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 a b s t r a c t

The hydro-mechanical coupling in porous media governs critical engineering processes and dis-
aster prediction. While the Material Point Method (MPM) excels in large-deformation solid-fluid 
simulations, persistent stress and pressure oscillations undermine accuracy. This study intro-
duces a stabilized explicit two-phase MPM framework for robust solid-fluid coupling in large-
deformation porous media, eliminating oscillations without compromising efficiency. Key inno-
vations include: (1) dual volume averaging using high-order B-spline basis functions to suppress 
fluid pressure oscillations, and (2) hybrid strain smoothing for solid phase stress mitigation. The 
AFLIP mapping scheme that conserves energy at coarse resolutions is used for both solid and fluid 
phases. The 𝛿-correction technique further minimizes quadrature errors from fluid particle clus-
tering. Validated against benchmark cases, including consolidation, dynamic loading, porous dam 
flow, landslide simulations, and intense bedload by dam-break, our method achieves significant 
reductions in stress oscillations across both phases while improving fluid particle distribution. 
This framework delivers a computationally efficient, robust solution for large-deformation solid-
fluid coupling in geomechanics, environmental engineering, and beyond.

1.  Introduction

Solid-fluid mixtures are ubiquitous in nature and engineering applications, typically comprising porous media interacting with 
fluids, such as soil-water systems. These mixtures present numerous engineering challenges, ranging from industrial pipeline trans-
portation [1] to the construction of earthen levees and dams [2]. Furthermore, investigating solid-fluid coupling mechanisms en-
hances our understanding of various geological phenomena, including debris flows [3,4], subaerial and submerged landslides [5,6], 
and landslide-generated tsunamis [7]. Therefore, research on solid-fluid coupling is essential not only for engineering applications 
but also for natural disaster mitigation [8–11].

In recent years, numerical algorithms have been extensively developed for simulating solid-fluid coupling problems in porous 
media. A widely adopted approach employs discrete methods to model the solid phase, such as the Discrete Element Method (DEM) 
[12–14], combined with various techniques to simulate fluid behavior, including CFD (Computational Fluid Dynamics)-DEM [15–
17], LBM (Lattice Boltzmann Method)-DEM [18,19], and SPH (Smoothed Particle Hydrodynamics)-DEM [20,21]. However, these 
approaches face significant limitations in simulating engineering problems involving large numbers of particles due to prohibitive 
computational costs [22]. An alternative strategy utilizes continuum-based methods to simulate the solid phase, including the MPM 
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\begin {align}\frac {{D}(m_{s})}{Dt} & =\frac {D((1-n)\rho _sV_s)}{Dt} \notag \\ & =\rho _sV_s\frac {{\operatorname *{\operatorname *{D}}}(1-n)}{Dt}+(1-n)V_s\frac {{\operatorname *{\operatorname *{D}}}\rho _s}{Dt}+(1-n)\rho _s\frac {{\operatorname *{\operatorname *{D}}}V_s}{Dt}=0 \\ \frac {{D}(m_{f})}{Dt} & =\frac {D(n\rho _fV_f)}{Dt} \notag \\ & =\rho _fV_f\frac {{\operatorname *{\operatorname *{D}}}n}{Dt}+nV_f\frac {{\operatorname *{\operatorname *{D}}}\rho _f}{Dt}+n\rho _f\frac {{\operatorname *{\operatorname *{D}}}V_f}{Dt}=0\end {align}
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\begin {align}\label {porosityvariation} \frac {Dn}{Dt}=(1-n)\nabla \cdot \bm {v}_s.\end {align}


$\bm {v}_s$


\begin {align}\label {densityvariation} \frac {1}{\rho _f}\frac {D\rho _f}{Dt}=-\frac {1}{n}[(1-n)\nabla \cdot \bm {v}_s+n\nabla \cdot \bm {v}_f]\end {align}


$\bm {v}_f$


$\epsilon _{v,f}$


\begin {align}\label {dvolstrain} \frac {D\epsilon _{v,f}}{Dt}=-\frac {1}{\rho _f}\frac {D\rho _f}{Dt}\end {align}


\begin {align}\label {volstrainfluid} \frac {D\epsilon _{v,f}}{Dt}=\frac {1}{n}\left [(1-n)\nabla \cdot \bm {v}_s+n\nabla \cdot \bm {v}_f\right ]\end {align}


\begin {align}(1-n)\rho _{s}\dot {\bm {v}}_{s} =\nabla \cdot \bm {\sigma }_s^{\prime }-(1-n)\nabla p_f+(1-n){\rho _s}\bm {g}+\bm {f}_d\end {align}


\begin {align}\label {fluidmomentumbalance} n\rho _{f}\dot {\bm {v}}_{f} =n\nabla {p_f}+n{\rho _f}\bm {g}-\bm {f}_d\end {align}


$\bm {\sigma }_s^{\prime }$


$p_f$


\begin {align}\rho _{f}\dot {\bm {v}}_{f} =\nabla \cdot \bm {\sigma }_f+{\rho _f}\bm {g}\end {align}


$\bm {\sigma }_f$


$\bm {f}_d$


\begin {equation}\label {dragforce} \bm {f}_d =\frac {n^2\rho _f{g}}{k}\cdot (\bm {v}_f-\bm {v}_s) +\beta n^3 \rho _f \left | \bm {v}_f-\bm {v}_s \right | (\bm {v}_f-\bm {v}_s)\end {equation}
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$\beta =B/\sqrt {\kappa A n^{3}}$


$A=150$


$B=1.75$
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\begin {equation}k=\kappa \frac {\rho _f{g}}{\mu _f} \label {Xeqn2-9}\end {equation}


$\mu _f$


$\kappa $


\begin {equation}\label {KCformula} \kappa =\frac {n^3 D_p^2}{150(1-n)^2}\end {equation}


$D_p$


\begin {equation}\label {fluidstress} \bm {\sigma }_f = \bm {\tau }_f - p_f\textbf {I}\end {equation}


$\bm {\tau }_f = 2\mu _f \dot {\bm {\epsilon }}_{q,f}$


$p_f$


$\mu _f$


$\mathbf {I}$


$\dot {\bm {\epsilon }}_{q,f}$


$\dot {\bm {\epsilon }}_{f}$


\begin {equation}\label {strainrate} \dot {\bm {\epsilon }}_{f} = \frac {1}{2} \left ( \nabla \bm {v}_f + (\nabla \bm {v}_f)^T \right )\end {equation}


\begin {align}\label {pressure} \frac {Dp_f}{Dt} &= -K_f\frac {D\epsilon _{v,f}}{Dt}\end {align}


$K_f$


$\epsilon _{v,f}$


$K_f$


$K_f$


$f$


\begin {align}f=R_{mc}q-p\tan \phi -c\end {align}


\begin {align}R_{mc}(\theta ,\phi )=\frac {1}{\sqrt []{3}\cos \phi }\sin (\theta +\frac {\pi }{3})+\frac {1}{3}\cos (\theta +\frac {\pi }{3})\tan \phi \end {align}


$p$
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$\phi $


$c$


$\theta $


\begin {align}g^{p}=\sqrt []{(\epsilon c_0 \tan \psi )^2+(R_{mw}q)^2}-p\tan \psi \end {align}


\begin {align}R_{mw}(\theta , e) = \frac {4(1 - e^2) \cos ^2 \theta + (2e - 1)^2}{2(1 - e)^2 \cos \theta + (2e - 1) \sqrt {4(1 - e^2) \cos ^2 \theta + 5e^2 - 4e}} \; R_{mc}\!\left (\frac {\pi }{3}, \phi \right )\end {align}


\begin {align}R_{mc}\!\left (\frac {\pi }{3}, \phi \right ) = \frac {3 - \sin \phi }{6 \cos \phi }\end {align}


$c_0$


$\epsilon $


$e$


$\psi $


$f_t$


$g_t$


\begin {align}f_t = p + \frac {2q}{3}\cos \theta - \sigma _t\end {align}


\begin {align}g_t = p + \frac {2q}{3}\cos \theta \end {align}


$\sigma _t$


$\bm {\epsilon }^{p}$


\begin {align}{\frac {D{\boldsymbol {\bm {\epsilon }}}^{p}}{Dt}}={\frac {D\lambda }{Dt}}{\frac {\partial g^{p}}{\partial \bm {\sigma }^{\prime }}}\end {align}


