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ARTICLE INFO ABSTRACT

Keywords: Traditional explicit Material Point Methods (MPM) for weakly compressible fluids often suffer
Explicit MPM ) ) from volumetric locking, cell-crossing instability, and excessive energy dissipation, particularly
Weakly compressible fluid in fluid-structure interaction (FSI) scenarios. This study presents a stabilized explicit MPM frame-

Fluid-structure interaction

Stabilized methods work that integrates dual high-order B-spline volume averaging to address these challenges. The

proposed dual averaging technique simultaneously smooths deformation gradients and pressure
fields using cubic B-spline basis functions to eliminate cell-crossing errors and reduce volumetric
locking. A blended APIC/FLIP mapping scheme is developed to enhance energy conservation and
stability at coarse grid resolutions. The framework is further enhanced by seamlessly integrat-
ing various complementary techniques such as §-correction, pressure smoothing, and specialized
boundary handling for more robust and effective modeling of free-surface and FSI problems. The
framework is rigorously validated through benchmark cases, including 1D elastic wave propa-
gation, Poiseuille flow, lid-driven cavity flow, water sloshing, dam break, and water impact on
elastic obstacles. The simulation results demonstrate a remarkable reduction in pressure oscil-
lations and improved particle distribution uniformity compared to prior MPM approaches. The
proposed method establishes a robust and efficient tool for large-deformation FSI problems and
bridges gaps in accuracy and stability for industrial-scale applications.

1. Introduction

The study of fluid flow represents a critical interdisciplinary field that transcends fundamental physics and extends its influence
into a wide range of engineering disciplines and practical applications, including aerospace engineering, the automotive industry,
biomedical engineering, civil and environmental engineering [1-5]. In recent years, the Computational Fluid Dynamics (CFD) has
experienced significant advancements and is utilized to address various complex fluid flow problems [6,7], which can be primarily
categorized into mesh-based and mesh-free approaches. Mesh-based CFD techniques discretize the fluid domain into finite cells, with
numerical solvers applied to each cell to determine flow characteristics. Prominent mesh-based methods include the Finite Difference
Method (FDM) [8], the Eulerian-based Finite Element Method (FEM) [9-11], and the Finite Volume Method (FVM) [12]. Each of
these methods offers distinct advantages regarding accuracy, stability, and computational efficiency, depending on the flow regime
and specific application. In contrast, mesh-free methods offer a more flexible numerical approach by discretizing the computational
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\begin {equation}\label {governingequation} \rho \dot {\bm {v}}= \nabla \cdot \bm {\sigma } + \rho \bm {b}\end {equation}
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\begin {align}\label {bc1} &\bm {u} = \bar {\bm {u}} \quad {}\text {on}\quad {} \Gamma _u \\ \label {bc2} &\bm {\sigma }\cdot \bm {n} = \bar {\bm {t}} \quad {}\text {on}\quad {} \Gamma _{t}\end {align}
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\begin {equation}\label {mpmweakform} \int _{\Omega } \rho \dot {\bm {v}}\cdot \delta \bm {u}dV = \int _{\Omega }\rho \bm {b}\cdot \delta \bm {u}dV + \int _{\partial \Omega }\bm {\bar {t}}\cdot \delta \bm {u}dS - \int _{\Omega }\bm {\sigma }\cdot \nabla \delta \bm {u}dV\end {equation}


\begin {equation}\label {fluidstress} \boldsymbol {\sigma } = \boldsymbol {\tau } - p\textbf {I}\end {equation}


$\boldsymbol {\tau } = 2\mu \dot {\boldsymbol {\epsilon }'}$
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\begin {equation}\label {strainrate} \dot {\boldsymbol {\epsilon }} = \frac {1}{2} \left ( \nabla \bm {v} + (\nabla \bm {v})^T \right )\end {equation}


\begin {align}\label {pressure} \frac {Dp}{Dt} &= -K\frac {D\epsilon _v}{Dt}\end {align}
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\begin {align}\label {mass} &{m}_{i}^{n} = \sum _{p}{m}_{ p}w_{ip}^{n} \\ \label {mom} &{m}_{i}^{n}\bm {v}_{i}^{n} = \sum _{p}{m}_{p}\bm {v}_{p}^{n}w_{ip}^{n}\end {align}
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$w_{ip}^{n}=w_i^{n}(\bm {x_p})$


$\sum _{p}$


\begin {align}\label {momentum} {m}_{i}^{n}\bm {v}_{i}^{n+1} ={m}_{i}^{n}\bm {v}_{i}^{n}+ \left (\bm {f}_{i, ext}^{n} + \bm {f}_{i, int}^{n}\right )\Delta t\end {align}


\begin {align}\bm {f}_{i, int}^{n} &= -\sum _{p}V_{p}^{n}\bm {\sigma }_{p}^{n}\cdot \nabla w_{ip}^{n}\\ \bm {f}_{i, ext}^{n}&= \sum _{p} m_{p}\bm {b}_{p}w_{ip}^{n} + \int _{\partial \Omega _{\bm {\tau }}} \bm {\bar {t}}w_{ip}dS\end {align}


\begin {align}\left (\bm {v_p}^{n+1}\right )_{\text {FLIP}} &= \bm {v_p}^{n} + \sum _{i}w_{ip}\bm {a_i}^{n+1}\Delta t \\ \left (\bm {v_p}^{n+1}\right )_{\text {PIC}} &= \sum _{i}w_{ip}\bm {v_i}^{n+1}\end {align}
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\begin {align}\label {blend} \bm {v_p}^{n+1} &=(1-\beta )\left (\bm {v_p}^{n+1}\right )_{\text {FLIP}} +\beta (\bm {v_p}^{n+1})_{\text {PIC}}\end {align}


\begin {align}\bm {x_p}^{n+1} &= \bm {x_p}^{n} + \sum _{i}w_{ip}\bm {v_i}^{n+1}\Delta t\end {align}
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$\bm {v}_p^{n} + \bm {C}_p^{n}(\bm {x}_i - \bm {x}_p^n)$


\begin {align}{m}_{i}^n\bm {v}_{i}^{n} &= \sum _{p}w_{ip}^{n}{m}_{p}\left (\bm {v}_{p}^{n}+\bm {C}_p^{n}(\bm {x}_i-\bm {x}_p^{n})\right )\end {align}


$\bm {C}_p^n=\bm {B}_p^n\left (\bm {D}_p^{n}\right )^{-1}$


$\bm {D}_p^{n}$


\begin {align}\bm {D}_p^n &=\sum _{i}w_{ip}\left (\bm {x}_i-\bm {x}_p^{n}\right )\left (\bm {x}_i-\bm {x}_p^{n}\right )^\text {T}\end {align}


$\bm {B}_p^n$


\begin {align}\bm {B}_p^{n+1}&=\sum _{i}w_{ip}\bm {v}_i^{n+1}\left (\bm {x}_i-\bm {x}_p^{n}\right )^\text {T}\end {align}


\begin {align}\bm {v}_p^{n+1} &=(1-\beta )\left (\bm {v}_p^{n} + \sum _{i}w_{ip}\bm {a}_i^{(n+1)}\Delta t\right ) +\beta \left (\sum _{i}w_{ip}\bm {v}_i^{(n+1)}\right ), \quad \text {APIC/FLIP}\end {align}


\begin {align}\label {blend1} \bm {v}_p^{n+1} &=\sum _{i}w_{ip}\bm {v}_i^{(n+1)}, \quad \text {APIC}\end {align}


$\beta $


$\beta = 1$


$\Delta t$
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\begin {align}\Delta t_{c}=\text {min}\frac {h^e}{c_p}\end {align}


$h^e$


$c_p$


$c_p$


$\sqrt {K_f/\rho _f}$


\begin {align}\Delta t_{c}=\frac {h^e}{\text {max}(c_p+|{\bm {v}_p}|)}\end {align}


$\bm {v}_p$


$\delta $


$R$


\begin {align}\Xi =\{\xi _{1},\xi _{2},\xi _{i},\ldots ,\xi _{\mathrm {n+p+1}}\}\end {align}


$\xi _{i}$


$i^{th}$


$i$


$i=1,2,\ldots ,n+p+1$


$p$


$n$


\begin {equation}N_{i,p}(\xi )=\frac {\xi -\xi _{i}}{\xi _{i+p}-\xi _{i}}N_{i,p-1}(\xi )+\frac {\xi _{i+p+1}-\xi }{\xi _{i+p+1}-\xi _{i+1}}N_{i+1,p-1}(\xi ), \quad \text {for $p > 0$} \label {Xeqn5-23}\end {equation}


\begin {align}N_{i,0}(\xi )=\begin {cases}1&\text {if }\xi _i\leqslant \xi <\xi _{i+1},\\0&\text {otherwise.}\end {cases}\end {align}


$\zeta _{i}= \zeta _{B}$


$i$


\begin {equation}S_{i,\zeta }^{1}(r)= \left \{ \begin {array} {cc}{\frac {1}{6}r^{3}+r^2+2r+\frac {4}{3},}&-2\leq r\leq -1\\ {-\frac {1}{6}r^{3}+r+1,}&-1\leq r\leq 0\\ {\frac {1}{6}r^{3}-r+1,}&0\leq r\leq 1\\ {-\frac {1}{6}r^{3}+r^{2}-2r+\frac {4}{3},}&1\leq r\leq 2\\ \end {array} \right .\end {equation}


$r=(\zeta _{p}-\zeta _{i})/h$


$\zeta _{p}$
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$\zeta _{i}= \zeta _{B}+ h$


$i$


\begin {equation}S_{i,\zeta }^{2}(r)= \left \{ \begin {array} {cc}{-\frac {1}{3}r^{3}-r^2+\frac {2}{3},}&-1\leq r\leq 0\\ {\frac {1}{2}r^{3}-r^2+\frac {2}{3},}&0\leq r\leq 1\\ {-\frac {1}{6}r^{3}+r^{2}-2r+\frac {4}{3},}&1\leq r\leq 2\\ \end {array} \right .\end {equation}


$\zeta _{i}\geqslant \zeta _{B}+ 2h$
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\begin {equation}S_{i,\zeta }^{3}(r)= \left \{ \begin {array} {cc}{\frac {1}{6}r^{3}+r^2+2r+\frac {4}{3},}&-2\leq r\leq -1\\ {-\frac {1}{2}r^{3}-r^2+\frac {2}{3},}&-1\leq r\leq 0\\ {\frac {1}{2}r^{3}-r^2+\frac {2}{3},}&0\leq r\leq 1\\ {-\frac {1}{6}r^{3}+r^{2}-2r+\frac {4}{3},}&1\leq r\leq 2\\ \end {array} \right .\end {equation}


$\zeta _{i}= \zeta _{B}-h$


$i$


\begin {equation}S_{i,\zeta }^{4}(r)= \left \{ \begin {array} {cc}{\frac {1}{6}r^{3}+r^2+2r+\frac {4}{3},}&-2\leq r\leq -1\\ {-\frac {1}{2}r^{3}-r^2+\frac {2}{3},}&-1\leq r\leq 0\\ {\frac {1}{3}r^{3}-r^{2}+\frac {2}{3},}&0\leq r\leq 1\\ \end {array} \right .\end {equation}
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\begin {align}\Delta \bm {F}_p^{n+1}=\bm {I}+\Delta t\sum _i\bm {v}_i^{n+1}\otimes \nabla w_{ip}\end {align}


