the strip-footing exFEM-DEM modelling, disk-based (2D) RVEs are adopted to provide a well-defined in-plane macroscopic 
stress–strain response, to match the plane-stress FE setting. The detailed micro-parameters adopted for the RVE assemblies in the 
exFEM–DEM simulations are summarised in Table  4. Specifically, each RVE comprises 1000 disks with diameters in the range 
6–12 mm and a thickness of 0.1 m, modelled as linear-elastic solids with a Young’s modulus of 600 MPa and a density of 2650 kg/m3. 
Inter-particle contact behaviour is characterised by the linear elastic–frictional contact model in Yade with a friction coefficient 
of 0.5, and a viscous damping ratio of 0.1 is introduced to represent energy dissipation and improve numerical stability. Prior to 
their use in the explicit FEM–DEM coupling, each RVE packing is first isotropically consolidated under hydrostatic confinement to 
a target mean effective stress of 𝑝0 = 𝜎0 = 100 kPa, so that a well-defined, stress-equilibrated initial state is obtained for subsequent 
loading.

The explicit FEM-DEM strip footing modelling is implemented on a workstation equipped with a 12th-generation Intel Core i7 
CPU (16 cores) and an NVIDIA GeForce GTX 2060 Ti GPU. A shared-memory parallel mode using the multiprocessing module 
at the Python library is leveraged, enabling concurrent RVE evaluations across Gauss points with multiple CPU cores. With these 
hardware and parallel settings, the complete strip-footing analysis, comprising 7500 load steps, required a total wall-clock time of 
12.37 h. The strain and stress states of each load step are collected as the training set used to optimise the CSUH-based surrogate. 
The solved displacement field by the exFEM-DEM scheme is plotted in Fig.  8.

To further demonstrate the training data, Fig.  9 presents recorded stress–strain curves from representative Gauss points during the 
strip footing simulation, providing insight into the space of the training sample. Such RVE datasets capture stress–strain responses of 
local Gauss points in which the stress components 𝜎11, 𝜎12, and 𝜎22 evolve jointly, thereby sampling a richer region of the stress–strain 
space than typical triaxial loading cases. This joint coverage provides additional constraints for both elastic and plastic parameters, 
enhancing the generalisation of the optimised model under complex loading conditions. Additionally, calibration with RVE data 
14 
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Fig. 9. Partial stress–strain space of training samples extracted from RVEs in the exFEM–DEM strip footing simulation.

requires minimising a sequence-level joint loss across all stress components over all time steps, rather than fitting a few feature 
points. This optimisation paradigm enforces tensorial consistency among the stress components, preserves path dependence and 
loading history, and avoids the information loss associated with feature selection, thereby yielding a more physically consistent and 
robust calibration.

3.2. The selection of the smoothing parameter in the soft-gated operator

The soft-gated stress-point integration in Section 2.4.2 employs a smooth operator 𝑆(𝑢) to replaces the non-differentiable, 
piecewise elastic–plastic switch at 𝑟mid = 0 and 𝑟mid = 1 with a smoothing parameter 𝛿𝑟, serving as a hyper-parameter controlling 
the extent of smoothing. To select a suitable value of 𝛿𝑟, an exFEM strip-footing simulation is performed using the original CSUH 
parameters with 𝛿𝑟 = 0. During the simulation, the pairs (𝑓 st, 𝑓 tr) are recorded and used as baseline samples to quantify how 
different 𝛿𝑟 affects the computed 𝑟mid.

As the smoothing function 𝑆(𝑢) is activated only when the stress update involves an intersection with the yield surface within an 
increment, only the crossing cases where 𝑓 st < 0 and 𝑓 tr > 0 are focused as shown in Fig.  10(a) and (b), respectively. It is observed 
that more than 60% data fall within 𝑓 st ∈ (−10−3, 0) and 𝑓 tr ∈ (0, 10−3). This indicates that the elastic trial stress typically crosses 
the yield surface only marginally, rendering 𝑟mid numerically sensitive. This sensitivity can be amplified during backpropagation, 
necessitating the introduction of the smoothing operator 𝑆(𝑢).

Using the baseline dataset of 𝑓 st, 𝑓 tr, 𝑟mid computed without smoothing (𝛿𝑟 = 0) are compared against the smoothed counterparts 
obtained with 𝛿𝑟 = 0.05 and 𝛿𝑟 = 0.10, and summarised in Fig.  11. The comparison result shows that increasing 𝛿𝑟 progressively 
modifies the near-endpoint region, where values of 𝑟mid close to 0 are pushed upward, and values close to 1 are pulled downward. 
This implies that a systematic deviation from the original stress-point integration is introduced when 𝛿  is too large, which can 
𝑟
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Fig. 10. The distribution of 𝑓 𝑠𝑡 and 𝑓 𝑡𝑟 within crossing yield surface cases.

Fig. 11. The deviation of 𝑟𝑚𝑖𝑑 with the increase of 𝛿𝑟.

result in a noticeable bias in the stress update. Based on this sensitivity analysis, the upper bound for 𝛿𝑟 is restricted to 0.05, so that 
smoothing remains confined to a narrow neighbourhood of the endpoints and the induced integration bias is kept limited.

Then, the effect of 𝛿𝑟 on the smoothness of the elastic–plastic transition is assessed in Fig.  12, which compares the mapping 
𝑆(𝑟mid, 𝛿𝑟) for 𝛿𝑟 ∈ 0.01,0.02, 0.03, 0.04, 0.05 against the non-smoothed case. The comparison result shows that when 𝛿𝑟 is too 
small (e.g., 𝛿𝑟 = 0.01 or 0.02), the transition zone becomes extremely narrow, resulting in a limited practical smoothing effect. By 
contrast, 𝛿𝑟 values in the range of 0.03 to 0.05 produce a clearly smoother transition in the vicinity of 𝑟mid = 0 and 1, consistent 
with the intended behaviour of the Hermite-based soft gate.

Taken together, the choice of 𝛿𝑟 reflects a balance between integration fidelity and differentiability. The sensitivity analysis in 
Fig.  11 indicates that 𝛿𝑟 should not exceed 0.05, as larger values introduce a systematic departure from the original stress-point 
integration and may bias the stress update. In contrast, the smoothness results in Fig.  12 show that excessively small 𝛿𝑟 yields 
insufficient smoothing, providing limited benefit for stabilising the AD process. Balancing these competing requirements, 𝛿𝑟 = 0.03 
is finally adopted.
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Fig. 12. The effect of 𝛿𝑟 on the smoothness of the elastic–plastic transition.

3.3. Optimisation results for elastoplastic parameters in CSUH-based surrogate

In Section 3.2, a numerically reasonable range for the smoothing width 𝛿𝑟 is identified using 𝑓 st, 𝑓 tr computed from the 
forward stress-point integration in the exFEM simulations. This range provides a principled guideline for selecting 𝛿𝑟, thereby 
substantially reducing the need for extensive trial-and-error experiments against training-loss curves. In this section, to further refine 
the selection of 𝛿𝑟 and penalty coefficient 𝛾, and to systematically assess the influence of the proposed AD-compatible modifications 
on optimisation smoothness, numerical stability, and convergence characteristics, three controlled comparative experiments are 
performed under distinct training schemes.