$\lambda $


$\bm {\sigma }^{\prime }$


\begin {align}{\frac {D\mathbf {\bm {\sigma }}^{\prime }}{Dt}}=\mathbf {D}^{e}:\left ({\frac {D\mathbf {\bm {\epsilon }}}{Dt}}-{\frac {D\bm {\epsilon }^{p}}{Dt}}\right )\end {align}


$\mathbf {D}^{e}$


$\bm {\epsilon }$


\begin {align}\label {mass} {m}^k_{\alpha i} &= \sum _{\alpha p}{m}_{\alpha p}w_{\alpha ip}^{k} & (\alpha =s,f)\\ \label {mom} {m}^k_{\alpha i}\bm {v}_{\alpha i}^{k} &= \sum _{\alpha p}{m}_{\alpha p}\bm {v}_{\alpha p}^{k}w_{\alpha ip}^{k}&(\alpha =s,f)\end {align}
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$w_{\alpha ip}^{k}=w_{ i}^{k}(\bm {x}_{\alpha p})$


$\bm {x}_{\alpha p}$


$\sum _{\alpha p}$


$n_i$


$n_{sp}$


\begin {align}\label {ni} {m}^k_{s i}{n}_{ i}^{k} &= \sum _{s p}{m}_{s p}{n}_{sp}^{k}w_{s ip}^{k}\end {align}


\begin {align}\label {momentum1} m_{si}^k\bm {a}_{si}^{k+1}={m}_{si}^k\bm {g}-\sum _{sp}({\boldsymbol {\sigma }'}_p^k\nabla {w}_{sip}^kV_{sp}^k)+(1-n_i^k)\sum _{fp}(p_{fp}^k\nabla {w}_{fip}^kV_{fp}^k)+\boldsymbol {f}_{di}^k+\bm {s}_{si}^k\end {align}


\begin {align}\label {momentum2} m_{fi}^k{\bm {a}}_{fi}^{k+1}=m_{fi}^k\bm {g}-\sum _{fp}(\bm {\tau }_{fp}^k\nabla {w}_{fp}^kV_{fp}^k)+n_i^k\sum _{fp}(p_{fp}^k\nabla {w}_{fip}^kV_{fp}^k)-\bm {f}_{d_i}^k+\bm {s}_{fi}^k\end {align}


$\bm {s}_{si}^k$


$\bm {s}_{fi}^k$


$\bm {a}_{si}^{k+1}$


$\bm {a}_{fi}^{k+1}$


\begin {align}\label {updatenodalvelocity} \bm {v}_{\alpha i}^{k+1} &= \bm {v}_{\alpha i}^{k} + \bm {a}_{\alpha i}^{k+1}\Delta t &(\alpha =s,f)\end {align}


\begin {align}\label {PIC} \bm {v}_{\alpha p}^{k+1} &=\sum _{i}w_{\alpha ip}\bm {v}_{\alpha i}^{k+1}, \quad \text {PIC} &(\alpha =s,f) \\ \label {FLIP} \bm {v}_{\alpha p}^{k+1} &=\bm {v}_{\alpha p}^{k} + \sum _{i}w_{\alpha ip}\bm {a}_{\alpha i}^{k+1}\Delta t, \quad \text {FLIP} &(\alpha =s,f)\end {align}


$\bm {x}_{\alpha p}$


\begin {align}\label {updatepos} \bm {x}_{\alpha p}^{k+1} &= \bm {x}_{\alpha p}^{k} + \sum _{i}w_{\alpha ip}\bm {v}_{\alpha i}^{k+1}\Delta t &(\alpha =s,f)\end {align}


$\bm {C}_{\alpha p}^{k}$


$\alpha =s, p$


$\bm {x}_i$


$\bm {v}_{\alpha p}^{k} + \bm {C}_{\alpha p}^{k}(\bm {x}_i - \bm {x}_{\alpha p}^k)$


\begin {align}{m}_{\alpha i}^k\bm {v}_{\alpha i}^{k} &= \sum _{\alpha p}w_{\alpha ip}^{k}{m}_{\alpha p}(\bm {v}_{\alpha p}^{k}+\bm {C}_{\alpha p}^{k}(\bm {x}_i-\bm {x}_{\alpha p}^{k}))\end {align}


$\bm {C}_{\alpha p}^k=\bm {B}_{\alpha p}^k(\bm {D}_{\alpha p}^{k})^{-1}$


$\bm {D}_{\alpha p}^{k}$


\begin {align}\label {APICP2GD} \bm {D}_{\alpha p}^k &=\sum _{i}w_{\alpha ip}(\bm {x}_i-\bm {x}_{\alpha p}^{k})(\bm {x}_i-\bm {x}_{\alpha p}^{k})^\text {T}\end {align}


$\bm {B}_{\alpha p}^k$


\begin {align}\bm {B}_{\alpha p}^{k+1}&=\sum _{i}w_{\alpha ip}\bm {v}_{\alpha i}^{k+1}(\bm {x}_i-\bm {x}_{\alpha p}^{k})^\text {T}\end {align}


\begin {align}\label {blendAPICFLIP} \bm {v}_{\alpha p}^{k+1} &=(1-\beta )(\bm {v}_{\alpha p}^{k} + \sum _{i}w_{\alpha ip}\bm {a}_{\alpha i}^{k+1}\Delta t) +\beta (\sum _{i}w_{\alpha ip}\bm {v}_{\alpha i}^{k+1})\end {align}


$\beta = 1$


$\beta = 0$


$\beta $


$R$


\begin {align}\Xi =\{\xi _{1},\xi _{2},\xi _{i},\ldots ,\xi _{\mathrm {n+p+1}}\}\end {align}


$\xi _{i}$


$i^{th}$


$i$


$i=1,2,\ldots ,n+p+1$


$p$


$n$


\begin {equation}N_{i,p}(\xi )=\frac {\xi -\xi _{i}}{\xi _{i+p}-\xi _{i}}N_{i,p-1}(\xi )+\frac {\xi _{i+p+1}-\xi }{\xi _{i+p+1}-\xi _{i+1}}N_{i+1,p-1}(\xi ), \quad \text {for $p > 0$} \label {Xeqn6-32}\end {equation}


\begin {align}N_{i,0}(\xi )=\begin {cases}1&\text {if }\xi _i\leqslant \xi <\xi _{i+1},\\0&\text {otherwise.}\end {cases}\end {align}


$J_{\alpha p}$
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$\bar {J}_{\alpha p}$


$\eta _{\alpha p}$


$\eta _{fp,s}$


$\eta _{sp}$


$\eta _{fp,s}$


$\eta _{fp}$


$p_{fp}$


$\bar {p}_{fp}$


\begin {align}\label {deformationgradient} \bar {\bm {F}}_{p}^{k+1}& =\left (\frac {\bar {J}_{p}^{k+1}}{ {J}_{p}^{k+1}}\right )^{1/\dim }\bm {F}_{p}^{k+1}\end {align}


$\bm {F}_{p}^{k+1}$


$\bar {\bm {F}}_{p}^{k+1}$


$t^{k+1}$


$J_p^{k+1}=\det {\bm {F}_{p}^{k+1}}$


$t^{k+1}$


$\Delta \bar {\bm {F}}_p^{k+1}$


\begin {align}\bar {\bm {F}}_{p}^{k+1}=\Delta \bar {\bm {F}}_{p}^{k+1}\cdot \bar {\bm {F}}_{p}^{k} \\ \bm {F}_{p}^{k+1}=\Delta {\bm {F}}_{p}^{k+1}\cdot {\bm {F}}_{p}^{k} \\ {J}_{p}^{k+1}=\Delta {J}_{p}^{k+1}{J}_{p}^{k}\\ \bar {\bm {F}}_{p}^{k} =\left (\frac {\bar {J}_{p}^{k}}{ {J}_{p}^{k}}\right )^{1/\dim }\bm {F}_{p}^{k}\end {align}