\begin {align}\bm {F}_p^{n+1}=\Delta \bm {F}_p^{n+1}\cdot \bm {F}_p^{n}\end {align}


\begin {align}V_p^{n+1}=J_p^{n+1}\cdot V_p^{0}\end {align}


$J_p^{n+1}=\det {\bm {F}_{p}^{n+1}}$


$t^{n+1}$


\begin {equation}\label {nodalJacobians} \bar {J}_{i}^{n+1}=\sum _{p}w_{ip}V_{p}^{n}(\bar {J}_{p}^{n}\Delta J_{p}^{n+1})/V_{i}^{n}\end {equation}


\begin {align}&V_{i}^{n} =\sum _{p}w_{ip}V_{p}^{n}\\ &\Delta J_{p}^{n+1}=\det {(\Delta \bm {F}_{p}^{n+1})}\\ &\bar {J}_{p}^{n}=\det {(\bar {\bm {F}}_{p}^{n})}\end {align}


$\Delta \bar {\bm {F}}_{p}^{n+1}$


\begin {align}\Delta \bar {\bm {F}}_{p}^{n+1}& =\left (\frac {\sum _{i}w_{ip}\bar {J}_{i}^{n+1}}{\bar {J}_{p}^{n}\Delta {J}_{p}^{n+1}}\right )^{1/\dim }\Delta \bm {F}_{p}^{n+1}\end {align}


$w_{ip}$


$\Delta \bar {\bm {F}}_{p}^{n+1}$


$\bar {\bm {F}}_p^{n+1} = \Delta \bar {\bm {F}}_p^{n+1} \cdot \bar {\bm {F}}_p^{n}$


$\bar {\bm {F}}_p^{n+1}$


$\pi $


\begin {align}&\pi (\bar {p})_{i}^{n+1}=\sum _{p}w_{ip}V_{p}^{n}{p}^{n+1}/V_{i}^{n}\\ & V_{i}^{n}=\sum _{p}w_{ip}V_{p}^{n}\end {align}


\begin {align}\bar {p}_p^{n+1} &= \sum _{i}w_{ip} \pi (\bar {p})_{i}^{n+1}\end {align}


$p_p^{n+1}$


$\bar {p}_p^{n+1}$


$\pi $
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\begin {equation}\label {motion} \bm {M}\ddot {\bm {U}} + (\bm {K}_{\text {dev}} + \bm {K}_{\text {vol}}) \, \bm {U} = \bm {f}^{\text {ext}}\end {equation}


$\bm {M} = \text {diag}(\bm {M}_1, \bm {M}_2, \ldots ) \in \mathbb {R}^{n_u \times n_u}$


$n_u=d \cdot n$


$d$
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$\bm {U} = [\bm {u}_1^T, \bm {u}_2^T, \ldots , \bm {u}_n^T]^T \in \mathbb {R}^{n_u}$


$\bm {f}_{ext} \in \mathbb {R}^{n_u}$


$\bm {K}_{\text {dev}}$


$\bm {K}_{\text {vol}}$


\begin {align}&\bm {K}_{\text {dev}} = \sum _p \bm {B}_p^T \bm {D}_{\text {dev},p} \bm {B}_p V_p \\ &\bm {K}_{\text {vol}} = K\sum _p V_p \bm {G}_p \bm {G}_p^T\end {align}


$\bm {B}_p$
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$\bm {G}_p = [\nabla w_1(\bm {x}_p)^T, \nabla w_2(\bm {x}_p)^T, \ldots , \nabla w_n(\bm {x}_p)^T] \in \mathbb {R}^{n_u}$


\begin {align}\label {constraint} \bm {G}_p^T\bm {U} \approx 0 && p=1,2,\ldots , n_p\end {align}
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\begin {align}\label {continuouspressure} \bar {p}(\bm {x}) &= \sum _{i}w_{i}(\bm {x}) \frac {\sum _{p}w_{ip}V_{p}{p}(\bm {x}_p)}{\sum _{p}w_{ip}V_{p}}=\sum _{i} w_{i}(\bm {x}) \frac {\int w_i(\bm {y}){p}(\bm {y})\,d\bm {y}}{\int w_i(\bm {z})\,d\bm {z}}\end {align}
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\begin {equation}\label {linear} w_i(x) = \begin {cases} \frac {x - x_i}{h}+1 & \text {if } \,x \in [x_i-h, x_i], \\ \frac {x_{i} - x}{h}+1 & \text {if }\, x \in [x_i, x_{i}+h], \\ 0 & \text {otherwise.} \end {cases}\end {equation}


$h=x_{i+1}-x_i$


\begin {align}\int _{x_i}^{x_{i+1}} w_i(z)\,dz=h/2\end {align}


$\bar {p}(x)$


\begin {align}\bar {p}(x) &=\frac {2}{h}\left (\frac {x_{i+1} - x}{h}\right )\int _{x_i}^{x_{i+1}} \left (\frac {x_{i+1} - x}{h}\right )\cos {(kx+b)}\,dx+\frac {2}{h}\left (\frac {x - x_{i}}{h}\right )\int _{x_i}^{x_{i+1}} \left (\frac {x - x_{i}}{h}\right )\cos {(kx+b)}\,dx\end {align}


\begin {align}\label {pnew} \bar {p}(x) = \dfrac {x_i + x_{i+1} - 2x}{2\thinspace h^{3} k^{2}} \left ( \cos \alpha - \cos \beta \right ) + \dfrac {1}{2\thinspace h^{2} k} \left [ -(x_{i+1} - x) \sin \alpha + (x - x_i) \sin \beta \right ]\end {align}


$\alpha = k x_i + b$


$\beta = k x_{i+1} + b$
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\begin {align}\bar {p}\left (\frac {h}{2}\right ) = \frac {\sin (kh)}{ h k}\end {align}
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$\bar {p} \approx \frac {kh}{hk} = 1$
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$\bar {p} \sim \frac {1}{k}$
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\begin {equation}\label {deta0} \sum _{p}V_pw_{ip}>\int w_i(\bm {x}) \mathrm {d}\Omega \end {equation}
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$E_i$


\begin {align}E_i=\max \left (0,-V_i+\sum _{p}V_pw_{ip}\right ),\quad \text {where}\quad V_i=\int w_i(\bm {x}) \mathrm {d}\Omega \end {align}
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$\delta $


\begin {align}\|E\|^2=\sum _{i}E_{i}^2\end {align}


\begin {equation}\label {deta1} \left (\nabla \|E\|^2\right )_p=2V_p\sum _{i}E_i\nabla w_{ip}\end {equation}


$\delta \bm {x}_p^{n+1}$


\begin {equation}\delta \bm {x}_{_p}^{n+1}=-b_{0}\left (\nabla \|E\|^{2}\right )_{_p}, \label {Xeqn11-50}\end {equation}


\begin {align}b_0=\frac {\|E\|^2}{\sum _{p=1}^{N_p}\left (\left (\nabla \|E\|^2\right )_p\cdot \left (\nabla \|E\|^2\right )_p\right )}\end {align}
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\begin {equation}\label {deta4} \bm {x}_p^{'n+1} = \bm {x}_p^{n+1} + \delta \bm {x}_p^{n+1}\end {equation}
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\begin {align}\label {smooth1} \hat {p}_i=\frac {\sum _{p}w_i(\bm {x}_p)m_pp_p}{m_i}\\ \label {smooth2} \hat {p}_p=\sum _{i}w_{i}(\bm {x}_p)\hat {p}_i\end {align}
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\begin {align}p &= 0 \quad {}\text {on}\quad {} \Gamma _D\end {align}


$F$


\begin {align}\label {F} F=\frac {\sum _{p=1}^{N_p^e}V_p}{V_e}\end {align}
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\begin {align}&\bm {f}_{n}^{n+1} =k_{n}\delta \cdot \bm {n} \\ &\bm {f}_{t}^{n+1} =\min (\bm {f}_{t}^{n}+\Delta \bm {f}_{t},\mu \|\bm {f}_{n}^{n+1}\|) \\ &\Delta \bm {f}_{t} =k_{t} \Delta \bm {u} \\ &\Delta \bm {u}=(\boldsymbol {v}_A-\boldsymbol {v}_B)\Delta t-[(\boldsymbol {v}_A-\boldsymbol {v}_B)\cdot \boldsymbol {n}]\boldsymbol {n}\Delta t\end {align}
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$t < 10 \, \text {ms}$


\begin {align}\widetilde {p}(x,t)=\begin {cases}1000&\text {if }x<0.5-ct,\\100&\text {if } x>0.5+ct,\\550&\text {otherwise.}\end {cases}\end {align}
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\begin {align}E=\frac {\sum _p|\widetilde {p}(x_p)-p(x_p)|V_p}{\int _\Omega \widetilde {p}(x)\mathrm {d}\Omega }\end {align}
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$p_{\text {max}} \approx 2 \, \text {Pa}$


\begin {align}v(y,t) =\frac {F}{2\mu _0}y(y-H)+\sum _{n=0}^{\infty }\frac {4FH^2}{\mu _0\pi ^3(2n+1)^3}\times \sin \left [\frac {\pi y}{H}(2n+1)\right ]\exp \left [-\frac {(2n+1)^2\pi ^2\mu _0}{H^2}t\right ]\end {align}
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domain into particles, with fluid behavior modeled through the interactions between these particles. Mesh-free methods, such as
the Smoothed Particle Hydrodynamics (SPH) [13-15], the Material Point Method (MPM) [16-20], the Peridynamics (PD) [21-24],
discontinuous Galerkin (DG) method [25], and the Moving Particle Semi-Implicit (MPS) method [26], have garnered increasing
attention due to their capacity to efficiently simulate highly dynamic and complex fluid phenomena [27-29]. With their mesh-
free and Lagrangian nature, these methods can effectively solve challenging physical problems involving moving boundaries and
extensively deformed interfaces, which pose significant difficulties for mesh-based approaches [28]. Meanwhile, their particle-based
nature allows highly parallel computing on modern high-performance computing systems such as Graphics Processing Units (GPUs)
[30,31].

In recent years, MPM has been significantly advanced for simulations of either compressible or incompressible fluids [32-35].
Evolving from the Particle-in-Cell (PIC) method [36], MPM integrates the advantages of both Eulerian and Lagrangian approaches,
functioning as a hybrid technique that effectively employs both grid and particle representations [37,38]. In particular, boundary con-
ditions can be easily implemented through nodes in MPM with no need of additional boundary particles [39]. For compressible flows,
the weakly compressible equation of state (EOS), which establishes the relationship between the fluid pressure and bulk modulus, is
often incorporated into explicit MPM to model various phenomena, such as free-surface flows [40-42] and multiphase flows [43].
However, the EOS often leads to significant pressure oscillations, which can cause issues with numerical stability and accuracy [44].
By contrast, implicit MPM with consideration of fluid incompressibility demonstrates enhanced performance in mitigating pressure
oscillations, e.g., the fractional-step method [45-47] and the monolithic approach [29,48]. Nevertheless, its convergence issue and
complex implementation may hinder the application in challenging problems such as fluid-structure interactions (FSI) involving large
deformation [44]. Hence, further advancements in explicit MPM deserve greater efforts, especially in the following challenges: (i)
volumetric locking due to the incompressibility constraint of the fluid [42,49,50]; (ii) instability caused by cell-crossing [51]; (iii)
excessive dissipation of momentum and energy resulting from the information exchange between particles and their surrounding
nodes [52-54]; (iv) the accumulation of quadrature errors during particle-node mapping [55,56].