During the optimisation process, the early stopping technique is not adopted as the training loss curve exhibits frequent spike-
like oscillations. An early-stopping criterion can therefore be triggered prematurely by transient loss fluctuations and terminate 
optimisation before the parameters reach a stable basin or before later-stage improvements are realised. Instead, each training 
scheme is run for up to 50,000 epochs with an initial learning rate of 0.01, and initial parameter values adopted from Yao 
et al. (2019), but with different treatment of the intermediate principal-stress coefficient and stress-point integration strategy. 
The surrogate in training scheme1 adopted the original CSUH transformed-stress (TS) formulation to account for the intermediate 
principal-stress coefficient and applies a stress-point integration strategy without the smoothing strategy; the stress-point integration 
is regularised using the soft-gated strategy in 𝑠𝑐ℎ𝑒𝑚𝑒2 while the original transformed-stress (TS) formulation is retained; both AD-
compatible modifications in Section 2.4 are activated in training 𝑠𝑐ℎ𝑒𝑚𝑒3. For each training scheme, the optimisation is repeated with 
different random seeds, multiple values of 𝛿𝑟 and 𝛾, thereby enabling robustness testing of the proposed AD-compatible modifications 
and providing a reference for selecting the final used 𝛿𝑟 and 𝛾.

Fig.  13 presents training results for three training schemes. Each case is run for up to 50,000 epochs with an initial learning 
rate of 0.01. 80% RVE loading curves generated from the exFEM–DEM modelling are used to optimise the CSUH surrogate, with 
10% of the stress–strain pairs reserved for validation to avoid overfitting during training. Before splitting, the data set is randomly 
shuffled. Training 𝑠𝑐ℎ𝑒𝑚𝑒1 is repeated five times in all data with different random seeds as shown in Fig.  13(a). The results show 
that training 𝑠𝑐ℎ𝑒𝑚𝑒1 consistently achieves a rapid reduction in early-stage loss in all random seeds, followed by a noticeably slower 
decay with intermittent needle-like oscillations.

In Fig.  13(b), 𝑠𝑐ℎ𝑒𝑚𝑒2 is assessed under five 𝛿𝑟 values within the identified range in Section 3.2, with the soft-gated stress-
point integration enabled. Despite intermittent needle-like oscillations, the resulting loss is substantially lower, indicating improved 
optimisation stability due to the smoothed yield-state transition. An obvious 𝛿𝑟-dependence of the training results is also identified. 
The final loss converges to comparable levels for 𝛿𝑟 = 0.01,0.02, and 0.03, whereas a larger smoothing value of 𝛿𝑟 = 0.05 yields 
a noticeably higher residual, with the training loss over the last 2000 epochs significantly increasing to approximately 0.020. This 
result indicates that, while the introduction of 𝛿𝑟 can improve the stability of the AD-based optimisation process, excessively large 
𝛿𝑟 can adversely affect the performance of the final calibrated model. These observations provide further support for the choice of 
𝛿  in Section 3.2.
𝑟
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Fig. 13. The training procedure of different optimisation schemes for the CSUH-based surrogate.

With the surrogate further revised to include an explicit parameterisation of the intermediate principal-stress ratio, 𝑠𝑐ℎ𝑒𝑚𝑒3
exhibits faster convergence and the smallest loss variance across the tested penalty weights 𝛾 as shown in Fig.  13(c). The superior 
performance of 𝑠𝑐ℎ𝑒𝑚𝑒3 stems from the explicit treatment of the intermediate principal-stress coefficient, significantly reducing 
square-root and division operations embedded in the TS formulation, thereby providing more stable AD conditioning than 𝑠𝑐ℎ𝑒𝑚𝑒2.

The selection of 𝛾 used in 𝑠𝑐ℎ𝑒𝑚𝑒3 is guided by balancing the constraint enforcement against stress fitting by maintaining 𝛾𝝋
at a magnitude comparable to 𝛾𝝈 when violations occur. Using a penalty-free pre-training run as a reference scale, the order of 𝛾
used in 𝑠𝑐ℎ𝑒𝑚𝑒3 is set to 10−1∼10−2 to ensure an effective regularisation without degrading convergence stability. In both 𝑠𝑐ℎ𝑒𝑚𝑒2
and 𝑠𝑐ℎ𝑒𝑚𝑒3, the bound-penalty term 𝛾𝝋 is activated only when optimised parameters violate their prescribed ranges, otherwise it 
remains zero. As presented in Fig.  13(d), with the same 𝛿𝑟 and 𝛾 setting, 𝛾𝝋 is triggered earlier in training 𝑠𝑐ℎ𝑒𝑚𝑒2 than in 𝑠𝑐ℎ𝑒𝑚𝑒3. 
This earlier activation is consistent with the more prominent loss oscillations in 𝑠𝑐ℎ𝑒𝑚𝑒2, increasing the likelihood of overshooting 
bounded regions during parameter updates.

In addition to the loss evolution of the CSUH-based surrogate, Fig.  14 reports the epoch-wise evolution of several key elastoplastic 
parameters, including 𝜆, 𝜅, 𝑁 , 𝑍, 𝑀 , and 𝑚 for 𝑠𝑐ℎ𝑒𝑚𝑒2 and 𝑠𝑐ℎ𝑒𝑚𝑒3 under 𝛿𝑟 = 0.03, 𝛾min = 0.01 and 𝛾max = 0.1. These results 
both confirm the effectiveness of the bound-penalty mechanism during optimisation and offer further insight into the physical 
interpretability and consistency of the training process.

Across all evolution results of constitutive parameters in Fig.  14, 𝑠𝑐ℎ𝑒𝑚𝑒2 and 𝑠𝑐ℎ𝑒𝑚𝑒3 exhibit parameter-update paths, yet 
their long-term trends are consistent, indicating the key CSUH parameters are identifiable under the RVE training constraints. 
Furthermore, several variables, including 𝜆, 𝑍, 𝑀 , and 𝑚, in 𝑠𝑐ℎ𝑒𝑚𝑒2 repeatedly interact with the prescribed bounds, implying 
intermittent activation of the penalty mechanism when parameter updates leave the admissible domain, whereas the optimisation 
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Fig. 14. The evolution process of optimisable constitutive parameters during the training process.
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Table 5
The final adopted constitutive parameters in the CSUH-based surrogate.
 Parameters 𝜅 𝜆 𝑁 𝑍 𝑚 𝜈 𝑒0 𝑀  
 Original 0.04 0.135 1.9 0.9 1.8 0.2 0.721 1.25  
 Optimised 0.162 0.223 2.253 0.516 0.635 0.236 0.276 0.792 

curves of most of these parameters smoothly converge to designated interior plateaus in 𝑠𝑐ℎ𝑒𝑚𝑒3. This observation is consistent with 
the loss and penalty evolutions in Fig.  13. Additionally, 𝑠𝑐ℎ𝑒𝑚𝑒3 shows smaller fluctuations and better monotonicity than 𝑠𝑐ℎ𝑒𝑚𝑒2. 
This indicates that the differentiability-oriented modification in Section 2.4 can effectively alleviate the non-smoothness gradient 
update during the error-backpropagation process, thereby improving optimisation stability and convergence efficiency.