$\Delta J_p^{k+1}=\det {\Delta \bm {F}_{p}^{k+1}}$


$t^{k+1}$


\begin {align}\label {detadeformationgradient} \Delta \bar {\bm {F}}_{p}^{k+1}& =\left (\frac {\bar {J}_{p}^{k+1}}{\bar {J}_{p}^{k}\Delta {J}_{p}^{k+1}}\right )^{1/\dim }\Delta \bm {F}_{p}^{k+1}\end {align}


\begin {align}\label {pressure1} \frac {Dp_f}{Dt} &= -\frac {K_f}{n}\left [(1-n)\nabla \cdot \bm {v}_s+n\nabla \cdot \bm {v}_f\right ]\end {align}


$\Delta \bar {\bm {F}}_{p}$


$\alpha =s, p$


$t^{k+1}$


\begin {align}\Delta \bm {F}_{\alpha p}^{k+1}=1+\Delta t\sum _i\bm {v}_{\alpha i}^{k+1}\otimes \nabla w_{i\alpha p}\end {align}


$V_{\alpha p}$


\begin {align}V_{\alpha p}^{k+1}=J_{\alpha p}^{k+1}\cdot V_{\alpha p}^{0}\end {align}


$J_{\alpha p}^{k+1}=\det {\bm {F}_{\alpha p}^{k+1}}$


$t^{k+1}$


\begin {equation}\label {nodalJacobians} \bar {J}_{\alpha i}^{k+1}=\sum _{\alpha p}w_{i\alpha p}V_{\alpha p}^{k}(\bar {J}_{\alpha p}^{k}\Delta J_{\alpha p}^{k+1})/V_{\alpha i}^{k}\end {equation}


\begin {align}V_{\alpha i}^{k} &=\sum _{\alpha p}w_{i\alpha p}V_{\alpha p}^{k}\\ \Delta J_{\alpha p}^{k+1}&=\det {(\Delta \bm {F}_{\alpha p}^{k+1})}\\ \bar {J}_{\alpha p}^{k}&=\det {(\bar {\bm {F}}_{\alpha p}^{k})}\end {align}


\begin {align}\bar {J}_{\alpha p}^{k+1}=\sum _{i}w_{i\alpha p}\bar {J}_{\alpha i}^{k+1}\end {align}


$\Delta \bar {\bm {F}}_{p}^{k+1}$


$\eta _{\alpha p}^{k+1}$


$t^{k+1}$


\begin {align}\eta _{\alpha p}^{k+1}&=\left (\frac {\bar {J}_{\alpha p}^{k+1}}{\bar {J}_{\alpha p}^{k}\Delta {J}_{\alpha p}^{k+1}}\right )^{1/\dim }\end {align}


$\Delta \bar {\bm {F}}_{fp}^{k+1}$


\begin {align}\label {detaFfp} \Delta \bar {\bm {F}}_{fp}^{k+1}& =\eta _{fp}^{k+1}\Delta \bm {F}_{fp}^{k+1}\end {align}


\begin {equation}\eta _{s i}^{k+1}=\sum _{s p}w_{isp}m_{s p}\eta _{sp}^{k+1}/m_{si}^{k+1} \label {Xeqn8-45}\end {equation}


${\eta }_{f p,s}^{k+1}$


\begin {align}{\eta }_{f p,s}^{k+1}=\sum _{i}w_{ifp}\eta _{s i}^{k+1}\end {align}


$\Delta \bar {\bm {F}}_{fp,s}^{k+1}$


\begin {align}\label {detaFfps} \Delta \bar {\bm {F}}_{fp,s}^{k+1}=\eta _{fp,s}^{k+1}\Delta \bm {F}_{fp,s}^{k+1}\end {align}


$\Delta \bm {F}_{f p,s}^{k+1}$


\begin {align}\Delta \bm {F}_{f p,s}^{k+1}=1+\Delta t\sum _i\bm {v}_{s i}^{k+1}\otimes \nabla w_{ ifp}\end {align}


$\Delta \bar {\bm {F}}_{fp}^{n+1}$


$\Delta \bar {\bm {F}}_{fp,s}^{n+1}$


$\bar {\bm {F}}_{\alpha p}^{k+1} = \Delta \bar {\bm {F}}_{\alpha p}^{k+1} \cdot \bar {\bm {F}}_{\alpha p}^{k}$


$\bar {\bm {F}}_{\alpha p}^{k+1}$


$\pi $


\begin {align}\pi (\bar {p}_{fp})_{i}^{k+1}&=\sum _{fp}w_{ifp}V_{fp}^{k}{p_{fp}}^{k+1}/V_{fi}^{k}\\ \quad V_{fi}^{k}&=\sum _{fp}w_{ifp}V_{fp}^{k}\end {align}


\begin {align}\label {vapressure} \bar {p}_{fp}^{k+1} &= \sum _{i}w_{ifp} \pi (\bar {p}_{fp})_{i}^{k+1}\end {align}


$\bar {p}_{fp}^{k+1}$


$\delta $


$\delta $


$\delta $


$\delta $


\begin {equation}\dot {\bm {\epsilon }}_{s} = \dot {\bm {\epsilon }}_{d,s} + \dot {\epsilon }_{v,s}\mathbf {I} \label {Xeqn9-51}\end {equation}


$\dot {\bm {\epsilon }}_{s} = \frac {1}{2} \left ( \nabla \bm {v}_s + (\nabla \bm {v}_s)^T \right )$


$\dot {{\epsilon }}_{v,s}=\frac {1}{3}(\nabla \cdot \bm {v}_{s})$


$\dot {\bm {\epsilon }}_{v,s}$


$\pi $


\begin {align}\pi (\dot {\bar {{{\epsilon }}}}_{v,s})_{i}^{k+1}&=\sum _{sp}w_{isp}V_{sp}^{k}{\dot {{\epsilon }}_{v,s}}^{k+1}/V_{si}^{k}\\ \quad V_{si}^{k}&=\sum _{sp}w_{isp}V_{sp}^{k}\end {align}


$V_{sp}$


$\dot {\bar {{\epsilon }}}_{v,s}^{k+1}$


\begin {align}\label {vavolstrains} \dot {\bar {{\epsilon }}}_{v,s}^{k+1} &= \sum _{i}w_{isp} \pi (\dot {\bar {{\epsilon }}}_{v,s})_{i}^{k+1}\end {align}


$\bm {\dot {\epsilon }}_{d,s}$


$\bm {\dot {\epsilon }}_{d,s}(\bm {x}_c)$


$\bm {\dot {\epsilon }}_{d,s}$


$\dot {\bar {\bm {\epsilon }}}_{s}$


\begin {equation}\label {hybridstrain} \dot {\bar {\bm {\epsilon }}}_{s} = \bm {\dot {\epsilon }}_{d,s}(\bm {x}_c) + \dot {\bar {{\epsilon }}}_{v,s}\mathbf {I}\end {equation}


$\Delta t$


$\Delta t_c$


\begin {align}\Delta t_{c}=\text {min}\frac {h^e}{c_p}\end {align}


$h^e$


$c_p$


\begin {align}c_p=\sqrt {\frac {\left (\frac {n}{K_f}+\frac {1-n}{K_s}\right )^{-1}+\frac {4}{3}G}{(1-n)\rho _s+n\rho _w}}\end {align}