Volumetric locking is a common issue in MPM, particularly when nearly incompressible materials are assigned to material points.
In such cases, the volume of material points does not change significantly under stress, which restricts the available deformation modes
and results in the “locking” of the simulated material [50,56,57]. To address this locking phenomenon in weakly compressible fluid
flows, several smoothing techniques have been developed. Researchers have employed multi-field MPM formulations, wherein stress,
strain, and velocity (or displacement) are treated as independent interpolation variables. Notable examples of such approaches include
the three-field formulation [42] and the two-field formulation with stabilization [44]. Additionally, deformation-related smoothing
methods, such as the F method [58] and the B method [59], have been widely applied in MPM to mitigate this issue. Building on
these methodologies, Zhao et al. [60] combined the F method with the particle-grid mapping scheme to achieve the volume-averaged
deformation gradient for stress updates. This approach facilitates improved simulations for nearly incompressible materials, such as
solids with a Poisson’s ratio around 0.5 or water. Telikicherla and Moutsanidis [61] introduced a projection technique to smooth the
volumetric components of strain and stress, incorporating lower-order basis functions for this process. This method has since been
refined and successfully applied to fluid analysis [62]. Sun et al. [63] employed a B-spline density smoothing technique to simulate
FSI problems using a contact-based approach. He et al. [64] proposed the use of an additional sparse projection grid, performing
particle-grid mapping on this grid to smooth volumetric strains and enhance computational efficiency. Although existing methods
effectively simulate incompressible materials, the performance of circumventing volumetric locking in fluid simulations still requires
further improvement.

When material points move between adjacent background cells, discontinuities in strain and the corresponding stress may occur,
leading to cell-crossing instability [62,65]. To address this issue, some methods have been proposed to smooth the gradient of inter-
polation function, including the generalized interpolation material point (GIMP) [51], the convected particle domain interpolation
(CPDI) [66,671, the dual domain material point (DDMP) method [68]. In addition, B-spline basis functions have been integrated
into MPM to achieve more accurate discretization of the background domain and to reduce cell-crossing errors [69-71]. It has been
demonstrated that the accuracy of numerical results obtained using B-spline functions surpasses that of the aforementioned shape
functions, such as GIMP and CPDI [70]. For large deformations, the quadratic B-spline shape function will yield poorer performance
in terms of accuracy and convergence compared to cubic and quartic B-spline functions [70]. Therefore, despite a potential increase
in computational cost, it is advantageous to adopt higher-order B-spline shape functions. These techniques have been effective in
mitigating cell-crossing errors in solid mechanics, but their validity remains unclear for fluid flows.

The mapping process between material points and the background grid in the MPM framework presents significant challenges, as it
can result in accuracy loss and potential instability. The traditional Particle-In-Cell (PIC) method [36] can lead to considerable energy
dissipation, while the Fluid-Implicit-Particle (FLIP) method [72] may introduce numerical noise and instability. Although the two
methods are often combined, this blending does not fully mitigate the aforementioned issues [52]. The newly developed affine PIC
(APIC) method has shown effectiveness in both energy conservation and numerical stability for fluid dynamics problems. However,
it may experience accuracy loss at lower grid and particle resolutions [53]. Similar challenges are observed in the Taylor PIC (TPIC)
method [54]. As an extension of the APIC approach, the polynomial PIC (PolyPIC) method [53] addresses some of the limitations
of APIC by incorporating additional polynomial modes, but this also increases computational cost. Therefore, the development of a
more efficient mapping scheme remains a critical concern for fluid flows in MPM.

The standard MPM is known to be prone to discretization and quadrature errors, primarily due to the particle clumping in regions
with significant shear [29,56]. Some studies have been conducted to quantify these errors [73,74], and several methods for mitigating
this issue have been proposed [51,66]. Kularathna and Soga [46] employ Gauss points for evaluating volume integrals in internal
cells, while Zhang et al. [75] introduce a particle shifting technique (PST) used in SPH to maintain uniform particle distribution.
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However, PST employs a nearest-neighbor search for particles, which incurs considerable computational overhead. Recently, a novel
particle shifting technique, termed 6-correction, was proposed by Baumgarten and Kamrin [56]. This PST method leverages the grid to
minimize nodal volume errors and reduce computational cost. Their comparative study demonstrated that the §-correction approach
effectively mitigates the quadrature errors induced by particle clusters.

This work aims to present a stabilized explicit MPM framework for weakly compressible fluids, effectively addressing the aforemen-
tioned challenges. A dual volume averaging technique based on particle-grid mapping and cubic B-spline basis functions is proposed
to smooth the assumed deformation gradient F, in conjunction with a = projection technique to smooth pressure. The innovative
combination significantly reduces volumetric locking and cell-crossing errors, leading to a more stabilized and accurate simulation
for fluid flow simulations in explicit MPM. Moreover, a blended APIC/FLIP scheme is proposed to minimize particle-grid mapping
errors and ensure energy conservation, even at relatively coarse grid resolutions. By seamlessly integrating complementary tech-
niques, we propose a unified framework that ensures high-order information exchange between material particles and background
grids. This approach yields robust computational performance while maintaining efficiency. To mitigate particle clustering, the §-
correction technique is employed to reduce quadrature errors and promote a more uniform particle distribution. For simulating FSI
problems, a DEM-enriched contact algorithm is incorporated. Additionally, free surface tracking and pressure smoothing techniques
are implemented to optimize the pressure field effectively.

This rest of the paper is organized as follows. Section 2 introduces the governing equations of fluid flow, the weakly compressible
equation of state, and the MPM solution strategy. Section 3 presents the proposed stabilized framework designed to address volumetric
locking, quadrature errors, and errors resulting from cell-crossing and the particle-grid mapping process. A computational algorithm,
including detailed implementation aspects, is also summarized in this section. In Section 4, numerical examples are conducted and
analyzed to evaluate the performance of the proposed explicit MPM in simulating various fluid flow problems. Finally, Section 5
provides the conclusions.

2. Explicit MPM formulation for weakly-compressible fluids
2.1. Governing equations

A dynamic problem can be controlled by the momentum balance equation in an updated Lagrangian form:
pv=V -0+ pb (€))

where v is the velocity, o is the Cauchy stress tensor, p is the mass density and b is an acceleration term induced by body force
imposed on materials.
The following general boundary conditions are typically considered for a mechanical problem:
u=a on T, (2a)
oc-n=f on I, (2b)
where n is the unit normal vector pointing outward in the present domain Q; # and f are the prescribed material displacement
on boundary I', and traction on boundary I';, respectively; Eqs. (2a) and (2b) are Dirichlet and Neumann boundary conditions,
respectively.
By introducing the virtual displacement vector su and performing an integration of Eq. (1) over the solution domain Q, the weak
form is derived as:

/pi)~5udV=/pb-6udV+/ i~6udS—/G-V6udV 3
Q Q Q Q

2.2. Weakly compressible fluid model

The fluid stress can be split into two components, namely:
oc=1-pl 4

where 7 = 2u€’ is the deviatoric stress tensor, and p represents the volumetric stress tensor, i.e., the fluid pressure (with compression
being positive), and u is the dynamic viscosity. I is the identity tensor, and €’ is the deviatoric part of strain rate tensor, with the
strain rate ¢ defined as follows:

€= %(Vv +(Vo)T) (5

The fluid pressure can be explicitly given by the equation of state (EOS), i.e.,

De,,
& =_-K € 6)
Dt Dt

where K is the bulk modulus, ¢, =tr(¢) is the volumetric strain. The selection of K for water should satisfy the requirement that density
fluctuations remain below 3 %, as specified by Chen et al. [44]. Under this condition, water can be treated as weakly compressible
fluid. In our numerical examples, we adhere to this criterion when choosing K.
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Fig. 1. Illustration of information mapping between particles and the background nodes in MPM.

2.3. General MPM implementation

As illustrated in Fig. 1, the continuum body in MPM is discretized into a collection of Lagrangian material points that carry
physical properties such as mass and momentum. The background grid, composed of structural elements, is used for the mapping
process, which includes both particle-to-grid (P2G) and grid-to-particle (G2P) mappings. The P2G mapping refers to the transfer of
physical information from material points to grid nodes, while the G2P mapping involves the transfer of data from grid nodes back
to the material points. Additionally, a shape function facilitates the communication of information between the material points and
the background grid. During the P2G mapping, physical data from the material points are mapped to the grid nodes, enabling the
solution of the momentum equilibrium equations. Subsequently, the results from the nodes are mapped back to the material points,
updating their state variables. The detailed MPM procedure is summarized below.

(1) P2G mapping. The mass and momentum carried by material points are projected into nodes through the use of the shape
function:

no__ n
m{ = Zmpw,.p @
P
n..n o_ no.n
miv} = Zmpvaip (8
p

where a superscript n represents the physical quantity at time step n, m! represents the nodal mass, which is derived from the particle
mass my, and v} represents the nodal velocity, mapped from the particle velocity v;. The function wj, = w](x,) is the interpolation
basis function that maps values from node i to the position of material point p, and },, denotes the summation over all material points
that are affected by the basis function associated with node i.

(2) Grid solution. The weak form in Eq. (3) is discretized in both spatial and temporal domains, and then using the explicit Euler
method to update the nodal velocity (momentum) as follows:

+1 _
M =m0 (fl + Sl ) A ©
where,
fir,,int =" 2 Vpno.s : Vw;,p (10)
P
flos = D mpbyuol + /oQ fw,,dS an
p T

(3) G2P mapping. The velocities of material points can be updated in terms of nodal velocities through G2P mapping. Two common
ways are used to update the velocity: (i) the FLIP method, which updates the velocity using the nodal acceleration, and (ii) the PIC
method, which directly maps the updated nodal velocity to the material point. These two schemes can be expressed as:

n+1 ) n+1
(vp )FLIP =v,+ Z w;,a;™ At 12
1
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+1 _ +1
(v; )PIC - Z wipt} a3

where a superscript n or n + 1 represents the physical quantity at time step n or n + 1; v; and a; are the velocity and acceleration at
nodes, respectively; w;, denotes the basis function for interpolation. In general, the FLIP and PIC schemes can be blended as:

ol = (1= (v )mp + AW o 4
Xl = x4 3w, v A (15)
i

where x,, is the position of the material point, and f is the blending coefficient, which ranges from 0 to 1. The total PIC scheme is
applied when g = 1, while the total FLIP scheme is used when g = 0. The PIC method enhances numerical stability, though it can
introduce excessive damping, potentially leading to inaccuracies in dynamic simulations. On the other hand, FLIP better preserves
kinetic energy but may result in oscillations, especially in stress. The combined kinematics update strikes a balance, mitigating
numerical noise while reducing artificial damping.

(4) Grid reset. Once the acceleration, velocity, and position of the material point are updated, all the physical information carried
by the background grid is reset. The simulation then advances to the next step to repeat the above procedure.

2.4. Advanced particle-grid mapping scheme

Conventional PIC and FLIP mapping schemes often fail to simultaneously meet the requirements for energy conservation and
numerical stability [36,72]. Despite the use of the blended PIC/FLIP approach, significant numerical noise remains unavoidable during
simulations. The APIC mapping scheme mitigates the energy dissipation issue inherent in the standard PIC method by replacing the
locally constant velocity description with a locally affine for each material point [52,76]. This enhancement allows the APIC method to
more effectively preserve both linear and angular momentum, while also significantly reducing numerical noise. Unlike the traditional
PIC scheme, the APIC method additionally introduces changes at both P2G and G2P procedures.