More specifically, to reproduce the RVE response, the mild increases in 𝜆 and 𝑁 together with the significant reduction in 
𝑍 shown in Fig.  14(a), (c) and (d) lead to an increase of 𝑝s via Eq. (13), indicating a larger curvature of the ICL, delaying the 
onset of prominent contractive behaviour (i.e., the later approach to the asymptotic NCL). This trend is consistent with RVE-scale 
micro-mechanisms in which early-stage contact-network rearrangement and evolution can absorb shear deformation with limited 
volumetric collapse, thereby postponing the emergence of apparent contractancy. Furthermore, the remarkable increase in 𝜅 (Fig. 
14(b)) with a mild rise in 𝜆 steepens both the ACL and NCL while reducing their separation, yielding a smaller 𝜉 at a given 𝜂. Together 
with this decrease in 𝜉, the strong reductions in 𝑀 and 𝑚 in Fig.  14(e) and (f) lead to an overall reduction in 𝑀𝑐 = 𝑀 exp (−𝑚𝜉), 
implying a shortened contractive regime and a more rapid transition from contractancy to dilatancy in the RVE response.

Finally, the parameter set at training epoch 48,690 of 𝑆𝑐ℎ𝑒𝑚𝑒3, where the loss attains its minimum of 1.49e−3, is adopted and 
reported in Table  5. These constitutive parameters jointly govern the model’s performance, and a comprehensive evaluation of the 
optimised model is presented using representative BVPs in the next section.

4. Numerical validation

In this section, the surrogate equipped with the calibrated constitutive parameters is validated against representative BVPs. Under 
the 2D setting, the assessment considers three benchmarks: biaxial compression, retaining-wall, and cavity expansion.

In addition, the proposed framework is extended to three dimensions by performing a conventional triaxial compression (CTC) 
exFEM–DEM simulation to generate the training dataset for recalibrating the CSUH-based surrogate. The CSUH parameters identified 
from the 2D strip-footing benchmark are not directly transferred to the 3D setting. The reason is that the training data produced 
by the 2D exFEM–DEM modelling with disk-based RVEs provides only an in-plane (2D) stress state, and no out-of-plane component 
is defined, which is fundamentally different from 3D cases. The re-optimised surrogate is subsequently evaluated on a distinct 3D 
BVP, namely plane-strain triaxial compression (PTC), to demonstrate its generalisation capability beyond the training loading paths.

For each BVP, predictions from the optimised and original constitutive models are benchmarked against the corresponding 
explicit FEM-DEM reference with the same mesh without introducing any implicit length scale or regularisation, evaluating the 
capability of the optimised model to reproduce the RVE mechanical response.

4.1. Biaxial compression

4.1.1. Validation results in the RVE scale
In this section, the biaxial compression problem is first leveraged to validate the optimised surrogate. Three biaxial compression 

modellings are conducted using the original CSUH model, the optimised CSUH model and the RVE model, providing the local 
stress–strain response, respectively. Each modelling is performed on a 0.05 m × 0.1 m rectangular specimen discretised with 484 
unstructured triangular meshes shown in Fig.  15.

In the biaxial compression simulation, two lateral boundaries of the specimen are left traction-free, allowing for their deformation 
along both axial and lateral directions while a constant confining pressure of 𝑃0 = 100 kPa is applied. Axial loading is imposed on 
the top surface in a displacement-controlled manner up to 10% axial strain, with a time increment of 2 × 10−4 and a loading rate of 
0.01 m per step with 5000 increments.

The loading histories of six representative Gauss points marked in purple in Fig.  15 are plotted in Fig.  16. Compared with the 
original one, the optimised CSUH model reproduces the RVE stress–strain responses with markedly improved agreement. Minor 
discrepancies emerge in the later loading stage, where the predicted responses exhibit a mild drift from the RVE. Such deviations 
are consistent with post-peak behaviour, where strain localisation amplifies small perturbations in the evolution of internal variables, 
and the incremental stress-point updates accumulate the stepwise errors over long loading histories.

The stress–strain domain sampled under the biaxial compression modelling with the optimised-CSUH is compared with that 
represented by the strip-footing dataset employed for parameter optimisation in Fig.  17. The limited overlap between the two 
domains indicates that the two BVPs induce distinct deformation regimes and stress-path characteristics, supporting the extrapolative 
performance of the optimised CSUH model under loading conditions not represented in the calibration data.

Additionally, the orientation mismatch 𝜃𝜖 − 𝜃𝜎 of the optimised CSUH model is further evaluated, where 𝜃𝜖 and 𝜃𝜎 are defined 
by the principal directions of the strain and stress tensors, respectively. Fig.  18(a) shows that the original CSUH response yields a 
relatively smooth and weakly dispersed evolution along with equivalent strain 𝜖𝑒. In comparison, the exFEM–DEM reference in Fig. 
18(b) exhibits a larger and more scattered angular deviations. After data-driven calibration, the optimised CSUH model reproduces 
a misalignment-angle distribution that is closer to the DEM reference in both range and dispersion, as evidenced in Fig.  18(c), 
indicating improved agreement with the multiscale response.
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Fig. 15. The boundary conditions for the biaxial compression modelling.

4.1.2. The macroscopic modelling result of biaxial compression simulation
As discussed in the last section, the optimised CSUH model exhibits good consistency with both the physical characteristics and 

the stress–strain responses obtained from the RVE simulations. The following subsection further validates its performance through 
macroscopic modelling results of the biaxial compression BVP.

Fig.  19 demonstrates the shear strain localisation predicted by the exFEM-DEM strategy, the exFEM with the original CSUH, 
and the optimised CSUH model at different load steps. It is observed that the original CSUH model exhibits an overly narrow and 
strongly localised shear band with initial constitutive parameters. In contrast, the exFEM-optimised-CSUH approach, augmented 
with insights derived from RVE datasets, mitigates excessive peak localisation observed with the exFEM-Original-CSUH approach 
and predicts a more diffuse shear strain distribution on the same FE mesh, without introducing any explicit internal length scale, 
nonlocal formulation, or gradient regularisation. This response is more consistent with the shear band morphology observed in 
the reference exFEM-DEM simulation. The computational settings for each simulation, including the number of Gauss points, total 
loading steps, and wall-clock time, are listed in Table  6.

Such a transition is consistent with the optimised parameter set of the CSUH-based surrogate. A prominent increase in 𝜅 with a 
mild rise in 𝜆 steepens the ACL and NCL and reduces their separation, lowering sensitivity of 𝜉 = 𝑒𝜂 − 𝑒 = (𝜆 − 𝜅) ln(1 + 𝐴(𝜂)

1+𝑝𝑠
) to the 

changes in the stress ratio 𝜂 according to Eqs.  (12) and (14). Consequently, 𝜉 evolves more gradually along the loading path, limiting 
the minor perturbations of local states into abrupt changes in strength and flow characteristics and hence mitigating collapse into 
an overly thin localisation band. In parallel, the reduced 𝑀 and 𝑚 weaken the dependence of 𝑀𝑐 on the state variable 𝜉 (Eq. (10)), 
alleviating abrupt state-driven strength loss and suppressing the onset of a positive feedback loop in which local softening accelerates 
strain concentration. Finally, the mild increases in 𝜆 and 𝑁 together with the significant reduction in 𝑍 increase 𝑝𝑠 via Eq. (13), 
increasing the curvature of the ICL and allowing inelastic deformation to accumulate over a wider region, thereby delaying the 
onset of a distinct shear band.