$K_f$


$K_s$


$G$


$L = 0.02$


$\rho _s = 2650$


$^3$


$E_s = 10$


$\nu = 0.3$


$\rho _w = 1000$


$^3$


$K_w = 2.2$


$\mu _w = 0.001$


$n_0 = 0.3$


$k_0 = 1\times 10^{-3}$


$p_0$


$\Delta t=1\times 10^{-5}$


$p/p_0$


$h/H$


$T_v = c_v t / H^2$


$P$


$\nu $


$R = 1$


$\rho _s = 3000 \, \text {kg/m}^3$


$E_s = 10 \, \text {MPa}$


$\rho _w = 1000 \, \text {kg/m}^3$


$K_w = 2.2 \, \text {GPa}$


$\mu _w = 0.001 \, \text {Pa·s}$


$n_0 = 0.3$


$k_0 = 1 \times 10^{-3}\,\text {m/s}$


$\nu =0.3$


$\nu $


$\nu $


$\nu = 0.3$


$T_v = c_v t/R^2$


$p/p_0$


$p_0$


${\sigma _r}/{P}$


$P$


$\nu $


$\sigma _{yy}$


$\rho _s = 2650 \, \text {kg/m}^3$


$E_s = 5 \, \text {MPa}$


$\nu = 0.3$


$\rho _w = 1000 \, \text {kg/m}^3$


$K_w = 20 \, \text {MPa}$


$\mu _w = 0.001 \, \text {Pa·s}$


$n_0 = 0.4$


$k_0 = 0.4$


$g = 9.81 \, \text {m/s}^2$


$1 \times 10^{-5} \, \text {s}$


$t = 0$


$\rho = 1000 \, \text {kg/m}^3$


$K = 10 \, \text {MPa}$


$\mu = 0.001 \, \text {Pa} \cdot \text {s}$


$g = 9.81 \, \text {m/s}^2$


$h = 0.0025 \, \text {m}$


$\Delta t = 1 \times 10^{-5} \, \text {s}$


$t=0.05$


$t=0.1$


$t=0.15$


$t=0.18$


$\rho _s = 2500 \, \text {kg/m}^3$


$E_s = 1 \, \text {MPa}$


$\nu = 0.3$


$\phi = 28^\circ $


$c = 0$


$\psi = 0$


$h = 0.002 \, \text {m}$


$\Delta t = 5 \times 10^{-6} \, \text {s}$


$g = 9.81 \, \text {m/s}^2$


$\mu = 0.53$


$\tan \phi $


$t=0.11$


$t=0.23$


$t=0.35$


$t=0.6$


$\rho _s = 2500 \, \text {kg/m}^3$


$E_s = 5 \, \text {MPa}$


$\nu = 0.3$


$n_0$


$k_0=7.5$


$\rho _w = 1000 \, \text {kg/m}^3$


$K_w = 10 \, \text {MPa}$


$\mu _w = 0.001 \, \text {Pa·s}$


$h = 0.005 \, \text {m}$


$\Delta t = 1 \times 10^{-5} \, \text {s}$


$\beta =0.05$


$t=0.4$


$\nabla ^2 p$


$\nabla ^2 p$


$\nabla ^2 p$


$\nabla ^2 p$


$h = 0.025 \, \text {m}$


$\Delta t = 1 \times 10^{-5} \, \text {s}$


$\beta =0.01$


$\rho _s = 2650 \, \text {kg/m}^3$


$E_s = 5 \, \text {MPa}$


$\nu = 0.3$


$\phi = 10^\circ $


$\psi = 0$


$c = 0$


$\rho _w = 1000 \, \text {kg/m}^3$


$K_w = 20 \, \text {MPa}$


$\mu _w = 0.001 \, \text {Pa·s}$


$n_0 = 0.4$


$d_{50} = 0.006~\text {m}$


$k_0 = 0.43~\text {m/s}$


$t = 0.4$


$t = 0.8$


$t = 0.4$


$t = 0.8$


$\nabla ^2 p$


$t=1.2$


$\delta $


$\delta $


$\nabla ^2 p$


$t = 0.4$


$t = 0.8$


$t=0.4$


$t=0.8$


$t = 0.4$


$t = 0.8$


$H_{s0} = 0.145 \, \text {m}$


$L_{s0} = 0.08 \, \text {m}$


$h_{w0} = 0.055 \, \text {m}$


$h = 0.00125 \, \text {m}$
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[23,24], Finite Element Method (FEM) [25], Particle Finite Element Method (PFEM) [26], SPH [10,27], Peridynamics (PD) [28–30], 
and Moving Particle Semi-implicit method (MPS) [31]. Among these, MPM is particularly distinguished by its capability to effectively 
capture Lagrangian flow features through material points while solving motion equations on a temporary Eulerian grid [32–36]. It 
has demonstrated accuracy and robustness in modeling various solid-like materials subjected to large deformations [22,37,38].

Within the MPM framework, approaches for solid-fluid interaction can be classified into two categories: unified MPM and hy-
brid methods. The unified MPM describes both solid and fluid phases within a single framework, encompassing techniques such 
as one-point two-phase [39–42] and two-point two-phase MPM [43–45]. The one-point approach is designed for mixtures where 
fluid coexists with the solid phase, with pressure carried by solid material points. In contrast, the two-point method employs two 
distinct sets of material points to independently represent solid and fluid phases, enabling simultaneous simulation of dry granular 
materials, pure fluids, and their mixtures. Hybrid methods, including MPM-Finite Volume Method (FVM) [22,46], MPM-SPH [47], 
and MPM-FEM [48,49], have been developed to address complex solid-fluid coupling problems. Among these, the two-point two-
phase MPM has been extensively applied to diverse challenges, particularly in simulating extreme large deformations in coastal and 
geotechnical engineering. MPM’s capability to effectively simulate fluid behavior addresses complex physical problems involving 
moving boundaries and severely deformed interfaces, which pose significant challenges for mesh-based methods [50]. Considering 
recent advancements in MPM for fluid dynamics simulations [51–56], the continued development of two-point two-phase MPM for 
solid-fluid coupling problems is both timely and significant.

Volumetric locking represents a significant challenge in explicit MPM simulations, occurring when volumetric constraints exceed 
the system’s degrees of freedom. In explicit MPM, fluids are typically modeled as weakly compressible materials, which restricts 
volumetric deformation at each fluid material point. This limitation frequently leads to substantial pressure oscillations within the 
simulated material [57–59]. To address volumetric locking in solid-fluid coupling problems, techniques such as fractional-step [60–63] 
and monolithic methods [53,64] have been implemented in implicit MPM [40,45,65,66]. However, the convergence of these methods 
can be adversely affected by nonlinear behavior of local contacts or material responses, potentially limiting their effectiveness in 
complex scenarios [67,68].

In contrast, explicit MPM formulations are often preferred over implicit schemes due to their simplicity, absence of convergence 
issues, and capability to leverage GPU parallelism [69,70]. To address volumetric locking in two-phase explicit MPM, various anti-
locking techniques have been developed. Bandara and Soga [43] implemented the Selective Reduced Integration (SRI) technique in 
two-phase MPM to reduce pressure oscillations by replacing pressure at material points with pressure at element centers. Since the SRI 
technique generates uniform pressure within elements, Zheng et al. [71] employed a Moving Least Squares Approximation (MLSA) 
to reconstruct the pressure field from central pressure, achieving continuous pressure distribution. Wang et al. [72] adopted cell-
averaging for pressure and utilized cubic B-spline basis functions, departing from commonly used GIMP basis functions, enhancing 
pressure field performance. However, these studies primarily focus on mixtures without considering free water presence. Baumgarten 
and Kamrin [73] also employed cubic B-spline basis functions to simulate fluid phases under conditions involving free water and 
mixtures, but achieved limited success in pressure stabilization. Zhang and Liu [74] incorporated the 𝐹  method proposed by Zhao et al. 
[51] into two-phase MPM, successfully mitigating pressure oscillations in both free water and mixtures. However, they introduced high 
damping coefficients to reduce solid-fluid coupling effects on the fluid phase, which may lead to inaccuracies in pressure calculations 
for mixtures under large deformations when relative velocities between solid and fluid phases are significant. Given the current state 
of two-phase explicit MPM research, there exists a critical need for more robust and accurate stabilization techniques to address 
mixtures and free water in solid-fluid coupling problems.

While substantial research has focused on addressing pressure fluctuations in MPM, less emphasis has been placed on mitigating 
stress oscillations in the solid phase. Mast et al. [75] developed a novel approach based on the Hu-Washizu multi-field variational 
principle, which employs separate approximations for volumetric and deviatoric components of strain and stress fields. This method 
was effectively applied to dry granular column collapse and reduced stress oscillations in dynamic scenarios [76]. Bandara and 
Soga [43] introduced the 𝐵̄ method, which averages strains of material points with those at cell centers, effectively reducing solid 
stress oscillations in solid-fluid coupling scenarios. Xie et al. [77] utilized mass-weighted deformation gradients to reconstruct strain 
and achieve smoother stress fields for large-deformation geotechnical modeling. This approach was further extended by Xie et al. 
[78] to two-phase problems, enhancing solid stress fields in solid-water mixtures. Additionally, Kossler et al. [79] proposed a grid-
shifting technique that adjusts the background grid after each time step, to reduce mesh-dependent stress oscillations in pure solid 
simulations. Despite these advancements, stabilization techniques specifically targeting solid stress oscillations in large-deformation 
solid-fluid coupling problems remain limited, highlighting the need for further development of stress stabilization methods for the 
solid phase.