At the P2G stage, the APIC scheme introduces a matrix C”, where the local velocity of a particle at the grid node x; is expressed
as v; + C;(x,- — x;). This formulation defines the transfer from particles to the grid, i.e.,

miw) = Y whm, (v + Cox, = x1)) (16)
p

-1
where C, =B, (D;’) » Dy is analogous to an inertia matrix for affine motion, given by

D;’ = Z wip(x,» - xZ)(xi - x;)T 17)

B} contains the angular momentum information and is modified during the process of mapping data from the grid to material points
(G2P). The corresponding transfer from the grid to material points is expressed as follows:

T
BI’JH'I = z w,.pv,f”'1 (xi - x;) (18)
7

The APIC mapping scheme effectively mitigates the dissipation inherent in the traditional PIC method, while being less sensitive
to the numerical noise characteristic of the FLIP method. However, it may suffer from a loss of accuracy when applied at lower grid
and particle resolutions [53]. Motivated by the blending PIC/FLIP, we propose a hybrid FLIP and APIC scheme to overcome this issue.
The only distinction between the blended APIC/FLIP method and the original APIC lies in the velocity update, i.e.,

vl = (1 - ﬂ)(v; + Z w,.paf."+”At> + ﬂ<2 w,pv,?"*')), APIC/FLIP (19a)
i i

Vit = 3w, 0™, APIC (19b)
i

where the blending coefficient g ranges from 0 to 1. Specifically, in our simualtions, § = 1 is chosen if not explicitly specified. The

blended APIC/FLIP scheme offers a good balance between energy conservation and accuracy (see the dam break case in Section 4.5),

making it particularly suitable for dynamic problems at relatively coarse grid resolutions.

2.5. Stability condition

The explicit MPM uses the central difference method for time integration, which is conditionally stable. For stability, the time step
At must be smaller than a critical time step At,. This condition is commonly known as the Courant-Friedrichs-Lewy (CFL) condition
[77-79]1, which is given by:
. h°
At, = min— (20)

¢p
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where h° is the characteristic length of the element and ¢, is the sound speed. For the weakly compressible fluid, ¢, can be calculated
using the formula /K, /p .
However, in large-deformation problems where the velocity of material points is comparable to the sound speed, the particle
velocity must be considered when determining the critical time step. Therefore, the CFL condition is modified to [78]:
he

= max(c, + |v,) (21)

tc
where v, is the particle velocity.
3. Stabilized high-order MPM framework
The cubic B-spine shape function is employed to stabilize the explicit MPM in conjunction with a dual volume averaging technique.

The stabilized MPM solver is further enhanced by correction and smoothing, and specific boundary handling techniques. The full
computation procedure is summarized in Algorithm 1.

Algorithm 1: Pseudocode of MPM with the proposed explicit stabilized algorithm.

Input: Simulation time-steps;
1 foreach timestep do

2 Nodes reset and mapping:
3 Reset background nodes dynamics.
4 Compute basis functions at material points.
5 Map material points’ mass and momentum to nodes.
6 Boundary Handling:
7 Detect free-surface nodes.
8 Perform DEM-enriched contact analysis.
9 Dual volume averaging:
10 Calculate volume-averaged deformation gradient.
11 Compute strain and stress for material points.
12 Calculate volume-averaged pressure.
13 Solution of Variables:
14 Map internal and external forces from material points to nodes.
15 Update the nodal velocity and acceleration.
16 Map information from nodes to material points.
17 Correction and smoothing:
18 Apply §-correction and relocate material points.
19 Apply pressure smoothing for visualization.

3.1. Cubic B-spline shape function

The B-spline basis functions can be defined through a knot vector, which is a set of ordered, non-decreasing values in R known
as knots. A knot vector is defined by

E={6.80:6> -2 Entprt} (22)

where ¢ is the i"" knot, i is the knot index, i = 1,2,...,n+p+ L.

Let p denote the polynomial degree and » the total number of B-spline basis functions. The knot vector subdivides the parametric
domain into different segments or elements. The B-spline basis functions for a given knot vector are constructed step by step using
the Cox-de Boor recursion formula [80],

=& & -
N, = iN,-,,,_l(e:> + L 2 Ny, (©), forp>0 (23)
§i+p - & §i+p+1 = &it1
with
Lifg <& <é,
N; = 24
10 {0 otherwise. @4

While quadratic B-spline basis functions have been widely used in MPM [29,62,69,70,811, few studies explored the application
of cubic (or higher-order) B-spline basis functions, particularly in the context of fluid flow analysis. In general, there are four types

6
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Fig. 2. Cubic B-spline shape functions for a series of five elements in 1D.

of cubic B-spline basis functions [71] (see Fig. 2 for the 1D case). The type 1 basis function is defined at boundary nodes ¢; = {3, i.e.
i=0or 5, given by:

ér3+r2+2r+%, -2<r<-1
13
=4+ r+1, -1<r<0
Shrn= 6 - 25
”g() ér3—r+1, 0<r<l1 (25)
—ér3+r2—2r+%, 1<r<2

where r = (¢ =/, ¢, s the position of particles, ¢; is nodal position, 4 is element size.
The type 2 basis function corresponds to the node which is located at one cell away from left boundary {; = {p + h, i.e. i=1, given
by:

e -1<r<0
S‘.zc(r)= %r3—r2+ %, 0<r<li (26)
—ér3+r2—2r+%, 1<r<2

The type 3 basis function corresponds to the node where the index i is located at least two cells away from any boundary ¢; >
{p+2h,ie. i=2or 3, given by:

ér3+r2+2r+%, -2<r<-1
13 2 2
—=r’—r 4+ 3, -1<r<0
RGES SN 27
i€ -+, 0<r<1
—ér3+r2—2r+%, 1<r<2

The type 4 basis function is related to the node which is located at one cell away from right boundary ¢; = {5 — h, i.e. i=4, given
by:

ér3+r2+2r+§, -2<r<-1
stn=1 -iP-r2+3 —1<r<0 (28)
%r3—r2+§, 0<r<i1

By using C2-continuous cubic B-spline basis functions, we can maintain a smooth representation of the strain rate as material
points move across element boundaries, effectively eliminating cell-crossing errors.

3.2. Dual volume averaging

We introduce a dual volume averaging technique that extends the volume-averaged deformation gradient [60] to further consider
the volume-averaged pressure, i.e., volume averaging both deformation and pressure. It is important to highlight that the efficacy
of the volume-averaged deformation gradient [60] has not been clearly articulated in previous studies. In this work, we provide a
rigorous explanation of how our proposed dual volume averaging technique effectively addresses the issue of volumetric locking in
explicit MPM.

3.2.1. Implementation

As shown in Fig. 3, the support region of the cubic B-spline functions at each node influences 16 elements in 2D. In the first
volume averaging process, the Jacobians J,, which represent the determinant of the deformation gradient at the particle location, are
mapped to the nodes to obtain J;. Subsequently, J; is mapped back to the particles to obtain the volume-averaged J,. The original
relative deformation gradient AF, is then replaced by the volume-averaged AF,, based on J,, for pressure calculations. In the second

7
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Fig. 3. Illustration of dual volume averaging based on cubic B-spline shape functions.

volume averaging step, a similar mapping procedure is applied to the particle pressure p to obtain the volume-averaged pressure p,.
The detailed implementation is depicted as follows. With the original relative deformation gradient at t"*!, i.e.,

AFf =T+ At Y v @ Vw, (29)
i

the deformation gradient can be updated as
n+l _ n+l  pn
F" =AF™ - F} (30)
The volume of material points can be updated as:
n+l _ yn+l /0
=Lt (31)

where J"+! = det F™*! is the determinant of deformation gradient at "*!.
The nodal volume-averaged Jacobians is given by

J‘in+l — 2 wiprn(j:AJ:H)/V,-n (32)
p
with
V=Y w, V! (33a)
p
AJ:“ = det (AFp"“) (33b)
T} = det (F)) (33c)
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The relative assumed deformation gradient AF;Jr ! can be obtained by

) . 1 M/ dim
AFH = <—21 ] ) AF! (34)
VN

where dim is simulation dimension, for 2D and 3D cases, dim is set to 2 and 3, respectively. w;, is cubic B-spline basis function for
interpolation from node i to the material point p.

Therefore, the fluid pressure can be computed using the EOS presented in Eq. (6), based on the relative assumed deformation
gradient AF;’“. Additionally, the shear stress, as described in Eq. (4), can also be calculated. Next, update for deformation gradient
F:” = AFI;’“ . Fp”, as the nodal volume-averaged Jacobians given by Eq. (32) for the subsequent step must be calculated using the
determinant of F"*!.

The 7z projection technique is then applied [61] to the fluid pressure, i.e.,

”(ﬁ)l}_’l+l — Z w’_prnpn+1/I/in (353)
P
V=Y w, V) (35b)
p

so that the volume-averaged pressure reads
B =Y wyr (! (36)
i

Note that p;"'l represents the fluid pressure computed using the EOS as given in Eq. (6), while p)* ! denotes the volume-averaged
pressure after applying the z-projection for p;“. This averaged pressure will be used in Eq. (9) to solve the momentum equation
and update the nodal velocity. By sequentially applying volume averaging for both deformation gradient and pressure, volumetric
locking can be significantly alleviated.

3.2.2. Why it works

Although the constraint counting method [82], which originated from the FEM, has been utilized in MPM to provide meaningful
insights [62,64], it primarily serves as a qualitative tool for assessing the propensity for locking. Hence, we elaborate a detailed
discussion as follows. Volumetric locking occurs when an excessive number of incompressibility constraints are imposed on the
deformation of elements, leading to an overly stiff response [50,57]. To clarify this phenomenon, we reformulate the explicit kinematic
equation in matrix form for theoretical analysis, as follows:

MU + (Kdev + Kvol) U= fext (37)

where M = diag(M,, M,, ...) € R"*" represents the diagonal mass matrix. n, = d - n denotes nodal degree of freedom, which is the
product of the number of the dimension d and the number of active nodes n. U = [ulT, u2T, ,unT]T € R™ is displacement vector.
feox: € R" denotes external force vector.

The deviatoric stiffness matrix Kg., and volumetric stiffness matrix K, can be written as follows:

Kdev = Z B;Ddev,poVp (38a)
p
KVOl =K Z VpGpGZ; (38]))
p

where B, represents strain-displacement matriX, Dge,, is deviatoric material matrix, K denotes bulk modulus, G,=
[V, (x,)T, Vwy(x,)T, ..., Vw,(x,)T] € R™ is basis function gradients.

Due to the characteristics of a weakly compressible fluid, each material point is assigned a volumetric constraint, expressed as
follows:

G;Uzo p=12,...n (39)

14

We have the system of kinematic equations presented in Eq. (37) and a set of constraint equations outlined in Eq. (39). In MPM,
the number of constraint equations 7, exceeds the dimension n, of the volumetric stiffness matrix K. This results in a statically
indeterminate motion matrix equation, making it impossible to obtain a unique exact solution. Instead, only an approximate solution
can be achieved. The resulting error may propagate into the strain field and be amplified by the bulk modulus, ultimately leading to
pressure oscillations.