Furthermore, the top force and volume strain obtained from three approaches are also presented in Fig.  20 to assess the 
performance of the optimised model in solving macroscopic BVPs. As shown in Fig.  20(a), the FEM-optimised-CSUH approach, 
enhanced with RVE-informed data features, displays a smoother post-peak decay, while its peak top-force is reduced and brought 
closer to the exFEM-DEM reference. This improvement is primarily attributable to the substantial decrease in 𝑀 , which lowers the 
critical-state stress ratio and thereby reduces the peak resistance in the optimised CSUH. Meanwhile, the substantial increase in 𝜅
reduces the elastic bulk modulus 𝐾 and consequently the shear modulus 𝐺, moderating pre-yield stress build-up and further limiting 
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Fig. 16. The predicted stress of the CSUH-based data-driven model.
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Fig. 17. The difference in loading space between the strip footing and the biaxial compression problems.

Table 6
The detailed experimental parameters of the three biaxial compression modelling.
 Methods Gauss points Total steps Running times/h Overall MAE Peak error/kN Post-peak error/kN 
 exFEM-DEM 484 5000 10.974 \ \ \  
 exFEM-Original-CSUH 484 5000 0.146 24.31 33.02 22.76  
 exFEM-Optimised-CSUH 484 5000 0.142 6.92 3.57 8.23  

the peak load. The overall mean average error (MAE), peak error, and post-peak error between the exFEM-DEM and exFEM-CSUH 
computation of the top force are listed in Table  6.

The volumetric response computed by the exFEM-optimised-CSUH approach also shows closer agreement with the exFEM-DEM 
benchmark in Fig.  20(b), characterised by an earlier contractancy-to-dilatancy transition and a smaller terminal volumetric strain. As 
the contractancy-dilatancy switch depends on the mobilisation of the stress ratio 𝜂 relative to the 𝑀𝑐 in Eq. (8), a smaller 𝑀𝑐 triggers 
dilation at a smaller 𝜂. In addition, the decrease in (𝜆−𝜅) attenuates the evolution of the state variable 𝜉. Given the state-dependent 
dilatancy in CSUH, the slower variation of 𝜉 moderates post-peak dilation growth and results in a reduced terminal volumetric 
strain.

4.2. Retaining wall

The optimised CSUH model is also used to model the retaining wall problem to fully explore its capability to solve various BVPs. 
As shown in Fig.  21, the retaining wall problem is defined on a 3.6 m × 2.0 m domain discretised using 321 unstructured triangular 
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Fig. 18. Difference in angle between the principal direction of strain and stress tensor 𝜃𝜖 − 𝜃𝜎 .

finite elements. The base of the geometry domain is fully fixed in both horizontal and vertical directions, and the top boundary is 
traction-free. To enforce plane strain conditions, the left boundary is restrained in the horizontal direction. A rigid retaining wall 
with a height of 1.5 m is positioned along the right boundary of the domain, and the left part of the right boundary is fully fixed. 
The interface between the wall and the soil is assumed to be rough, preventing the relative vertical displacement between the soil 
and the rigid wall with a uniformly distributed surcharge of 𝑃0 = 100 kPa applied to the wall. To model active wall movement, a 
displacement-controlled loading is applied horizontally to the wall until a total displacement of 0.26 m is reached.

Three methods used in Section 4.1 are employed again to solve the displacement fields of the retaining wall problem, respectively, 
and the simulation results at different load steps are presented in Fig.  22. In both Fig.  22(a) and (b), the exFEM-Original-CSUH 
framework predicts a relatively smaller and more dispersed deformation zone, especially in the upper backfill region, where the 
displacement field is underestimated compared to the FEM-DEM benchmark. In contrast, the exFEM-optimised-CSUH model shows a 
significantly improved match with the exFEM-DEM modelling results, reproducing the magnitude pattern of the displacement field 
with greater accuracy. The computational settings for each simulation, including the number of Gauss points, total loading steps, 
and wall-clock time, are listed in Table  7.

This improvement is attributed to the optimised parameter set, which recalibrates the strength and stiffness scales of the CSUH 
surrogate using the RVE-derived stress–strain dataset. The reduced 𝑀 , together with 𝑚, decreases the overall shear-strength level 
and weakens state sensitivity, thereby alleviating excessive post-yield shear localisation and enabling a more distributed deformation 
pattern along the top surface of the specimen. In addition, the substantial increase in 𝜅 lowers the overall stiffness of the system, 
which moderates pre-yield stress accumulation and limits the behaviour of deformation constraint. With the optimised parameters, 
the optimised continuum CSUH can produce surface displacements that are in closer agreement with the exFEM–DEM benchmark.

Fig.  23 compares the stress–strain ranges covered by the optimised-CSUH model in the retaining-wall analysis with those in the 
strip-footing dataset used for calibration. The overlap between the two is small, showing that the different boundary conditions 
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Fig. 19. The solved shear strain fields by three different schemes in the biaxial compression problem.

Table 7
The detailed experimental parameters of the three retaining wall modelling.
 Methods Gauss points Total steps Running times/h Overall MAE Peak error/kN Post-peak error/kN 
 exFEM-DEM 321 6000 9.316 \ \ \  
 exFEM-Original-CSUH 321 6000 0.133 79.61 97.86 52.68  
 exFEM-Optimised-CSUH 321 6000 0.131 14.96 21.76 7.49  

in these BVPs lead to different deformation patterns and stress-path trends. The retaining-wall case, therefore, evaluates the model 
mainly beyond the range of the calibration data, serving as a demanding test of its robustness under loading conditions not included 
in the parameter fitting.

Additionally, Fig.  24 reports the evolution of top force and volumetric strain to loading strain for the retaining-wall problem using 
three strategies. The trends observed in Fig.  24(a) and (b) closely resemble those previously reported for the biaxial compression 
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Fig. 20. The top force and volume strain of the sample in the biaxial compression problem.

Fig. 21. The boundary condition of the retaining wall modelling.

problem in Fig.  20. The overall mean average error (MAE), peak error, and post-peak error between the exFEM-DEM and exFEM-
CSUH computation of the top force are listed in Table  7. Specifically, the exFEM-optimised-CSUH approach, informed by RVE-scale 
data, consistently yields a smoother post-peak softening response in top force and a more gradual volumetric contraction. The 
underlying mechanisms are therefore analogous to those discussed for the biaxial compression problem and are not repeated here. 
These results further validate the capability of the optimised CSUH model in capturing the progressive deformation behaviour of 
granular materials under different BVPs.