This study presents a stabilized explicit MPM framework for solid-fluid coupling problems, effectively addressing the previously 
outlined challenges. Building upon an explicit two-point two-phase MPM framework, we implement a dual volume averaging tech-
nique utilizing cubic B-spline basis functions to smooth deformation gradients and pressure. This innovative approach significantly 
mitigates volumetric locking and cell-crossing errors, resulting in more stable and accurate fluid phase simulations. To address stress 
oscillations in the solid phase during large deformations, we introduce a hybrid smoothing technique that enhances the stress field 
through cell-based and node-based smoothing for deviatoric and volumetric strain, respectively. Furthermore, the AFLIP scheme is 
incorporated for both solid and fluid phases to minimize particle-grid mapping errors and ensure energy conservation at relatively 
coarse grid resolutions. To combat particle clustering, we apply the 𝛿-correction technique to the fluid phase, which reduces quadra-
ture errors and promotes more uniform particle distribution. The efficacy of the proposed MPM framework is demonstrated through 
several numerical examples covering diverse solid-fluid coupling scenarios.
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The remainder of this paper is organized as follows: Section 2 introduces the vanilla two-point two-phase MPM. The enhanced 
two-point two-phase MPM is proposed in Section 3, where the AFLIP scheme and high-order B-spline basis functions are integrated 
with stabilization techniques. The proposed framework is verified against a series of benchmark examples in Section 4, followed by 
a set of numerical examples for complex senarios in Section 5. Finally, Section 6 concludes the paper.

2.  Vanilla two-point two-phase MPM

2.1.  Governing equations for two-phase porous media

2.1.1.  Mass balance equations
In the framework of Lagrangian description, the mass balance equations for solid and fluid phases are expressed as follows [43]: 

𝐷(𝑚𝑠)
𝐷𝑡

=
𝐷((1 − 𝑛)𝜌𝑠𝑉𝑠)

𝐷𝑡

= 𝜌𝑠𝑉𝑠
D(1 − 𝑛)
𝐷𝑡

+ (1 − 𝑛)𝑉𝑠
D𝜌𝑠
𝐷𝑡

+ (1 − 𝑛)𝜌𝑠
D𝑉𝑠
𝐷𝑡

= 0 (1a)

𝐷(𝑚𝑓 )
𝐷𝑡

=
𝐷(𝑛𝜌𝑓𝑉𝑓 )

𝐷𝑡

= 𝜌𝑓𝑉𝑓
D𝑛
𝐷𝑡

+ 𝑛𝑉𝑓
D𝜌𝑓
𝐷𝑡

+ 𝑛𝜌𝑓
D𝑉𝑓
𝐷𝑡

= 0 (1b)

where 𝑚𝛼 (𝛼 = 𝑠 or 𝑓 ) represents the mass of solid or fluid phases. 𝜌𝛼 and 𝑉𝛼 denote the density and volume, respectively. 𝑛 is the 
porosity at the position of material points.

Neglecting density variation of the solid phase, the material time derivative of porosity can be expressed as: 
𝐷𝑛
𝐷𝑡

= (1 − 𝑛)∇ ⋅ 𝒗𝑠. (2)

where 𝒗𝑠 is the velocity of the solid phase. Substituting Eq. (2) into Eq. (1b) yields 
1
𝜌𝑓

𝐷𝜌𝑓
𝐷𝑡

= −1
𝑛
[(1 − 𝑛)∇ ⋅ 𝒗𝑠 + 𝑛∇ ⋅ 𝒗𝑓 ] (3)

where 𝒗𝑓  is the velocity of the fluid phase. Since the fluid is considered weakly compressible, density variation is related to variation 
of volumetric strain 𝜖𝑣,𝑓  [80], as follows: 

𝐷𝜖𝑣,𝑓
𝐷𝑡

= − 1
𝜌𝑓

𝐷𝜌𝑓
𝐷𝑡

(4)

Substituting Eq. (3) into Eq. (4) yields 
𝐷𝜖𝑣,𝑓
𝐷𝑡

= 1
𝑛
[

(1 − 𝑛)∇ ⋅ 𝒗𝑠 + 𝑛∇ ⋅ 𝒗𝑓
]

(5)

2.1.2.  Momentum balance equations
The momentum equilibrium equations for solid and fluid phases in mixtures are expressed as [43] 

(1 − 𝑛)𝜌𝑠𝒗̇𝑠 = ∇ ⋅ 𝝈′
𝑠 − (1 − 𝑛)∇𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝒈 + 𝒇𝑑 (6a)

𝑛𝜌𝑓 𝒗̇𝑓 = 𝑛∇𝑝𝑓 + 𝑛𝜌𝑓𝒈 − 𝒇𝑑 (6b)

where 𝝈′
𝑠 is the stress tensor of the solid phase, 𝑝𝑓  is the pressure of the fluid phase (with compression being positive). For pure fluids, 

Eq. (6b) degenerates to: 
𝜌𝑓 𝒗̇𝑓 = ∇ ⋅ 𝝈𝑓 + 𝜌𝑓𝒈 (7)

where 𝝈𝑓  is the stress tensor of the fluid phase.
The drag force 𝒇𝑑 is given by

𝒇𝑑 =
𝑛2𝜌𝑓 𝑔
𝑘

⋅ (𝒗𝑓 − 𝒗𝑠) + 𝛽𝑛3𝜌𝑓
|

|

|

𝒗𝑓 − 𝒗𝑠
|

|

|

(𝒗𝑓 − 𝒗𝑠) (8)

where 𝑘 is the Darcy’s permeability, 𝛽 is the non-Darcy flow coefficient, |⋅| denotes the norm. 𝛽 is determined following the method-
ology described by Ergun [81], using the formula 𝛽 = 𝐵∕

√

𝜅𝐴𝑛3, where 𝐴 = 150, 𝐵 = 1.75. The Darcy’s permeability 𝑘 can be derived 
from the intrinsic permeability 𝜅 using the following relationship:

𝑘 = 𝜅
𝜌𝑓 𝑔
𝜇𝑓

(9)

where 𝜇𝑓  is fluid dynamic viscosity. 𝜅 can be calculated using the Kozeny-Carman formula [82,83]:

𝜅 =
𝑛3𝐷2

𝑝

150(1 − 𝑛)2
(10)

where 𝐷𝑝 is the particle diameter.
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2.2.  Constitutive models

2.2.1.  Equation of state (EOS) for weakly compressible fluids
The fluid stress can be decomposed into two components:

𝝈𝑓 = 𝝉𝑓 − 𝑝𝑓 I (11)

where 𝝉𝑓 = 2𝜇𝑓 𝝐̇𝑞,𝑓  is the deviatoric stress tensor, 𝑝𝑓  represents the fluid pressure, and 𝜇𝑓  is the dynamic viscosity. 𝐈 is the identity 
tensor, 𝝐̇𝑞,𝑓  is the deviatoric strain rate tensor, with the strain rate 𝝐̇𝑓  defined as:

𝝐̇𝑓 = 1
2
(

∇𝒗𝑓 + (∇𝒗𝑓 )𝑇
)

(12)

The fluid pressure can be explicitly given by the EOS: 
𝐷𝑝𝑓
𝐷𝑡

= −𝐾𝑓
𝐷𝜖𝑣,𝑓
𝐷𝑡

(13)

where 𝐾𝑓  is the bulk modulus, 𝜖𝑣,𝑓  is the volumetric strain at the fluid phase location. The selection of 𝐾𝑓  for water should satisfy the 
requirement that density fluctuations remain below 3%, as specified by Chen et al. [67]. Under this condition, water can be treated 
as a weakly compressible fluid. In our numerical examples, we adhere to this criterion when choosing 𝐾𝑓 .