In this study, the higher-order volume-averaging technique employs cubic B-spline basis functions, which have a larger support
region and activate more nodes, thereby increasing the dimension of the stiffness matrix n,. Additionally, the volume-averaged
deformation gradient establishes relationships between material points through the use of nodes, which reduces the number of
constraint equations n, to the number of active nodes n. Consequently, the kinematic matrix system can be solved to yield a unique
and accurate solution, thereby avoiding errors associated with an over-determined system.

The second volume averaging for pressure can be reformulated in continuous form as follows:

9
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v )
X WipV,p(x,) 3 w(x) [ wiypy)dy (40)

Zp wipVy i Jwi(2)dz
This equation can be viewed as a filtering process that reconstructs the original pressure field p(y) into a new pressure field j(x). To
investigate its filtering characteristics, we assume a pressure field defined by cos(kx + b), where w and b represent the wave number
(proportional to spatial frequency) and the phase of the pressure field, respectively.
For simplicity, we consider a one-dimensional element with two nodes, located at positions x; and x;_ . Linear basis functions are
employed, expressed as follows:

B(x) = Z w; (%)

41 if x e by -kl
41 if x € [x,x; + Al (41)
0 otherwise.

w;(x) =

where i = x;,; — x; denotes element size. Substituting Eq. (41) into Eq. (40), and noting that

Xit1
/ w;(z)dz=h/2 (42)
Xi

We can get the volume-averaged pressure field p(x),

oo 2/ X X Tl Xy = X 2 /(XX T X - x;

Ax) = Z(T> /x[ (T)cos(kx+b)dx+ E( . ) . ( . ) cos (kx + by dx (43)
Furthermore, the integral result can be written as:

B X; 4+ X;p —2x 1 X X

p(x) = #(eos a—cosf)+ EYET [—(xH_l — x)sina + (x — x;) sin ﬂ] (44)

where a = kx; + b, p = kx; .| +b.
For simplicity, we assume b =0, x; =0 and x;, | = h, x = (x; + x;41)/2, the Eq. (44) will degenerate into :

(h sin(kh)
hy _ 45
P ( 2 ) hk “45)
The original pressure function cos(kx + b) takes the value cos(kh/2) at the same position. When k is small (indicating low spatial

frequency), we have sin(kh) ~ kh, resulting in p ~ % = 1. In this case, the original value cos(kh/2) is approximately equal to 1,

indicating minimal attenuation at low frequencies. Conversely, when k is large (indicating high spatial frequency), we find that
pr~ %, thus the fluctuating pressure approaches 0 as k increases toward infinity, signifying significant attenuation at high frequencies.
Therefore, by volume-averaging the pressure field, high-frequency pressure oscillations are filtered out within the interval [x;, x;, ],
resulting in a smooth pressure field that functions as a low-pass filter for noise reduction. The actual pressure can be considered as
the sum of low-frequency physical pressure and high-frequency fluctuating pressure. Due to the low-pass filtering characteristics of
pressure projection, pressure oscillations are effectively removed, allowing the stable physical pressure component to be retained.
The volume-averaged pressure is subsequently used to solve the equilibrium equations at the nodes, thereby breaking the self-cycle
of pressure oscillations.

To sum up, the first volume averaging aims to reduce excessive volumetric constraints and is utilized to compute the volume-
averaged deformation gradient, which is subsequently input into the constitutive model for stress calculations. In contrast, the second
volume averaging acts as a low-pass filtering and is applied to obtain the volume-averaged pressure , which is used to solve the
equilibrium equations at the nodes. These two processes operate in sequence and collaborate to mitigate the issue of volumetric
locking in MPM.

Remark 1. In FEM community, the u/p mixed element has been successfully applied in the solution of the Stokes problems, where
stability is governed by the Ladyzenskaya-Babuska-Brezzi (LBB) condition [57]. Our approach targets pressure-velocity coupling
directly and the stabilization method used in this study is inherited from the F method in FEM. As discussed in previous study, the
F method is not to satisfy the well-known LBB stability condition, but the degree of dissatisfaction is ‘slight’, so it is not altogether
mathematically abhorrent [83].

3.3. Correction and smoothing

3.3.1. é-correction

It is acknowledged that particle clustering in MPM will degrade numerical integration with substantial quadrature errors, see e.g.,
[56]. Such clustering errors are directly related to the particle length scale, disrupting the conservation of mass and momentum [29].
The quadrature error can be assessed through the integrals of the basis functions and numerical integration over the material points.
When material point clusters occur, the following condition must be satisfied:

ZVPwiﬁ > / w;(x)dQ (46)
P

10
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Where V, is the volume of the material point, w;), is the basis function at the location of the material point, w;(x) is the spatial basis
function. Eq. (46) indicates an over-estimation in the numerical integration, leading to integration errors. A set of nodal errors,
denoted as E;, can be defined to quantify this over-estimation error.

E; = max <0, —Vi+ ) prip), where V; = / w;(x)dQ (47)
p

Note that FE; quantifies the excess volume at node i resulting from the mapping of material points using the basis functions. When
material points near node i cluster together, the nodal numerical integrals are prone to quadrature errors. If E; exceeds a threshold
E_., then the §-correction is applied.

The global volume error for all active nodes can be measured by

I =} E; (48)

and its gradient with respect to each material point is given by

(VIEI?), =2V, Y E:Vw, (49)
i

A shifting vector 6x;“ is then introduced by

5x:’+1 = —bO(V||E||2)p, (50)

with
2
- IE] -
»
=0 ((VIER), - (VIEPR),)
The position x;“ of the material can be updated as
'+l _ o+l +1
xp" = xz + éxz (52)

where x;” ! is the updated position. The Newton method can be used to find the optimized shifting vectors that minimizes || E||%.
With the updated position x;“, we can recompute the basis function w;, and its gradient Vuw;,. The nodal error lE||? can then be
re-evaluated. If it still exceeds the threshold, the procedure outlined in Eq. (49)—(52) will be repeated until || E||? satisfies the required
criteria.

3.3.2. Pressure smoothing

A straightforward pressure smoothing approach, based on the weighted average method, was incorporated into the MPM formu-
lation for visualization [84]. Initially, the pressure values from material points are projected into the neighboring nodes, as described
by Eq. (53). At the nodes, the average pressure is calculated by weighting material points by their mass. Subsequently, nodal pressure
will be interpolated back to material points using nodal basis functions, as outlined in Eq. (54).

ﬁ _ Zp wi(xp)mppp (53)

i m;
by =D w,(x,)p; (54)

i
where p, denotes the smooth particle pressure and ; represents the nodal pressure, which is interpolated from the particle pressure p,

by using the interpolation basis function w;(x,). Note that the pressure smoothing based on the weighted average method is employed
only for visualization purpose and the smoothed pressure is not involved in next iteration.

3.4. Specific boundary handling

3.4.1. Free surface tracking
Neglecting surface tension, the pressure at the free surface of a single fluid flow is assumed to be equal to the atmospheric pressure
[84]. Accordingly, the zero Dirichlet pressure boundary condition at the free surface for a single fluid flow problem is expressed as:
p=0 on T, (55)

The free surface tracking method proposed by [84] is employed. As shown in Fig. 4 the volume fraction F of the material point
in each cell is computed using Eq. (56).

o
T,

v,

e

(56)

where V, is the volume of the material point, V, is the cell volume and N? is the number of particle within the cell. Nodes associated
with at least one cell having a volume fraction below a specified threshold, F,, are identified as free surface nodes. At these nodes,
the Dirichlet pressure boundary condition is applied.

11
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Fig. 4. Free surface capturing in MPM by using volume fractions.
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Fig. 5. DEM-enriched contact model [85]:(a) schematic representation of the material point pair domain; (b) illustration of the contact law imple-
mentation between two material points, each modeled as a disk.

3.4.2. DEM-enriched contact

The traditional MPM contact algorithm facilitates material collisions by mapping data from material points to the background grid.
However, advanced interpolation techniques, such as B-spline and GIMP, may lead to premature contact between material points,
even if their positions are separated by an additional cell, as long as their shape functions overlap at the same node. To address
this issue, Chen et al. [85] introduced a DEM-enriched contact approach within the MP-DEM framework. This method combines the
strengths of both MPM and DEM, providing a unified and flexible approach to boundary-particle and particle-particle interactions
in multi-material systems. Traditional DEM simulations are often time-consuming due to the need for neighbor searching among
particles. However, by coupling DEM with the MPM, we can leverage the background mesh to streamline this process. Material
points that contribute to the same node are considered potential contact pairs, and the penetration depth is calculated based on their
relative positions.

Fig. 5 (a) illustrates the contact configuration between two materials. The contact law is applied to material points, which are
assumed to be disk-shaped, to simplify contact detection and improve computational efficiency [85]. As shown in Fig. 5 (b), the
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resulting contact force acting on the material point is determined by both the penetration depth 6 and the relative velocity between
points O, and Oy, as outlined in the following force-displacement relationship:

f:“ =k,6-n (57a)
S = min(f + Afy ull £ (57b)
Af, = k,Au (57¢)
Au= (v, —vp)At —[(vy —vp) - nlnAt (57d)

where superscript n or n+ 1 denotes physical quantity at the time step of n or n+ 1. f, and f, denotes the contact force in normal
and tangential direction, respectively; § denotes the penetration depth; n denotes the contact normal vector; Af, is the increment
of tangential force; Au is the relative displacement in tangential direction; v, and vy denotes the velocity at point O, and Op,
respectively. At denotes time step increment; k, and k, are normal and tangential contact stiffness, respectively; u is the friction
coefficient.

After calculating the contact forces at the material points, we can incorporate these forces as body forces in the governing equation
(i.e., Eq. (1)). This allows them to participate in the MPM calculations in the same manner as other body forces.

Explicit MPM formulations are preferred over implicit schemes due to their simplicity in implementation and high-performance
parallelism on GPUs [86]. In contrast, the convergence of implicit MPM depends on the nonlinear behavior of local contact or
material responses. As a result, careful management of displacement increments is essential to ensure convergence, but this can
compromise the robustness of implicit solvers [87]. While recent studies have employed implicit MPM formulations coupled with
FEM for contact scenarios, these methods are limited to small and finite deformations [87-90]. The applicability of these approaches
to large deformation (e.g., in FSI) problems remains limited. In this study, we introduce a DEM-enriched contact approach within
the proposed explicit stabilized MPM framework, specifically designed to simulate FSI problems and effectively mitigate pressure
oscillations.

4. Numerical examples
4.1. 1D elastic wave propagation

The 1D elastic wave propagation is used to validate the accuracy of pressure calculations [44]. Fig. 6 shows the geometry and
boundary conditions for this example. A flap divides the column of L =1 m into two halves: the left half is assigned a uniform
pressure field of P, = 1000 Pa, while the right half is assigned a pressure of P, = 100Pa. The top and bottom boundaries are fixed
in the y-direction, while the two sides are fixed in the x-direction. The water has a density of p = 1000kg/m’, a dynamic viscosity

of 4 =0.001Pa-s, and a bulk modulus of K = 2.5MPa. Using the formula ¢ = 1/K/p, the sound speed c is calculated to be 50 m/s.
Once the flap is removed, the elastic wave will propagate through the water column. For ¢ < 10 ms, the analytical solution is given as

v.=0 Flap

A o
v.=0 P,=100 Pa [dv.=0
= lON
y | »,=0 K
l L=1m l

Fig. 6. Elastic wave propagation: the geometry and boundary conditions.
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Fig. 7. Elastic wave propagation: (a) pressure distribution for an element size of 1 mm at ¢ = 5 ms; (b) logarithmic relationship between normalized
pressure errors and element sizes.
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follows [44]:

1000 if x < 0.5 —ct,
px,1)=4100 if x> 0.5+ct, (58)
550 otherwise.