4.3. Cylindrical cavity expansion

The optimised CSUH model is further assessed using the cavity expansion problem (Guo et al., 2016). As shown in Fig.  25, only a 
quarter annulus is modelled to reduce the computational cost. The specimen is idealised as an annulus with inner radius 𝑟𝑐 = 8 mm 
and outer radius 𝑟𝑜 = 150 mm. A uniform confining pressure 𝑃0 = 100 kPa is imposed on the outer circular boundary (𝑟 = 𝑟0) as a 
traction condition. The inner boundary (𝑟 = 𝑟𝑐) is subjected to a prescribed outward radial displacement, directed from the inner 
cavity towards the outer ring to enlarge the cavity, through a displacement-controlled monotonic loading 𝑢𝑐 (𝑡), until the maximum 
radial displacement reaches 10 mm.

During the cavity expansion modelling, tangential traction and tangential displacement are not prescribed on either circular 
boundary, such that the response is primarily governed by radial loading. The normal displacement is constrained by 𝑢𝑥 = 0 on 𝑥 = 0
and by 𝑢𝑦 = 0 on 𝑦 = 0, with the corresponding tangential motion remaining free. To assess the robustness of the exFEM-optimised 
CSUH scheme under a more complex setting, an additional tangential constraint is imposed on the top corner of the upper straight 
boundary. This local restriction breaks the ideal radial symmetry and introduces an intentionally asymmetric boundary condition, 
thereby generating a more complicated shear-band pattern for comparison with the corresponding exFEM–DEM simulation results.
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Fig. 22. The solved displacement fields by all three different schemes in the retaining wall problem.

Table 8
The detailed experimental parameters of the three cavity expansion modelling.
 Methods Gauss points Total steps Running times/h Overall MAE Peak error/kPa Post-peak error/kPa 
 exFEM-DEM 900 7100 17.362 \ \ \  
 exFEM-Original-CSUH 900 7100 0.187 52.12 67.69 51.79  
 exFEM-Optimised-CSUH 900 7100 0.185 9.25 14.25 2.76  

Three solution strategies introduced in Section 4.1 are again applied to the cavity-expansion problem, and the corresponding 
shear-field distributions at the selected loading stage are shown in Fig.  26. The results show that the exFEM-Original-CSUH strategy 
exhibits a more localised, patchy high-shear region near the cavity wall, with the shear band developing in a manner that differs 
from the exFEM-DEM benchmark. By contrast, the modelling results with the FEM-optimised-CSUH approach are in closer agreement 
with exFEM-DEM, capturing both the overall extent and the dominant orientation of the high-shear zone more consistently. The 
computational settings for each simulation, including the number of Gauss points, total loading steps, and wall-clock time, are listed 
in Table  8.

With the calibrated parameter set, the optimised CSUH model yields a Gauss-point stress–strain response that is more consistent 
with the RVE behaviour. The optimised-CSUH continuum simulation develops a similar local mesh distortion to the FEM-DEM 
results in the vicinity of the lower inner-cavity corner. This concentrated distortion promotes multiple localisation trigger points, 
from which several shear bands initiate and propagate upward with continued loading, reproducing the banding pattern observed in 
FEM–DEM. The improved agreement is consistent with the parameter-induced softening, whereby the increased 𝜅 reduces the elastic 
stiffness and the reduced 𝑀 lowers the mobilised shear resistance, jointly mitigating excessive post-yield localisation. Consistent 
with the retaining-wall observations, these changes promote a more distributed deformation development, such that the dominant 
shear bands shift into the interior of the specimen rather than remaining constrained to the near-vertical boundary.

Similar to the biaxial compression and retaining wall cases, Fig.  27 compares the stress–strain paths sampled in the cavity-
expansion simulations with those represented in the strip-footing dataset used for optimising the CSUH-based surrogate. These two 
sets of loading paths show that the Gauss points in the cavity expansion problem undergo stress paths which are not well covered 
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Fig. 23. The difference in loading space between the strip footing and the retaining wall expansion problems.

Fig. 24. The rigid wall’s top force and volume strain in the retaining wall problem.
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Fig. 25. The boundary conditions for the cavity expansion modelling.

Fig. 26. The solved shear strain fields by three different schemes in the cavity expansion problem.
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Fig. 27. The difference in loading space between the strip footing and the cavity expansion problems.

by the calibration data. The cavity-expansion test therefore evaluates the optimised-CSUH response largely beyond the calibrated 
stress–strain range under a more complex loading condition.

Fig.  28 presents the evolution of the cavity pressure with loading strain for the cavity-expansion problem obtained using the 
three strategies. The overall mean average error (MAE), peak error, and post-peak error between the exFEM-DEM and exFEM-
CSUH computation of the cavity pressure are listed in Table  8. Similar to the biaxial compression and retaining-wall cases, the 
result obtained by FEM-optimised-CSUH follows the FEM-DEM response more closely, exhibiting a reduced peak resistance, whereas 
the original CSUH model markedly overestimates the peak level and maintains an overly high residual resistance. The improved 
agreement is consistent with the RVE data-informed optimisation. These observations support the robustness of the optimised CSUH 
surrogate under a distinct BVP and a different stress-path history.

4.4. Triaxial compression

In the 2D study, the calibrated surrogate is validated against a set of representative BVPs, including the biaxial compression, 
retaining wall and cavity expansion. In this section, the proposed optimisation framework is further examined in 3D problems. 
Notably, the CSUH parameters identified from the 2D strip-footing benchmark are not transferred to the 3D setting, since the 
2D exFEM–DEM training data, generated with disk-based RVEs, provides only a plane-stress state with no defined out-of-plane 
component, which is incompatible with the fully three-dimensional stress response required in 3D analyses.

Specifically, a conventional triaxial compression (CTC) exFEM–DEM simulation is conducted to generate the 3D training dataset, 
based on which the CSUH-based surrogate is recalibrated. The resulting re-optimised surrogate is subsequently assessed on a distinct 
3D BVP, i.e. a plane-strain triaxial compression (PTC) test, to evaluate its generalisation capability beyond the training loading paths.
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Fig. 28. The cavity pressure computed in the cavity expansion modelling.

Fig. 29. The geometry domain for the CTC and PTC modelling with different mesh densities.

Table 9
The parameters of each 3D RVE in the exFEM-DEM simulation.
 Parameter Value 
 Particle number 900  
 Particle size range (mm) (5∼9) 
 Young’s modulus (MPa) 600  
 Density (kg∕m3) 2650  
 Particle frictional coefficient 0.5  
 Damping ratio 0.1  

As illustrated in Fig.  29, both the CTC and PTC simulations consider cubic specimens of height 0.1 m and cross-section 0.05 m 
× 0.05 m. The training dataset is generated from an exFEM-DEM CTC simulation discretised with a coarse mesh of 8 × 8 × 16 
elements (Fig.  29a). A 3D RVE comprising 900 particles is embedded into each Gauss integration point and is initially isotropically 
consolidated to 100 kPa to provide the local constitutive response. The detailed micro-parameters adopted for the 3D RVE model 
used in the exFEM–DEM CTC simulations are summarised in Table  9.