2.2.2.  Constitutive model for the solid phase
While the introduced framework is general and not restricted to a particular constitutive model for the solid phase, the prevailing 

Mohr-Coulomb soil model is adopted and employed throughout this work unless stated otherwise. The plastic yield function 𝑓 for 
the Mohr-Coulomb model is [24,84]: 

𝑓 = 𝑅𝑚𝑐𝑞 − 𝑝 tan𝜙 − 𝑐 (14a)

𝑅𝑚𝑐 (𝜃, 𝜙) =
1

√

3 cos𝜙
sin(𝜃 + 𝜋

3
) + 1

3
cos(𝜃 + 𝜋

3
) tan𝜙 (14b)

where 𝑝 and 𝑞 are the mean stress and deviatoric stress, respectively. 𝜙 is the friction angle, 𝑐 is the cohesion strength, and 𝜃 is the 
Lode angle.

The plastic potential function for the non-associated flow rule is: 

𝑔𝑝 =
√

(𝜖𝑐0 tan𝜓)2 + (𝑅𝑚𝑤𝑞)2 − 𝑝 tan𝜓 (15a)

𝑅𝑚𝑤(𝜃, 𝑒) =
4(1 − 𝑒2) cos2 𝜃 + (2𝑒 − 1)2

2(1 − 𝑒)2 cos 𝜃 + (2𝑒 − 1)
√

4(1 − 𝑒2) cos2 𝜃 + 5𝑒2 − 4𝑒
𝑅𝑚𝑐

(𝜋
3
, 𝜙

)

(15b)

𝑅𝑚𝑐
(𝜋
3
, 𝜙

)

=
3 − sin𝜙
6 cos𝜙

(15c)

where 𝑐0 is the initial cohesion yield stress, 𝜖 and 𝑒 are parameters for the flow rule curve determination, and 𝜓 denotes the dilatancy 
angle.

The Rankine tension cutoff is introduced to limit the load-carrying capacity in the tensile region. The corresponding plastic yield 
function 𝑓𝑡 and potential function 𝑔𝑡 are given by 

𝑓𝑡 = 𝑝 +
2𝑞
3

cos 𝜃 − 𝜎𝑡 (16a)

𝑔𝑡 = 𝑝 +
2𝑞
3

cos 𝜃 (16b)

where 𝜎𝑡 is the tension strength.
The plastic strain tensor 𝝐𝑝 can be updated as: 

𝐷𝝐𝑝
𝐷𝑡

= 𝐷𝜆
𝐷𝑡

𝜕𝑔𝑝

𝜕𝝈′ (17)

where 𝜆 is the plastic multiplier. The effective stress 𝝈′ can be obtained by: 
𝐷𝛔′
𝐷𝑡

= 𝐃𝑒 ∶
(𝐷𝛜
𝐷𝑡

− 𝐷𝝐𝑝
𝐷𝑡

)

(18)

where 𝐃𝑒 is the elastic stiffness matrix and 𝝐 is the strain tensor.
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Fig. 1. Illustration of two-point two-phase MPM solution process.

2.3.  MPM scheme

2.3.1.  Two-point two-phase solution
As illustrated in Fig. 1, the two-point two-phase MPM employs two layers of material points: orange points represent solid material, 

while blue points represent fluid material. This method builds upon the conventional MPM framework of background grids and 
material points, thereby enabling the seamless simulation of extreme material deformations. To accurately capture phase interactions, 
the computational domain is partitioned into three distinct regions based on local mixture conditions: a pure fluid domain, a pure 
solid domain, and a solid-fluid mixture domain. This explicit regional distinction effectively resolves the ambiguity inherent in mixed-
variable representations of single-point methods, allowing for a more physically consistent modeling of key two-phase mechanisms 
such as relative permeability and fluid seepage through the solid matrix. A two-layer grid framework is adopted, with separate 
computational grids used to store the nodal information for the solid and fluid phases independently. Interaction forces, including 
the drag force and fluid pressure, are explicitly coupled between the two phases. The mapping process, which involves both particle-
to-grid (P2G) and grid-to-particle (G2P) information transfers, plays a critical role in linking the kinematics of material points with 
the solutions computed on the background grid. The detailed implementation procedure is summarized below.

2.3.2.  P2G mapping
In the P2G mapping process, the mass and momentum of solid and fluid material points are projected onto grid nodes using a 

basis function:
𝑚𝑘𝛼𝑖 =

∑

𝛼𝑝
𝑚𝛼𝑝𝑤

𝑘
𝛼𝑖𝑝 (𝛼 = 𝑠, 𝑓 ) (19)

𝑚𝑘𝛼𝑖𝒗
𝑘
𝛼𝑖 =

∑

𝛼𝑝
𝑚𝛼𝑝𝒗𝑘𝛼𝑝𝑤

𝑘
𝛼𝑖𝑝 (𝛼 = 𝑠, 𝑓 ) (20)

where 𝛼 denotes the phase, i.e., the solid phase 𝑠 and fluid phase 𝑓 . The superscript 𝑘 represents the physical quantity at time step 
𝑡𝑘. 𝑚𝑘𝛼𝑖 represents the nodal mass, mapped from the particle mass 𝑚𝛼𝑝. 𝒗𝑘𝛼𝑖 represents the nodal velocity, mapped from the particle 
velocity 𝒗𝑘𝛼𝑝. The function 𝑤𝑘𝛼𝑖𝑝 = 𝑤𝑘𝑖 (𝒙𝛼𝑝) is the interpolation basis function that maps values from node i to the position of material 
point 𝒙𝛼𝑝, and 

∑

𝛼𝑝 denotes the summation over all material points affected by the basis function associated with node i. Similarly, 
the nodal porosity 𝑛𝑖 can be mapped from the porosity at the location of solid particles 𝑛𝑠𝑝 by: 

𝑚𝑘𝑠𝑖𝑛
𝑘
𝑖 =

∑

𝑠𝑝
𝑚𝑠𝑝𝑛

𝑘
𝑠𝑝𝑤

𝑘
𝑠𝑖𝑝 (21)

2.3.3.  Solving at nodes
Using the MPM scheme, the momentum balance equations presented in Eq. (6) can be discretized in both spatial and temporal 

domains as follows: 
𝑚𝑘𝑠𝑖𝒂

𝑘+1
𝑠𝑖 = 𝑚𝑘𝑠𝑖𝒈 −

∑

𝑠𝑝
(𝝈′𝑘

𝑝∇𝑤
𝑘
𝑠𝑖𝑝𝑉

𝑘
𝑠𝑝) + (1 − 𝑛𝑘𝑖 )

∑

𝑓𝑝
(𝑝𝑘𝑓𝑝∇𝑤

𝑘
𝑓𝑖𝑝𝑉

𝑘
𝑓𝑝) + 𝒇𝑘𝑑𝑖 + 𝒔𝑘𝑠𝑖 (22)

𝑚𝑘𝑓𝑖𝒂
𝑘+1
𝑓𝑖 = 𝑚𝑘𝑓𝑖𝒈 −

∑

𝑓𝑝
(𝝉𝑘𝑓𝑝∇𝑤

𝑘
𝑓𝑝𝑉

𝑘
𝑓𝑝) + 𝑛

𝑘
𝑖

∑

𝑓𝑝
(𝑝𝑘𝑓𝑝∇𝑤

𝑘
𝑓𝑖𝑝𝑉

𝑘
𝑓𝑝) − 𝒇𝑘𝑑𝑖 + 𝒔𝑘𝑓𝑖 (23)

Computer Methods in Applied Mechanics and Engineering 456 (2026) 118957 

5 



Z. Cheng et al.

where 𝒔𝑘𝑠𝑖 and 𝒔𝑘𝑓𝑖 are traction forces imposed on the boundary for solid and fluid phases, respectively. By combining Eqs. (19)–(21) 
with Eqs. (22)-(23), we can obtain the nodal acceleration 𝒂𝑘+1𝑠𝑖  and 𝒂𝑘+1𝑓𝑖  for both solid and fluid phases. Then the nodal velocity can 
be updated as: 

𝒗𝑘+1𝛼𝑖 = 𝒗𝑘𝛼𝑖 + 𝒂𝑘+1𝛼𝑖 Δ𝑡 (𝛼 = 𝑠, 𝑓 ) (24)

2.3.4.  G2P mapping
With the solved nodel velocities and accelerations, the information of material points can be updated through the G2P mapping 

process. To update the velocities of material points, there are two commonly used methods, i.e., the Particle-in-Cell (PIC) method 
[85] and the Fluid-Implicit Particle (FLIP) method [86], given by 

𝒗𝑘+1𝛼𝑝 =
∑

𝑖
𝑤𝛼𝑖𝑝𝒗𝑘+1𝛼𝑖 , PIC (𝛼 = 𝑠, 𝑓 ) (25a)

𝒗𝑘+1𝛼𝑝 = 𝒗𝑘𝛼𝑝 +
∑

𝑖
𝑤𝛼𝑖𝑝𝒂𝑘+1𝛼𝑖 Δ𝑡, FLIP (𝛼 = 𝑠, 𝑓 ) (25b)

The particle position 𝒙𝛼𝑝 can then be updated as: 

𝒙𝑘+1𝛼𝑝 = 𝒙𝑘𝛼𝑝 +
∑

𝑖
𝑤𝛼𝑖𝑝𝒗𝑘+1𝛼𝑖 Δ𝑡 (𝛼 = 𝑠, 𝑓 ) (26)

Once the velocity and position of material points are updated, all physical information carried by the background grid is reset. 
The simulation then advances to the next step, repeating the above procedure.