The grid used for the simulation is a square mesh with an element size of 4~ = 1 mm, containing one particle per cell, resulting in a
total of 1000 material points. The time step is set to At = 1 X 107> s. The pressure distribution along the x-axis for the standard MPM
and the enhanced method proposed in this study, which uses dual volume-averaged smoothing, are shown in Fig. 7 (a). To better
investigate the influence of the smoothing technique on pressure calculations, linear basis functions are employed for the numerical
simulations. Compared with the analytical solution, the numerical results enhanced by the proposed method exhibit smoother pressure
distributions, while the standard MPM introduces significant pressure oscillations in the transition region. To quantify the error, the
normalized pressure error norm is defined as follows:

£ ZolP) — 1Y,
oo BO0)AQ

where p(x,) is the analytical value at x = x,, p(x,) is the numerical value, V), is the particle’s volume.

Fig. 7 (b) presents the logarithmic relationship between normalized pressure errors E and different element sizes of 4 = 1,2,4 mm.
As the element size decreases, the errors for both the standard MPM and the proposed method decrease almost linearly, indicating
mesh convergence for both approaches. Additionally, pressure oscillations caused by volumetric locking lead to larger errors in the
standard MPM, while the proposed smoothing method reduces these errors and improves pressure accuracy. Thus, the dual volume-
averaging method not only predicts a much smoother pressure field but also effectively reduces errors, maintaining higher accuracy.

(59

4.2. Poiseuille flow

Poiseuille flow is a well-established benchmark used to validate the accuracy of CFD models [91], and the corresponding setup
is illustrated in Fig. 8. In this scenario, a fluid initially at rest between two fixed plates begins to flow under the influence of a body
force F, which is identical with the constant pressure gradient [91,92], eventually reaching a steady state.

This example examines the dynamic behavior of a weakly compressible fluid, characterized by a density of p = 1000kg/m* and a
dynamic viscosity of x4 = 0.001 Pa - s. The initial geometry, shown in Fig. 8 (a), consists of a two-dimensional square computational
domain with L = I mm and H = 1 mm. The left and right boundaries are fixed, with velocity conditions of v, = 0m/s and v, = 0m/s,
while periodic boundary conditions are applied to the top and bottom surfaces. A uniform body force F = 8 mm/s? is imposed over
the entire domain. The grid used for the simulation is a square mesh with an element size of 4 = 0.05mm, containing 4 particles
per cell, resulting in a total of 1600 material points. The initial particle configuration is depicted in Fig. 8 (b). The time step is set
to At =2 x 107%s. To capture the fluid’s compressibility, a bulk modulus K = 0.1 MPa is selected, which is significantly higher than
the expected maximum pressure, p.,., ~ 2Pa. This choice ensures that the fluid’s volumetric strain remains minimal, and density
variations have a negligible effect on the overall solution.

The analytical solution for the transient behavior of the flow is given by [91]:

F o AFH? _ [my @n+ 1272,
=Yy H)+ ) — Y ons1 AT
PO = 2T It LS G xsin | Zn+ 1) eXp[ o (60)

(a)

H=1 mm

Periodic boundary

I
ST S

L=1mm| " % vxo=1{v
F =8 mm/s?
Periodic boundary
y L
X

Fig. 8. Poiseuille flow: (a) initial configuration and boundary conditions; (b) initial configuration of material points.
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Fig. 9. Poiseuille flow: (a) variation of maximum velocity with time; (b) velocity profile at different time instants; (c) variation of maximum velocity
with time without the proposed stabilization method.

where H is the distance between the plates, and y; = 10°m? - s~! is the fluid’s viscosity. The maximum velocity at steady state, V;.y,
is given by ¢ HI;”O , which serves to normalize the velocity field.

Fig. 9 (a) illustrates the variation of the maximum velocity with time, showing an initial increase followed by stabilization after
t = 0.5s. The numerical results are in excellent agreement with the analytical solution. In Fig. 9 (b), the velocity profile along the
horizontal section is extracted. The expected parabolic shape, as predicted by the analytical solution, is successfully reproduced in
the numerical simulation, thereby demonstrating the accuracy and robustness of the proposed stabilization method.

Fig. 9 (a) and (b) also present transient velocity curves and velocity profiles (+ = 0.8 s), respectively, for other different time steps,
i.e. At=5x10"7,1x 10705 x 107 5. The results indicate that a smaller time step leads to underestimation compared to the analytical
solution. We also present results without stabilization techniques in Fig. 9 (c) for comparison. These results demonstrate that while
varying At (within a small range) does not significantly affect the overall accuracy of the numerical solution, some fluctuations are still
observable. The proposed stabilized method acts as a smoothing process to mitigate these velocity fluctuations, though it inherently
introduces numerical dissipation and errors at each time step. At the initial stage of the simulation, for instance at 1 = 0.05 s, the
discrepancy between the analytical and numerical results with varying time steps At is minimal. However, as time progresses, this
error accumulates, eventually leading to an underestimation of the system’s behavior at the steady-state. A smaller time step Az leads
to more total steps and greater numerical error accumulation, ultimately reducing the quality of the solution.

However, as shown in Fig. 9 (a)-(b), increasing Ar helps to reduce the error, and the numerical results progressively converge
toward the exact solution. This phenomenon reflects excessive energy dissipation can be controlled by enlarging time steps. As At
increases, the dissipation decreases and becomes negligible beyond Ar =2 x 10~® s. Therefore, the dissipation is controllable, and
selecting a relatively larger time step can maintain acceptable error levels.

4.3. Lid driven cavity
The lid-driven cavity flow is a widely recognized benchmark case for verifying numerical methods in CFD. It is particularly useful

for evaluating the accuracy of schemes applied to fluid dynamics problems in confined spaces, especially those with non-uniform
velocity boundary conditions. However, this problem presents significant challenges for traditional MPM implementations. The issue

Vi Viops V=0

ol

(b)

1m

Fig. 10. Cavity: (a) initial configuration and boundary conditions; (b) initial configuration of material points.
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arises because material points are driven by the nodal velocity field, which can lead to numerical instability, particularly at the
corners where corner eddies often form [93]. To address this issue, Kularathna and Soga [93] opted not to update particle positions
during the simulation, thereby avoiding instability. Despite this approach, they found that simulations could not be conducted with
Reynolds numbers exceeding 10. More recently, Baumgarten and Kamrin [56] demonstrated that the application of 5-correction can
help stabilize the simulation and yield better results compared to other particle-shifting methods, such as avoid-a-void MPM [94]
and SPH-like correction in MPM [56,95]. While Baumgarten and Kamrin [56] employed a cell-based anti-locking technique for strain
smoothing, their results for the velocity field remain insufficiently smooth and require further improvement.

The present study investigates the dynamic behavior of a weakly compressible fluid with a density of p = 1000kg/m?>. The initial
geometry is shown in Fig. 10 (a), where the computational domain is a two-dimensional square with a side length of L = 1m. The
top boundary is defined by the condition v, = 0m/s, while the remaining three boundaries are treated as fixed walls, imposing the
conditions v, = v, = 0m/s. The scenario under consideration involves setting the velocity of the top boundary, v,,,, to 1 m/s, which
corresponds to a Reynolds number of Re = puv,,,L/u = 1000. The dynamic viscosity is chosen to be 4 = 1Pa-s, the same value used
by Baumgarten and Kamrin [56].

A square grid with an element size of 2~ = 0.01 m and 4 particles per cell is used, yielding 40,000 material points in total. The
initial particle configuration is shown in Fig. 10 (b). The time step Ar is set to be 0.0001 s, and a quasi-steady state is reached at
t = 40 s. To model the fluid’s compressibility, a bulk modulus of K = 1.5MPa is selected, which is considerably larger than the
expected maximum pressure, p,.,. ~ 500 Pa [56]. This choice ensures that the fluid’s volumetric strain remains small, and any density
variations are negligible, thus having minimal impact on the overall solution.

Fig. 11 shows the magnitude of the velocity field, || ¥ ||, for the lid-driven cavity flow at various simulation times. At the initial
time, t = 2.1 s, a small vortex forms in the top-right corner due to the horizontal velocity imposed on the nodes of the top surface.
As the simulation progresses, the influence of this vortex expands, eventually reaching a steady-state condition by ¢ = 40 s. Fig. 12
(a)-(d) presents comparison of velocity contours at the steady state with findings from previous studies where GIMP basis functions
were used in MPM simulations. Throughout the simulation, the particle velocity field demonstrates a relatively smoother solution
relative to earlier methods, including the Avoid-a-void MPM [56,94], SPH-like correction in MPM [56,95], and §-correction MPM
[56]. Additionally, the implementation of §-correction significantly reduces particle clustering, resulting in a more uniform particle

(d)

Velocity Magnitude (m/s)
0.0 02 04 06 08 1.0

.

Fig. 11. Particle velocity magnitude at different moments: (a) t=2.1s; (b) r=10s; (c) t=20s; (d) t=40s.
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Fig. 12. Comparison of steady-state velocity contours with previous studies: (a) Avoid-a-void [56,941; (b) SPH-like correction [56,95]; (c) &-
correction [56]; (d) this study; (e) this study without §-correction.
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Fig. 13. Central velocity of cavity at t=40 s: (a) horizontal velocity; (b) vertical velocity.

distribution at steady state. As shown in Fig. 12 (e), the absence of §-correction leads to sparse particle distribution in certain areas
near the boundary, which may adversely affect the accuracy of the simulation results [29]. This issue is mitigated following the
application of §-correction, as evidenced in Fig. 12 (d).

To further evaluate the accuracy of the simulation, nodal velocity profiles along the center of the cavity, specifically v, (0.5, y)
and v,(x,0.5), are extracted and presented in Fig. 13. It is important to note that the previous numerical results utilizing cubic B-
spline basis functions are chosen for comparison. These profiles are also compared with the results of Ghia et al. [96], obtained
using a multigrid method based on the FDM to solve the Navier-Stokes equations for incompressible flow. As shown in Fig. 13,
both the Avoid-a-void method and SPH-like correction exhibit larger deviations from the reference solution. While the §-correction
provides better predictions compared to these two methods, some fluctuations are still evident in the velocity profiles. In contrast,
the proposed method delivers smoother and more accurate results. Overall, the simulation results exhibit good agreement with the
reference solution, thereby further validating the accuracy of the proposed method.

4.4. Water sloshing

Two cases of 2D water sloshing with varying excitation frequencies are examined to analyze the flow patterns and pressure
distribution along the tank’s walls. As shown in Fig. 14, the tank has dimensions of 1 m in height (H) and 1 m in width (B), with an
initial water depth (H,,) of 0.3 m. The pitch motion is governed by w = Asin(w,t), where the rolling amplitude, A, is set to 5° for
both cases. The excitation period 7, and frequency w,, are provided in Table 1. The physical properties of the water, including density
(p=1000kg/m?), bulk modulus (K =10MPa), dynamic viscosity (u,, = 0.001 Pa-s), and gravity (g=9.81 m/s?), are specified. The
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Fig. 14. Water sloshing: initial configuration and boundary conditions.

Table 1
Pitch motion parameters for two cases: slow and
fast sloshing.