In the CTC modelling, the bottom face is fully constrained, the top face is prescribed as rough by suppressing lateral 
displacements, and a constant confining pressure 𝑃0 = 100 kPa is applied to all lateral faces. The axial compression is imposed 
via a uniform vertical displacement until the loading strain reaches 0.07. The loading curves from a randomly selected 70% subset 
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Table 10
The final adopted constitutive parameters in the CSUH-based surrogate in the 3D problem.
 Parameters 𝜅 𝜆 𝑁 𝑍 𝑚 𝜈 𝑒0 𝑀  
 Original 0.04 0.135 1.9 0.9 1.8 0.2 0.721 1.25  
 optimised 0.119 0.167 2.653 0.628 0.596 0.249 0.366 0.895 

Table 11
The detailed experimental parameters of the three PTC modelling.
 Methods Gauss points Total steps Running times/h Overall MAE Peak error/kPa Post-peak error/kPa 
 exFEM-DEM 27648 7100 49.316 \ \ \  
 exFEM-Original-CSUH 27648 7100 0.486 9.16 10.03 9.19  
 exFEM-Optimised-CSUH 27648 7100 0.485 2.39 3.55 2.26  

of RVEs are then assembled as the training set to re-optimise the CSUH model. The initial and re-optimised CSUH parameters are 
listed in Table  10 with the training hyperparameters of 𝛿𝑟 = 0.03, 𝛾𝑚𝑎𝑥 = 0.16 and 𝛾𝑚𝑖𝑛 = 0.016. The re-optimised CSUH surrogate is 
subsequently embedded into the Gauss points and evaluated in the PTC case using the same specimen geometry but a refined mesh 
of 12 × 12 × 24 elements (Fig.  29b). Plane strain is enforced by constraining one lateral direction, and the confining pressure is 
applied to the remaining pair of lateral faces, with all other boundary and loading prescriptions identical to those adopted in the 
CTC case.

The exFEM-DEM simulation results for the 3D CTC case are shown in Fig.  30(a). The computation is accelerated using multi-
processor parallel execution and completed in 41.32 h on a 16-core workstation with 128 GB RAM. The result demonstrates that 
there is no distinct shear band; instead, shear deformation develops as a diffuse localisation zone. This behaviour is consistent with 
the mesh dependence feature of strain localisation, where the shear bands tend to be ambiguous when a relatively coarse mesh is 
used. With the re-optimised CSUH surrogate, the PTC problem is simulated and compared with both the results obtained by the 
exFEM-DEM and original-CSUH methods. The comparison results are exhibited in Fig.  30(b). The computational settings for each 
PTC simulation, including the number of Gauss points, total loading steps, and wall-clock time, are listed in Table  11.

The PTC modelling results in Fig.  30(b) exhibit a comparable shear-localisation pattern to that observed in the biaxial 
compression simulations across the three modelling schemes. The exFEM analysis with the original CSUH parameters produces 
a thin, high-intensity shear band, reflecting an over-localised constitutive response. In contrast, the CSUH surrogate, re-optimised 
from the 3D RVE dataset, alleviates this excessive peak localisation and predicts a more diffuse shear-strain field. The resulting 
localisation pattern is in closer agreement with the reference exFEM–DEM response, evidencing improved constitutive fidelity under 
three-dimensional plane-strain triaxial loading.

Similar to the 2D problems, Fig.  31 contrasts the stress–strain loading curves sampled by Gauss points in the 3D CTC and PTC 
simulations. In particular, the PTC loading explores much larger positive variations in 𝜖11 and broader ranges in the shear component 
𝜖13, accompanied by distinct evolutions of 𝜎22 and 𝜎33 compared with the CTC loading. The limited overlap indicates that the PTC 
case tests the optimised CSUH model under 3D stress paths that are only partially represented by the CTC-based calibration data.

Additionally, Fig.  32 presents the top-force and volumetric-strain evolutions with axial strain for the PTC problem obtained 
using the three strategies. The overall response trends in Fig.  32(a) and (b) are consistent with those reported for the previous BVPs, 
showing comparable pre-peak hardening followed by post-peak decay in top force and a contractive-to-dilatant volumetric transition. 
The overall mean average error (MAE), peak error, and post-peak error between the exFEM-DEM and exFEM-CSUH computation 
of the top force are listed in Table  11. The parameter optimisation in the 3D setting presents a comparable overall trend to those 
identified in the 2D studies. The associated improvement of the optimised-CSUH predictions can therefore be interpreted as those 
discussed for the 2D problems and are therefore not repeated here.

5. Discussion

The ultimate purpose of this work is to develop a constitutive model-based surrogate to reproduce the mechanical behaviour of 
granular assemblies. However, there is no clear consensus on which elastoplastic template is both expressive and lightweight for 
the constitutive backbone. Therefore, two conventional elastoplastic backbones are selected for baseline evaluation. The first is an 
IME model (isotropic elasticity, a von Mises yield surface, and exponential hardening), which is modified and tested as an initial 
surrogate. The second baseline is the Modified Cam-Clay (MCC) model, assessed to represent the RVE stress–strain response within 
the proposed multiscale framework. Following the calibration workflow in Section 2.3 and using the RVE datasets described in 
Section 3.1, the constitutive parameters of both baselines are optimised to quantify their fidelity in reproducing the RVE response. 
As shown later, both calibrated IME and MCC models remain insufficiently expressive to match the RVE stress–strain behaviour 
with adequate accuracy, providing a controlled point of reference, and thereby motivating the adoption of CSUH as the surrogate 
backbone for an RVE-replacement model.
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Fig. 30. The simulation results of CTC and PTC cases.

5.1. The enhanced IME model

The original IME model adopts a standard associated flow rule with isotropic linear elasticity, and governs the yield surface of 
plasticity relying solely on the von Mises stress. It can be formulated as: 
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𝑓 = 𝜎𝑣𝑜𝑛 −𝐻 − 𝜎0
𝐻 = 𝐴(𝜖0 + ‖𝜖𝑝𝑖𝑗‖𝐹 )

𝑛

𝜕𝑓
=

𝜕𝑔

(49)
⎩

𝜕𝜎𝑖𝑗 𝜕𝜎𝑖𝑗
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Fig. 31. Difference in loading space between CTC loading and PTC loading.