3.  Stabilized two-point two-phase MPM

3.1.  AFLIP scheme

Traditional methods, such as PIC [85] and FLIP [86] methods, exhibit unsatisfactory performance in cases involving large defor-
mations. This is primarily due to excessive energy dissipation in PIC and numerical noise inherent in FLIP. The Affine PIC (APIC) 
method [87] has demonstrated effectiveness in maintaining both energy conservation and numerical stability for large deformation 
problems in two-phase MPM simulations [45,74]. However, the APIC method requires a sufficiently fine mesh to ensure accurate 
energy conservation and minimize accuracy loss [88], which significantly increases computational costs in large deformation sim-
ulations. A practical and efficient solution is the combination of APIC and FLIP methods (AFLIP) which effectively reduces energy 
dissipation in single-phase problems even when using relatively coarse meshes [56,89–92]. In this study, the AFLIP mapping scheme 
is employed for addressing two-phase problems.

At the P2G stage, the APIC scheme introduces a matrix 𝑪𝑘
𝛼𝑝 of different phases 𝛼 = 𝑠, 𝑝, where the local velocity of a particle at 

grid node 𝒙𝑖 is expressed as 𝒗𝑘𝛼𝑝 + 𝑪𝑘
𝛼𝑝(𝒙𝑖 − 𝒙𝑘𝛼𝑝). This formulation defines the transfer from particles to the grid: 

𝑚𝑘𝛼𝑖𝒗
𝑘
𝛼𝑖 =

∑

𝛼𝑝
𝑤𝑘𝛼𝑖𝑝𝑚𝛼𝑝(𝒗

𝑘
𝛼𝑝 + 𝑪𝑘

𝛼𝑝(𝒙𝑖 − 𝒙𝑘𝛼𝑝)) (27)

where 𝑪𝑘
𝛼𝑝 = 𝑩𝑘

𝛼𝑝(𝑫
𝑘
𝛼𝑝)

−1, 𝑫𝑘
𝛼𝑝 is analogous to an inertia matrix for affine motion, given by: 

𝑫𝑘
𝛼𝑝 =

∑

𝑖
𝑤𝛼𝑖𝑝(𝒙𝑖 − 𝒙𝑘𝛼𝑝)(𝒙𝑖 − 𝒙𝑘𝛼𝑝)

T (28)

𝑩𝑘
𝛼𝑝 contains angular momentum information and is modified during the process of mapping data from the grid to material points 

G2P. The corresponding transfer from the grid to material points is expressed as: 
𝑩𝑘+1
𝛼𝑝 =

∑

𝑖
𝑤𝛼𝑖𝑝𝒗𝑘+1𝛼𝑖 (𝒙𝑖 − 𝒙𝑘𝛼𝑝)

T (29)

The AFLIP scheme can be expressed as: 
𝒗𝑘+1𝛼𝑝 = (1 − 𝛽)(𝒗𝑘𝛼𝑝 +

∑

𝑖
𝑤𝛼𝑖𝑝𝒂𝑘+1𝛼𝑖 Δ𝑡) + 𝛽(

∑

𝑖
𝑤𝛼𝑖𝑝𝒗𝑘+1𝛼𝑖 ) (30)

The blending coefficient 𝛽 = 1 corresponds to the APIC scheme, while the FLIP scheme is employed when 𝛽 = 0. This coefficient is 
explicitly defined in each simulation case. If no value is provided, 𝛽 is assumed to be 1 by default.

3.2.  Cubic B-spline basis functions

During the mapping process between material points and grid nodes, basis functions play a crucial role. It has been demonstrated 
that the accuracy of numerical results obtained using B-spline functions surpasses that of other basis functions [93], such as GIMP [94] 
and CPDI [95]. For large deformations, cubic B-spline functions offer superior accuracy and stability compared to quadratic B-splines, 
without significantly increasing computational cost [56]. It has been demonstrated that cubic B-spline functions can substantially 
mitigate pressure oscillations and permit larger time steps compared to quadratic B-spline functions in fluid simulations, albeit at the 
cost of increased computational time per step [56]. Therefore, cubic B-spline functions are adopted in this study.
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Fig. 2. Schematic diagram of the dual volume averaging process.

The B-spline basis functions can be defined through a knot vector, which is a set of ordered, non-decreasing values in 𝑅 known 
as knots. A knot vector is defined by: 

Ξ = {𝜉1, 𝜉2, 𝜉𝑖,… , 𝜉n+p+1} (31)

where 𝜉𝑖 is the 𝑖𝑡ℎ knot, 𝑖 is the knot index, 𝑖 = 1, 2,… , 𝑛 + 𝑝 + 1.
Let 𝑝 denote the polynomial degree and 𝑛 the total number of B-spline basis functions. The knot vector subdivides the parametric 

domain into different segments or elements. The B-spline basis functions for a given knot vector are constructed step by step using 
the Cox-de Boor recursion formula [96]:

𝑁𝑖,𝑝(𝜉) =
𝜉 − 𝜉𝑖
𝜉𝑖+𝑝 − 𝜉𝑖

𝑁𝑖,𝑝−1(𝜉) +
𝜉𝑖+𝑝+1 − 𝜉
𝜉𝑖+𝑝+1 − 𝜉𝑖+1

𝑁𝑖+1,𝑝−1(𝜉), for 𝑝 > 0 (32)

with 

𝑁𝑖,0(𝜉) =

{

1 if 𝜉𝑖 ⩽ 𝜉 < 𝜉𝑖+1,
0 otherwise.

(33)

In general, there are four types of cubic B-spline basis functions [97], and their detailed formulations can be found in Cheng et al. [56],
Vaucorbeil et al. [97].

3.3.  Stabilization techniques

3.3.1.  Fluid phase: Dual volume averaging
We introduce a dual volume averaging technique to mitigate pressure oscillations in the fluid phase, i.e., volume averaging both 

deformation and pressure. As illustrated in Fig. 2, the first volume averaging step, involving deformation gradients, consists of two 
sub-steps: mapping of Jacobian 𝐽𝛼𝑝 and mapping of the volume-averaged coefficient 𝜂𝛼𝑝. The term 𝐽𝛼𝑝, defined as the determinant 
of the deformation gradient at the particle location, is first mapped to nodes to obtain nodal Jacobian 𝐽𝛼𝑖. These nodal values are 
then mapped back to particles to yield the volume-averaged Jacobian 𝐽𝛼𝑝, from which 𝜂𝛼𝑝 is computed. To determine the solid 
volume-averaged coefficient at fluid particle positions, 𝜂𝑓𝑝,𝑠, a double mapping of 𝜂𝑠𝑝 is performed. The coefficients 𝜂𝑓𝑝,𝑠 and 𝜂𝑓𝑝 are 
subsequently used to compute volume-averaged deformation gradients for fluid strain and pressure. In the second volume averaging 
step, a similar mapping procedure is applied to fluid pressure 𝑝𝑓𝑝 to obtain the volume-averaged pressure 𝑝̄𝑓𝑝. This averaged pressure 
is then substituted into Eqs. (22)-(23) to solve the momentum equilibrium equations.