Case w,(rad/s) w,(rad/s) w,/w, T, (s)

1 0.95 4.76 020 661
2 5.47 476 115 115
(a) 2000 o Experimental data (Chen et al., 2013) (b) 4000 o Experimental data (Chen et al., 2013)
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Fig. 15. Pressure variation with time at the measurement point: (a) slow sloshing; (b) fast sloshing.

water’s natural angular frequency is w, = 4.76 rad/s, with Case 1 representing slow sloshing and Case 2 representing fast sloshing. A
sensor is positioned at a height of H, = 0.2 m on the left wall to measure real-time pressure variation, as depicted in Fig. 14.

The computational mesh is discretized into a square grid with an element size of 4 = 0.02m, and each cell contains 4x4 material
points, yielding 12,000 material points in total. The time step Ar is set to be 0.0001s. To address the challenges associated with
non-uniform pitching motion imposed by moving boundary conditions [97], a periodic body force field is applied to material points,
while the boundary conditions on the surrounding walls remain unchanged. As shown in Fig. 14, the surrounding walls are modeled
as slip-roller boundaries. The body force b is then adjusted to be a function of the pitching angle 0(v), i.e.,

b (t) = —g sin(61) (61a)
b,(t) = —g sin(6¢) (61b)

For Case 1, the ratio of w,/, is set to 0.20, which theoretically results in a near-flat free surface during the sloshing motion. The
pressure evolution recorded by the sensor at the measurement point in the experiment [98] follows a pattern closely resembling a
harmonic sinusoidal function, as illustrated in Fig. 15 (a). The same figure also presents the numerical pressure variation for Case
1. It is evident that the numerical results obtained using the proposed approach closely match both the experimental data [98] and
results from other computational methods [29,98]. Notably, both the experimental and numerical pressure curves exhibit two distinct
peaks corresponding to the wave trough and crest. This behavior is also observed in simulations using the monolithic MPM method.
However, it is not observed in the results from SPH, which are considered to exhibit higher numerical dissipation due to the strong
artificial viscosity inherent in the method [99].
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For Case 2, the ratio of w,/w, is set to 1.15. As shown in Fig. 15 (b), violent liquid sloshing leads to large pressure fluctuations,
and the experimental pressure evolution at the measurement point exhibits significant irregularities over time. The experimentally
measured pressure shows a negative peak, primarily due to the high velocity of air at the interface, which results in suction on the
tank wall [100]. However, this phenomenon cannot be simulated in the present study, as the model does not consider air. Notably,
two distinct peaks appear at each wave crest, which can be attributed to the asynchronization between the water sloshing and the
tank motion, causing a secondary impact on the tank wall. The results obtained using the SPH method, as shown in Fig. 15 (b), tend
to underpredict the pressure during the first 6 seconds. This underestimation is likely due to the increased energy dissipation induced
by greater numerical damping in SPH.

Both the monolithic MPM and the proposed approach produce smoother pressure-time histories compared to those obtained
using the SPH method. However, phase discrepancies are observed at certain time intervals in the simulation, particularly between

(b)

=2.75T,

Pressure (Pa)
0 1000 2000 3000

\

Fig. 16. Comparison between numerical and experimental results[98] at different time in Case 2: (a) ¢t = 2.07,; (b) = 2.25T,; (¢) t = 2.5T),; @
t=2.75T,; (€) t = 3.25T; () 1 = 3.75T,.
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6-8 s and 14-16 s in the monolithic MPM results. Apart from the pressure analysis at the measurement point, Fig. 16 presents
a comparison of snapshots at various moments @/T, = 2.0, 2.25, 2.5, 2.75, 3.25, and 3.75) between the numerical results and
the experimental configuration from [98] for Case 2. Overall, the numerical simulations demonstrate good agreement with the
experimental observations, with the sloshing behavior at each time step closely matching the experimental findings.

4.5. Dam break

The proposed approach is used for simulation of a 2D dam break problem, a well-established benchmark for fluid dynamics that
has been extensively studied in the context of the MPM [42,44-46,62,99]. The setup follows the configuration outlined in [42,101].
As illustrated in Fig. 17, a water column is initially defined with a height 4, and length /,,, with a temporary gate to facilitate water
consolidation. The surrounding boundaries are modeled as slip walls. Once the water has settled under the influence of gravity
and reaches a state of equilibrium, the gate will be removed, allowing the water column to flow freely due to gravity. During the
simulation, both the run-out length L and run-out height H are monitored and recorded throughout the process.

The simulation employs the following parameters: density p = 1000kg/m>, bulk modulus K = 20MPa, dynamic viscosity u =
0.001 Pa s, and gravity acceleration g = 9.81 m/s?. Two initial aspect ratios for the water column are considered: hg/l, = 1.0 and
hy /1y = 2.0. For the aspect ratio of 1.0, the dimension is i, = I, = 0.057 m. For the aspect ratio of 2.0, the height is i, = 0.114 m, while
the length remains /, = 0.057 m.

(2) (b)

: Gate
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Fig. 17. Dam break simulation: (a) initial geometry; (b) geometry at normalized time 7.
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Fig. 18. Pressure contours throughout the computation: (a) aspect ratio of 1.0; (b) aspect ratio of 2.0.
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The simulation is conducted by using a square grid with an element size of 2 = 0.0019 m. The fluid cells are initially arranged in a
2x2 particle configuration, resulting in a discrete fluid domain consisting of 3200 material points for an aspect ratio of 1.0 and 6400
material points for an aspect ratio of 2.0. The time step for the simulations is set to At = 0.0001 s.

Fig. 18 shows a series of snapshots illustrating simulation results at selected time intervals: = 0.5, 1.0, and 1.5 s, for the two cases
under consideration. As shown, the proposed methodology produces smooth pressure distribution contours and effectively mitigates
issues related to volumetric locking, such as checkerboarding, thereby demonstrating its robustness in capturing fluid dynamics.

To further assess the accuracy and reliability of the fluid solver, several quantitative evaluations of simulation results are provided.
Fig. 19 displays the temporal evolution of the water configuration for aspect ratios of 1.0 and 2.0, with comparisons made to experi-
mental data [101], the standard MPM and the displacement-based MPM [62]. Quadratic B-spline basis functions were utilized in the
displacement-based MPM, while GIMP basis functions were employed in the standard MPM. The time step was set to At = 2.5 x 1077
s for both numerical simulations.

The following normalized parameters are used to characterize the variation of the free surface during the run-out process:

h
T=t |28 L gt (62)
2 Iy ho

The simulation results demonstrate generally good agreement with experimental findings. However, a slight discrepancy is ob-
served, with the predicted flow exhibiting marginally faster motion than the experimental observations. This deviation can be at-
tributed to two key simplifications in the modeling process. First, the simulation does not fully capture the detailed geometry and
motion of the gate. Previous studies [102] have indicated that the geometry of the gate should be considered in the modeling process,
as it can influence flow dynamics by generating irregular flow structures, wave patterns, and initial vorticity. Second, the bottom
boundary is modeled as frictionless, whereas, in reality, the wall possesses some roughness. This difference may lead to the onset of
turbulence at the fluid interface, as well as boundary layer effects that can influence the horizontal velocity [29].

We further examine the effect of the blending coefficient # on simulation results and energy conservation. For comparison, we
employ a dam break model with an aspect ratio of 1 and a coarser element size of # = 0.0038 m. The only modification is the blending
coefficient g, with all other model parameters held constant. As shown in Fig. 20 (a), the pressure contours at t = 1.0s for g = 0.0
(representing the FLIP scheme) exhibit significant pressure oscillations, compared to those for § = 0.05 and # = 1.0. However, the water
surface geometry for g = 1.0 (representing the APIC scheme) shows noticeable irregularities. Furthermore, the energy dynamics of
the dam break process are shown in Fig. 20 (b). While the potential energy remains similar across all three values of g, the kinetic
energy for f = 1.0 is lower than that for the other two cases. As a result, the total energy for g = 1.0 exhibits a decreasing trend,
whereas the total energy for § = 0.0 and § = 0.05 remains nearly constant. This indicates that the APIC scheme results in significant
energy dissipation at low grid resolutions [53]. In contrast, the results for f = 0.05 demonstrate strong performance in both pressure
stability and energy conservation, indicating an improvement over the original APIC scheme at low grid resolutions.

Previous studies have shown that quadratic B-spline shape functions exhibit poorer accuracy and convergence compared to cubic
B-spline functions in large deformation scenarios [70]. This subsection presents a comparative analysis to investigate the necessity of
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Fig. 19. Comparison with previous work: (a) normalized run out length of aspect ratio of 1.0; (b) normalized run out height of aspect ratio of 1.0;
(c) normalized run out length of aspect ratio of 2.0; (d) normalized run out height of aspect ratio of 2.0.
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Fig. 21. Comparison between quadratic and cubic B-spline functions: (a) configuration at t=0.1 s with different time steps; (b) running-time profile.

higher-order B-spline functions in fluid flow simulations. Fig. 21 compares the performance of quadratic and cubic B-spline functions
in terms of both the pressure field and running time profiles. As illustrated in Fig. 21 (a), pressure oscillations are observed when
quadratic B-spline functions are used. Furthermore, the time step for quadratic B-splines must be smaller to prevent significant
numerical instability. For instance, when the time step is increased from Az = 2 x 10~ s to At = 1073 s, substantial pressure oscillations
and numerical instability occur, even leading to a breakdown in computation at 7 = 0.2 s. In contrast, cubic B-spline functions allow
for a larger time step (e.g., At = 1073 s), resulting in a smoother pressure field. The running time profiles are also compared in Fig. 21
(b), where the time per step increases from 0.043 s to 0.053 s when using cubic B-spline functions, compared to quadratic ones.
Despite some per-step time increment (23.2 %), the time step can be enlarged (400 %). This makes the adoption of cubic B-spline
functions essential. Additionally, Fig. 21 (b) reveals approximately a 20 % increase in runtime due to the dual volume averaging
technique, which is deemed acceptable given the overall improvements in fluid flow simulations.
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4.6. Dam break with a rigid wall

The proposed stabilized MPM is used to simulate the impact of a water column on a rigid wall. This scenario presents greater
challenges compared to cases without a wall, as the water pressure tends to become unstable and induces significant oscillations upon
impact. As shown in Fig. 22 (a) and (b), two distinct 2D cases with different geometries (L/I, = 1.5 and L/I, = 2.7) are examined.
Both cases have been previously studied in the literature [44,60,62], ensuring a robust comparison across various methods. A larger
L/I, ratio corresponds to a higher conversion of potential energy into kinetic energy, resulting in a more intense impact with the rigid
wall. Moreover, in cases with a longer bottom, the rebound of water exhibits a more complex configuration. Therefore, simulating
Case 2 (L/I, = 2.7) presents greater challenges than simulating Case 1 (L/I, = 1.5). The existing numerical results serve as a reliable
benchmark for comparison, facilitating the evaluation of accuracy and performance of the proposed approach.