Fig. 32. The top force and volume strain in the PTC problem.
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Table 12
Optimisable parameters and their corresponding initial values in the enhanced IME 
model.
 Parameters 𝐸 𝜈 𝐴 𝐵 𝜖0 𝜎0  
 Initial value 2e7 0.2 3e5 0.2 0.02 1e4 
 Parameters 𝐶𝑑 𝐶𝑝 𝐶 𝐷 𝜖0𝑝 𝑛𝐸  
 Initial value 0.1 −0.1 3e5 0.2 0.02 0.1  

where 𝜎𝑣𝑜𝑛 =
√

3
2 𝑠𝑖𝑗𝑠𝑖𝑗 is the von Mises stress, ‖𝜖

𝑝
𝑖𝑗‖𝐹  is the Frobenius norm of plastic strain tensor, which can be expressed as 

‖𝜖𝑝𝑖𝑗‖𝐹 =
√

∑

𝑖,𝑗 |𝜖𝑖𝑗 |
2. The plastic shear strain, which is evaluated as 𝜖𝑝𝑠 =

√

2
3 𝑒

𝑝
𝑖𝑗𝑒

𝑝
𝑖𝑗 where 𝑒

𝑝
𝑖𝑗 = 𝜖𝑝𝑖𝑗 − 𝛿𝑖𝑗𝜖

𝑝
𝑘𝑘∕3, is always used for 

metals. The von-Mises stress 𝜎𝑣𝑜𝑛 can be represented as: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜎𝑣𝑜𝑛 =
√

3𝐽2

𝐽2 =
1
2
𝑠𝑖𝑗𝑠𝑖𝑗

𝑠𝑖𝑗 = 𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗

(50)

where 𝐽2 is the second invariant of the derivative stress.
In Eq. (37), 𝜕𝑓∕𝜕𝜎𝑖𝑗 and 𝜕𝐻∕𝜖𝑝𝑖𝑗 are required for the computation of plastic factor. The differentiation of 𝜎𝑣𝑜𝑛 to stress can be 

expressed as: 
𝜎𝑣𝑜𝑛
𝜎𝑖𝑗

=
3(𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗 )

2𝜎𝑣𝑜𝑛
(51)

And the differentiation of the Frobenius norm of the plastic tensor can be shown as: 
𝜕‖𝜖𝑝𝑖𝑗‖𝐹
𝜕𝜖𝑝𝑖𝑗

=
𝜖𝑝𝑖𝑗

‖𝜖𝑝𝑖𝑗‖𝐹
(52)

where 𝜕𝑓∕𝜕𝜎𝑣𝑜𝑛 = 1 and 𝜕𝑓∕𝜕𝐻 = −1 and 𝑑𝐻∕𝑑‖𝜖𝑝𝑖𝑗‖𝐹 = 𝑛𝐴(𝜖0 + ‖𝜖𝑝𝑖𝑗‖𝐹 ). According to the chain rule, after substituting all of the 
derivatives into Eq. (37), the plastic factor 𝑑𝜆 is obtained. Due to these basic functions, the original IME model is incapable of 
reproducing nonlinear elasticity or yield criteria associated with mean stress, etc.

Several modifications are introduced to enhance the IME model for reproducing the RVE response, including a nonlinear 
formulation, a mean stress-related yield surface, and the non-association flow rule. Specifically, the elastic response remains isotropic 
with parameters 𝐸 and 𝜈, but 𝐸 is extended to a nonlinear function of the plastic volumetric strain: 

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐸 = 𝐸0(1 + 𝜖𝑝𝑣)
𝑛𝐸

𝑓 (𝑝, 𝜎𝑣) = 𝐶𝑝𝑝 + 𝜎𝑣𝑜𝑛 −𝐻 − 𝜎0
𝐻(𝜖𝑝𝑠 , 𝜖

𝑝
𝑣) = 𝐴(𝜖0 + 𝜖𝑝𝑠 )

𝐵 + 𝐶(𝜖0𝑝 + 𝜖𝑝𝑣)
𝐷

𝜕𝑔
𝜕𝑝

= 𝐶𝑑 +
𝜕𝑓
𝜕𝑝

(53)

where 𝐸0 is the initial Young’s modulus, and 𝑛𝐸 governs the evolution of 𝐸. 𝐶𝑝 introduces mean-stress dependence in the yield 
surface, with 𝐶𝑝 = 0 recovering the original IME yield condition. The constants 𝐶, 𝜖0𝑝, and 𝐷 quantify the contribution of plastic 
volumetric deformation to the hardening law. 𝐶𝑑 controls the deviation from associated flow, enabling a non-associated flow rule 
with volumetric plasticity effects.

With these modifications, the enhanced IME model incorporates nonlinear elasticity, mean-stress-dependent yielding, and a 
non-associated flow rule. The optimisable parameters and their corresponding initial values are summarised in Table  12

5.2. The Modified Cam-Clay (MCC) model

The Modified Cam–Clay (MCC) model is also considered a conventional critical-state elastoplastic template, serving as a baseline 
surrogate for the RVE response. In the MCC model, the association-flow rule and an isotropic hardening mechanism with a constant 
critical-state stress ratio 𝑀 are adopted in the 𝑝 − 𝑞 plane. This provides a numerically robust baseline but offers limited flexibility 
in representing more general hardening features typically embedded in unified-hardening-type formulations. Briefly, the yield, 
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Table 13
The initial adopted constitutive parameters in the MCC-based surrogate.
 Parameters 𝜅 𝜆 𝑁 𝜈 𝑒0 𝑀  
 Original 0.04 0.135 1.9 0.2 0.721 1.25 

Table 14
The final adopted constitutive parameter in the enhanced IME-based surrogate.
 Parameters 𝐸 𝜈 𝐴 𝐵 𝜖0 𝜎0  
 Original 2e7 0.2 3e5 0.2 0.02 1e4  
 Optimised 4.81e8 0.216 34.5 −2.23 2.79e−2 5.17e−6 
 Parameters 𝐶𝑑 𝐶𝑝 𝐶 𝐷 𝜖0𝑝 𝑛𝐸  
 Original 0.1 −0.1 3e5 0.2 0.02 0.1  
 Optimised 0.155 −0.512 8.35e−5 0.424 8.83e−4 −3.54  

hardening, and plastic potential function 𝑓 , 𝐻 , and 𝑔 can be formulated as follows: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑓 (𝑝, 𝑞, 𝜀𝑝𝑣) = ln
(

𝑝
𝑝0

)

+ ln
(

1 +
𝑞2

𝑀2𝑝2

)

− 𝐻
𝑐𝑝

= 0

𝐻 = ∫ 𝑑𝜖𝑝𝑣

𝑔(𝑝, 𝑞, 𝜀𝑝𝑣) = 𝑓 (𝑝, 𝑞, 𝜀𝑝𝑣)

(54)

where 𝑐𝑝 = (𝜆 − 𝜅)∕(1 + 𝑒0).
Compared to the CSUH model, the standard MCC expressions in Eq. (54) provide a markedly more restrictive set of constitutive 

mechanisms. It introduces neither a distinct reference surface 𝑓 nor an explicit internal descriptor 𝑅 to track overconsolidation state, 
and retains a linear compression relation 𝑒 = 𝑁 − 𝜆 ln 𝑝 in the 𝑒 − ln 𝑝. Therefore, standard MCC is primarily validated for normally 
consolidated clays and is generally less suitable for reproducing the sand-like materials, particularly under overconsolidated states.

Furthermore, the MCC hardening variable is governed exclusively by the plastic volumetric strain 𝜖𝑝𝑣 , leading to a strictly 
monotonic hardening response and lacking an intrinsic constitutive softening mechanism like the CSUH model, where a stress-
ratio-controlled hardening law with a Hvorslev-type failure ratio 𝑀𝑓  defines a hardening boundary through (𝑀4

𝑓 − 𝜂4)∕(𝑀4
𝑐 − 𝜂4)

and enables hardening–softening transition through the integral evolution of 𝐻 .
Additionally, MCC lacks an explicit state-variable framework to govern the contractancy-dilatancy transition like the CSUH with 

𝜉 and 𝑀𝐶 . Under the standard associated-flow MCC formulation, the volumetric plastic strain increment is dictated by the fixed 
potential geometry, which tends to enforce a predominantly dilative response in shear, thereby limiting its capability to reproduce 
shear-induced contraction in overconsolidated soil materials. The optimisable parameters and their corresponding initial values are 
summarised in Table  13.

Due to the aforementioned limitations, employing the MCC model as the constitutive backbone to emulate the RVE stress–
strain response is expected to introduce systematic deficiencies. These implications are not merely conceptual and will be examined 
explicitly in the subsequent numerical/experimental assessments.

5.3. Calibration and validation of the enhanced IME and MCC-based surrogate

The enhanced IME and MCC models are calibrated independently using varying fractions of the RVE dataset in Section 3.1 
to assess the data efficiency of the proposed framework. The stress-integration scheme described in Section 2.4.2 is incorporated 
into a gradient-descent optimisation procedure, and the corresponding training histories of two models are exhibited in Fig.  33, 
respectively. The training results show that both models exhibit a rapid loss reduction at the early stage, followed by a gradual 
saturation towards a quasi-steady regime. Increasing the training fraction from 60% to 70% leads to a clear reduction in the 
converged training loss, whereas further expanding the training set up to 90% yields only marginal additional improvement. Finally, 
the enhanced IME model attains a minimum loss of 0.0146 at step 59,727 while the MCC model reaches a minimum loss of 0.0078 
at step 58,976 out of 59,800 epochs with 70% training data.

Compared with the training result of 𝑠𝑐ℎ𝑒𝑚𝑒3 exhibited in Fig.  13, the optimisation of the enhanced IME and MCC model exhibits 
a smoother, less oscillatory loss curve, yet converges to a higher minimal loss. This trend is attributable to their simpler constitutive 
skeletons and superior differentiability, which promote stable gradient updates and regular convergence but limit the attainable 
fidelity to the RVE response. The final adopted parameter set for the enhanced IME model is listed in Tables  14 and 15.

To explicitly assess the capability of the optimised enhanced IME and MCC to replicate the stress–strain response of the RVE, 
two additional biaxial compression simulations are performed for each model using the original and optimised parameter sets. Fig. 
34 reports the stresses predicted by the FE computations against the corresponding RVE benchmarks for the stress component 𝜎𝑦𝑦 at 
Gauss-points marked in purple colour in Fig.  15. The optimised models exhibit a clear improvement over their original counterparts, 
indicating an enhanced ability to reproduce the RVE stress–strain response, although systematic biases remain. In particular, Fig. 
34(a) shows that the optimised enhanced IME remains overly stiff at small strains, leading to overestimation in the initial stress 
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Fig. 33. The obtained training results of the enhanced IME and MCC models using varying fractions of the training dataset.

Table 15
The final adopted constitutive parameters in the MCC-based surrogate.
 Parameters 𝜅 𝜆 𝑁 𝜈 𝑒0 𝑀  
 Original 0.04 0.135 1.9 0.2 0.721 1.25  
 Optimised 0.126 0.206 3.153 0.226 0.297 0.906 

Table 16
The detailed experimental parameters of the three biaxial compression modelling.
 Methods Gauss points Total steps Running times/h Prediction MAE 
 exFEM-DEM 484 5000 10.974 \  
 exFEM-Optimised-ENIME 484 5000 0.122 4.257  
 exFEM-Optimised-MCC 484 5000 0.129 7.913  

states, while its peak stress level is under-predicted. The optimised MCC captures the pre-peak evolution more faithfully but tends 
to overestimate stresses near the peak in Fig.  34(b). Table  16 reports the modelling time for the biaxial compression case using the 
optimised MCC and enhanced IME, benchmarks it against the exFEM–DEM runtime, and summarises the corresponding prediction 
MAE for both surrogates.

These residual discrepancies are primarily attributed to model-form limitations rather than insufficient optimisation. For 
the enhanced IME, the underlying Mises-type (𝐽2) plasticity skeleton lacks state-dependent dilatancy and pressure-dependent 
strength mobilisation mechanism. Therefore, it cannot reproduce key granular features observed in the RVE responses, including 
contractancy-dilatancy evolution and the hardening-to-softening transition. The optimised enhanced-IME model, therefore, com-
pensates by adjusting the available parameters to fit the dominant portion of the dataset, which typically yields an overly initial 
stiffness while underestimating peak strength compared to the RVE model under the biaxial stress path. For MCC, although pressure 
dependence is embedded, its hardening is solely governed by 𝜖𝑝𝑣 and remains monotonic; the absence of a stress-ratio-controlled 
degradation law limits its ability to regulate post-peak tendencies, leading to peak overshoot despite good agreement in the pre-peak 
regime.

Accordingly, the optimisation of constitutive parameters in a principled surrogate should be conceived not merely as numerical 
convergence but as an integrated framework that incorporates constitutive knowledge, enhances structural expressiveness, and 
improves numerical robustness, thereby paving a pathway for developing an RVE-replacement surrogate based on the CSUH 
foundation.

6. Conclusion

This study presents a differentiable elastoplastic modelling framework that automates the calibration of a principled surrogate 
using a gradient descent-based data-driven optimisation strategy with DEM-based RVE data produced from multiscale FEM-DEM 
modelling. By implementing differentiability-oriented adjustments, notably a smoothed stress-point integration scheme, we enable 
stable, end-to-end automatic differentiation throughout the optimisation process. The resulting surrogate reproduces the RVE 
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Fig. 34. The comparison of optimised enhanced IME and MCC predictions against RVE benchmarks for all Gauss points in biaxial compression.

responses with substantial computational acceleration while avoiding the poor extrapolation behaviour of pure neural-network 
surrogates.

We evaluated three constitutive models as candidate surrogates within the proposed framework. Although the enhanced IME 
model incorporates several enhancements, it remains insufficient for reproducing the complex response of the granular RVE, 
primarily because it lacks both state-dependent dilatancy and a pressure-dependent strength-mobilisation mechanism. The MCC 
model introduces pressure dependence, but its constitutive structure does not include a stress-ratio-controlled degradation law, 
which in turn limits its ability to capture the post-peak evolution of the granular RVE adequately. In contrast, the Critical State 
Unified Hardening (CSUH) model demonstrated the necessary representational capacity. However, its original formulation contained 
algebraic complexity, including nested division, square-root operations, and non-differentiable stress-point integration, that led to 
gradient instability. Our proposed adjustments successfully mitigated these issues, yielding a stable and convergent calibration. The 
optimised CSUH surrogate was subsequently validated on various boundary value problems, where it accurately reproduced the 
results of high-fidelity exFEM-DEM simulations with a substantial computational speedup.

This work proves to be a promising optimisation methodology to construct computationally efficient and physically faithful 
surrogates for multiscale modelling. The framework successfully balances numerical stability, generalisation capability, and 
computational efficiency, providing a reliable and automated pathway for calibrating complex constitutive models. These advances 
enhance the interpretability of data-driven soil mechanics and offer a practical tool for accelerating engineering simulations.
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