4.6.1. Case1: L/l =15

Fig. 22 (a) illustrates the geometry and boundary conditions of the problem setup. The model consists of a water column with a
length of 4m and a height of 2m, initially contained by a gate, which is subsequently released to allow the water to flow. A rigid
wall is positioned at the right boundary to facilitate water rebound. In accordance with the approach of Zhao et al. [60], the water
is modeled as a weakly compressible Newtonian fluid with a bulk modulus K = 20 MPa, dynamic viscosity x = 0.001 Pa - s, density
p = 1000kg/m> and gravity acceleration g = 9.81 m/s2. The background grid is discretized into quadrilateral elements, each with a
size of 0.1 m, and each element is initialized with 4 material points, yielding a total of 3200 material points, consistent with the
configuration presented by Zhao et al. [60]. The blending coefficient 8, representing a fraction of APIC, is set to 0.05 due to the low
grid resolution, and the time step At is fixed at 0.0001 s.
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Fig. 22. Initial configuration of dam break with a rigid wall simulation: (a) L/l, = 1.5; (b) L/l =2.7.
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Fig. 23. Comparison between pressure field simulated by (a) Zhao et al. 2023 [60] and (b) this study.
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Fig. 23 presents flow snapshots simulated using the proposed stabilized MPM method, compared with reference solutions from
Zhao et al. [60]. Pressure smoothing is excluded to ensure a more equitable comparison. Both simulations utilize a weakly compressible
fluid model, and the total number of discrete material points for the fluid domain is same, with values of 3200. Quadratic B-spline
basis functions were used in previous study and the time step was set to At = 10~ s. As shown, while Zhao et al. [60] effectively
mitigates volumetric locking to a large extent through volume averaging of the deformation gradient, some pressure oscillations
remain, particularly near the boundary. In contrast, the proposed improved method demonstrates a similar free surface configuration
but further alleviates the volumetric locking issue, resulting in a more optimized pressure distribution. A noteworthy difference is
observed in the pressure near the free surface. By employing the free-surface detection algorithm [29,84], the proposed method sets
the pressure to zero near the free surface. However, in the results from Zhao et al. [60], non-zero pressure values are observed in
certain regions near the free surface, especially at t = 2s.

In subsequent simulations, the proposed method continues to face challenges in mitigating pressure oscillations, primarily due to
repetitive water impacts with the wall and the associated disturbances. As shown in Fig. 24 (a), at t = 65, although the water tends
to stabilize, pressure fluctuations persist in the left part of the tank. This phenomenon is attributed to the local particle clustering.
Specifically, the particles in the right part of the tank are more uniformly distributed, leading to a more stable pressure field in that
region. As previously explained, particle clustering results in increased spatial integration errors in the MPM, which can exacerbate
volumetric locking and pressure instability [56]. The application of the §-correction technique has been shown to improve this
issue. Fig. 24 (b) illustrates the pressure field at r = 6 after the application of the §-correction technique. As observed, the particle
distribution becomes more uniform, and the pressure field shows significant improvement compared to Fig. 24 (a).

4.6.2. Case2: L/l, =27

The following case, with a different configuration, is simulated using the proposed MPM framework. This problem has been
explored in previous studies employing various numerical approaches, making it a benchmark for comparison [29,44,45,62,103].

Fig. 22 (b) shows the initial geometry and boundary conditions for the setup. The water column has an initial length of /, =
1.2m and height A, = 0.6m, confined behind a virtual gate within a container measuring 3.22m by 2.5m. All walls are considered
frictionless boundaries. The fluid has a mass density of p = 1000kg/m>, dynamic viscosity u = 0.001 Pa - s, and bulk modulus K =
20MPa. At ¢ = 0s, after the fluid has consolidated under gravity, the gate is suddenly released, allowing the water to flow freely
under the influence of gravity (g = 9.81m/s%).
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Fig. 24. Pressure contours of simulation results at t =6 s performed (a) without and (b) with -correction.
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Fig. 25. Comparison of pressure contours with previous study: (a) Displacement-based MPM [62]; (b) vp-WCMPM [44]; (c) this study.
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A structured quadrilateral element is used for grid discretization in the MPM, with a elemsize size of 4 = 0.01 m, where each
grid cell contains four material points. This results in a total of 28,800 material points for the fluid domain. The time step is set
to At = 5x 107 s for the simulation. Fig. 25 shows a series of snapshots depicting simulation results at different normalized times:
T =1.01, T =3.03, and T = 3.54, where T is the normalized time, as defined in Eq. (62).

Fig. 25 also presents a comparison of snapshots predicted by the vp-WCMPM method [44] and the displacement-based MPM
[62]. Pressure smoothing is not applied to facilitate a more balanced comparison. Both methods utilize a weakly compressible fluid
model, and the total number of discrete material points for the fluid domain is close, with values of 28,800 and 25,088, respectively.
Quadratic B-spline basis functions were used in the displacement-based MPM and the time step was set to At =2 x 107® s, while
GIMP basis functions were employed for the vp-WCMPM method. Although the free surface profiles generated by both methods
are generally comparable, some differences are observed in the pressure field. At T = 1.01, slight oscillations are present in the
pressure contours near the bottom of the domain in the vp-WCMPM simulation. At 7' = 3.03 and T = 3.54, the displacement-based
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Fig. 26. Problem setup.
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Fig. 27. Simulation snapshots at different time: (a) r=0.15s; (b) 7=0.25; (c) r=0.35s; (d) 1=0.45s.
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Fig. 29. Comparison of horizontal displacement of the obstacle with different methods.

MPM exhibits pressure fluctuations in regions of high pressure concentration. In contrast, the pressure distribution from the proposed
method remains relatively smooth throughout the simulation, with free surface profiles demonstrating consistent and reasonable
behavior. These observations suggest that the proposed method effectively mitigates volumetric locking and pressure instability,
thereby offering improved performance for weakly compressible flow problems.

4.7. Water impact with an elastic obstacle

In this section, a dynamic problem involving the impact of a water column on an elastic obstacle is investigated, which serves as
a classic case for validating FSI simulations, as illustrated in Fig. 26. The initial dimensions of the water column are A, = 0.292m in
height and /, = 0.146 m in length. The elastic obstacle has a height of 2 = 0.08 m and a length of / = 0.012m. The water properties
are set as follows: density p,, = 1000 kg/m>, bulk modulus K = 10 MPa, dynamic viscosity x = 0.001 Pa-s, and gravity acceleration
g = 9.81m/s%. The material of the obstacle is elastic with a density p, = 2500 kg/m’, modulus E = 1 MPa, and Poisson’s ratio v = 0.0.
The grid size is 0.00584 m, with each cell containing 16 material points. The model contains 20,000 material points for the water
domain and 434 material points for the obstacle. A blending coefficient of g = 0.05 is used due to the relatively low grid resolution,
and the time step At is set by Ar = 1 x 107 s. This FSI problem has been examined using various numerical methods, including the
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Fig. 30. Breakdown of time cost per step for the simulation of dam break with an obstacle: (a) single-thread; (b) multi-thread.

vp-WCMPM [44], displacement-based MPM [62], particle finite element method (PFEM) [104], coupled finite element-material point
method (CFEMP) [105], and the improved coupled finite element-material point method (ICFEMP) [106].

The deformation of the elastic obstacle and the evolution of the free surface at four distinct time instances (tr=
0.155,0.255,0.355,0.455s) are shown in Fig. 27. As observed, the proposed method produces a stable and smooth pressure field,
which aligns closely with the results documented in the literature [44,62,104,105]. However, some pressure oscillations are noted
in the contact region. Specifically, the pressure near the obstacle is less smooth compared to other regions. This is likely attributed
to numerical oscillations stemming from the DEM-enriched contact algorithm. During the water impact on the obstacle, significant
deformation occurs. The high contact stiffness causes the contact force to change dramatically over a short time during the collision
process, which may induce instability in the contact force calculations. These fluctuating contact forces are applied to the material
points as body forces, leading to potential numerical oscillations for pressure. Fig. 28 presents a comparison of the simulation results
between the Displacement-based MPM [62] and our method. To ensure a more equitable comparison, pressure smoothing is not
applied here. Quadratic B-spline basis functions were used in the displacement-based MPM and the time step was set to At =5 x 10~/
s. The evolution of the water exhibits a similar configuration at different time steps. However, pressure oscillations are significantly
mitigated by our method, suggesting the advantages and stability of our method in dealing with FSI problems. Furthermore, the
temporal variation of the horizontal deflection at the top-left corner of the obstacle, shown in Fig. 29, is well benchmarked with
results from other studies [44,62,104,105].

Fig. 30 illustrates the breakdown of the average computation time per step. For a total of 20,434 particles, the average computation
time per step is 0.328 seconds when using single-thread computing. In contrast, this running time decreases to 0.055 seconds with
the implementation of multi-thread acceleration (12 threads). The cumulative running time proportions for various components,
including dual volume averaging, 5-correction, pressure smoothing, and contact and free surface detection, are 31 % for single-thread
computing and 36 % for multi-thread computing. These values are considered acceptable, given the improvements in numerical
stability and accuracy. To further enhance the speed of numerical simulations, the integration of GPU computing is anticipated in
the future [31].

5. Conclusions

This study presents a stabilized explicit MPM framework for simulating weakly compressible fluid flows and their interaction
with structures. To mitigate the cell-crossing instability commonly observed in traditional methods, cubic B-spline basis functions are
employed, replacing the conventional linear or second-order basis functions. Volumetric locking is effectively addressed through dual
volume averaging applied to both deformation gradient and pressure, which are based on the cubic B-spline particle-grid mapping
scheme. To counteract the accuracy loss at low grid resolutions inherent in the APIC mapping scheme, a blended APIC/FLIP strategy
is introduced. This scheme enhances the stability of the grid-to-particle mapping while ensuring energy conservation throughout the
simulation. Additionally, to reduce quadrature errors caused by particle clusters, the §-correction method is implemented, further
stabilizing the numerical solution. A simple yet effective free surface tracking technique, combined with pressure smoothing, is also
employed to enhance overall simulation performance. Furthermore, the proposed framework is extended to FSI problems by incor-
porating an advanced DEM enriched contact algorithm, which effectively mitigates pressure oscillations and enhances the stability
of FSI simulations.

A series of benchmark tests, including 1D elastic wave propagation, Poiseuille flow, lid-driven cavity flow, water sloshing, dam
break, and the impact of water on obstacles, are conducted to verify and validate the proposed framework. The results demonstrate
good agreement with experimental data as well as numerical results from other studies. Notably, the proposed stabilized explicit
MPM scheme maintains numerical stability and pressure smoothing, even for challenging dynamic problems. This approach offers a

27



Z. Cheng et al. Computer Methods in Applied Mechanics and Engineering 448 (2026) 118428

promising avenue for large-deformation simulations involving fluid flow and fluid-solid contact, thereby advancing the application
of MPM in complex FSI scenarios.

The benchmark tests are limited to 2D problems, but the proposed framework can be readily extended to 3D ones to address
challenges such as volumetric locking, cell-crossing instability, and excessive energy dissipation, as the spatial dimension is already
incorporated in the formulation. Compared with the vanilla explicit MPM, the computational cost of the proposed framework may
moderately increase, which can be, however, mitigated by parallel computing, e.g., OpenMP used in this study or GPU computing
as implemented in our recent work [31]. As for the stabilized technique, it is worth pointing out that pressure oscillations tend
to increase over time as particle clumping becomes more pronounced. The §-correction has limited effectiveness in addressing this
issue, highlighting the need for a more effective PST technique for MPM. Moreover, the DEM-enriched contact method may exac-
erbate pressure fluctuations in FSI problems due to numerical instability in large deformations. These limitations are expected to
be addressed in our further studies. It is important to acknowledge that the present work offers a robust, practical framework for
engineering applications rather than a mathematically rigorous solution. We view this as a necessary and pragmatic compromise to
address immediate stability challenges. A truly fundamental and universal mathematical formulation for MPM remains a valuable
and meaningful objective for future studies.
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