The key idea of the first volume averaging is to replace original deformation gradients with assumed deformation gradients [51], 
using: 

𝑭 𝑘+1
𝑝 =

(

𝐽𝑘+1𝑝

𝐽𝑘+1𝑝

)1∕ dim

𝑭 𝑘+1
𝑝 (34)
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where 𝑭 𝑘+1
𝑝  and 𝑭 𝑘+1

𝑝  are the original and assumed deformation gradient at 𝑡𝑘+1, respectively. 𝐽𝑘+1𝑝 = det 𝑭 𝑘+1
𝑝  is the determinant of 

the deformation gradient at 𝑡𝑘+1 and dim is the simulation dimension that is set to 2 and 3 for 2D and 3D cases, respectively.
In explicit time integration schemes, where stresses accumulate over successive time steps, it is necessary to introduce an assumed 

relative deformation gradient Δ𝑭 𝑘+1
𝑝 . The following equations describe the relationships between the various deformation measures 

at the material point: 
𝑭 𝑘+1
𝑝 = Δ𝑭 𝑘+1

𝑝 ⋅ 𝑭 𝑘
𝑝 (35a)

𝑭 𝑘+1
𝑝 = Δ𝑭 𝑘+1

𝑝 ⋅ 𝑭 𝑘
𝑝 (35b)

𝐽𝑘+1𝑝 = Δ𝐽𝑘+1𝑝 𝐽𝑘𝑝 (35c)

𝑭 𝑘
𝑝 =

(

𝐽𝑘𝑝
𝐽𝑘𝑝

)1∕ dim

𝑭 𝑘
𝑝 (35d)

where Δ𝐽𝑘+1𝑝 = det Δ𝑭 𝑘+1
𝑝  represents the determinant of the relative deformation gradient at 𝑡𝑘+1. In this context, substituting Eq. (35) 

into Eq. (34), the deformation gradient can be replaced by its relative form, yielding [51]: 

Δ𝑭 𝑘+1
𝑝 =

(

𝐽𝑘+1𝑝

𝐽𝑘𝑝 Δ𝐽
𝑘+1
𝑝

)1∕ dim

Δ𝑭 𝑘+1
𝑝 (36)

For the fluid pressure of mixtures, we can obtain the formula with Eqs. (5) and (13): 
𝐷𝑝𝑓
𝐷𝑡

= −
𝐾𝑓
𝑛

[

(1 − 𝑛)∇ ⋅ 𝒗𝑠 + 𝑛∇ ⋅ 𝒗𝑓
]

(37)

The pressure in the fluid phase is determined based on volumetric strains of both fluid and solid phases at the fluid material point 
location. The volumetric strain of the solid phase at fluid particles is obtained by interpolating the surrounding solid phase strain 
field. Therefore, to compute the pressure of mixtures, it is necessary to evaluate the volume-averaged relative deformation gradients 
Δ𝑭𝑝 for both phases. The implementation details are described below.

The original relative deformation gradient of different phases 𝛼 = 𝑠, 𝑝 at 𝑡𝑘+1 is calculated by: 
Δ𝑭 𝑘+1

𝛼𝑝 = 1 + Δ𝑡
∑

𝑖
𝒗𝑘+1𝛼𝑖 ⊗ ∇𝑤𝑖𝛼𝑝 (38)

The volume of material points 𝑉𝛼𝑝 can be updated as: 
𝑉 𝑘+1
𝛼𝑝 = 𝐽𝑘+1𝛼𝑝 ⋅ 𝑉 0

𝛼𝑝 (39)

where 𝐽𝑘+1𝛼𝑝 = det 𝑭 𝑘+1
𝛼𝑝  is the determinant of deformation gradients at 𝑡𝑘+1. The nodal volume-averaged Jacobian are given by:

𝐽𝑘+1𝛼𝑖 =
∑

𝛼𝑝
𝑤𝑖𝛼𝑝𝑉

𝑘
𝛼𝑝(𝐽

𝑘
𝛼𝑝Δ𝐽

𝑘+1
𝛼𝑝 )∕𝑉 𝑘

𝛼𝑖 (40)

with 
𝑉 𝑘
𝛼𝑖 =

∑

𝛼𝑝
𝑤𝑖𝛼𝑝𝑉

𝑘
𝛼𝑝 (41a)

Δ𝐽𝑘+1𝛼𝑝 = det (Δ𝑭 𝑘+1
𝛼𝑝 ) (41b)

𝐽𝑘𝛼𝑝 = det (𝑭 𝑘
𝛼𝑝) (41c)

Then mapping the nodal volume-averaged Jacobian to particles yields: 
𝐽𝑘+1𝛼𝑝 =

∑

𝑖
𝑤𝑖𝛼𝑝𝐽

𝑘+1
𝛼𝑖 (42)

According to Eq. (36), the relative assumed deformation gradient Δ𝑭 𝑘+1
𝑝  can be obtained by the volume-averaged coefficient 𝜂𝑘+1𝛼𝑝

at 𝑡𝑘+1, given by: 

𝜂𝑘+1𝛼𝑝 =

(

𝐽𝑘+1𝛼𝑝

𝐽𝑘𝛼𝑝Δ𝐽
𝑘+1
𝛼𝑝

)1∕ dim

(43)

The assumed relative fluid deformation gradients at the position of fluid material points Δ𝑭 𝑘+1
𝑓𝑝  is calculated by: 

Δ𝑭 𝑘+1
𝑓𝑝 = 𝜂𝑘+1𝑓𝑝 Δ𝑭 𝑘+1

𝑓𝑝 (44)

To obtain the assumed relative solid deformation gradients at fluid material points, the solid volume-averaged coefficient at solid 
material points must first be mapped to the nodes:

𝜂𝑘+1𝑠𝑖 =
∑

𝑠𝑝
𝑤𝑖𝑠𝑝𝑚𝑠𝑝𝜂

𝑘+1
𝑠𝑝 ∕𝑚𝑘+1𝑠𝑖 (45)
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Then interpolate it to the position of fluid material points, the solid volume-averaged coefficient at the position of fluid material 
points 𝜂𝑘+1𝑓𝑝,𝑠 is given by: 

𝜂𝑘+1𝑓𝑝,𝑠 =
∑

𝑖
𝑤𝑖𝑓𝑝𝜂

𝑘+1
𝑠𝑖 (46)

Similarly, the assumed relative solid deformation gradients at the position of fluid material points Δ𝑭 𝑘+1
𝑓𝑝,𝑠 is calculated by: 

Δ𝑭 𝑘+1
𝑓𝑝,𝑠 = 𝜂𝑘+1𝑓𝑝,𝑠Δ𝑭

𝑘+1
𝑓𝑝,𝑠 (47)

where the original relative solid deformation gradients at the position of fluid material points Δ𝑭 𝑘+1
𝑓𝑝,𝑠 is given by: 

Δ𝑭 𝑘+1
𝑓𝑝,𝑠 = 1 + Δ𝑡

∑

𝑖
𝒗𝑘+1𝑠𝑖 ⊗ ∇𝑤𝑖𝑓𝑝 (48)

Therefore, the pressure of the fluid phase can be computed using the EOS presented in Eq. (37), based on the Δ𝑭 𝑛+1
𝑓𝑝  and Δ𝑭 𝑛+1

𝑓𝑝,𝑠
at the position of fluid material points. Additionally, the shear stress, as described in Eq. (11), can also be calculated. Next, update 
𝑭 𝑘+1
𝛼𝑝 = Δ𝑭 𝑘+1

𝛼𝑝 ⋅ 𝑭 𝑘
𝛼𝑝, as the nodal volume-averaged Jacobian given by Eq. (40) for the subsequent step must be calculated using the 

determinant of 𝑭 𝑘+1
𝛼𝑝 .

We assume that volumetric strain and pressure are continuous across the soil-water interface, while only the porosity differs 
between the mixture and free water. For pore water within the mixture, porosity is interpolated from the solid material points, 
whereas for free water, the porosity is set to 1.0. In the volume averaging procedure applied to water material points, free water and 
pore water are treated as a continuous medium. Consequently, the volumetric strain at the interface is influenced by both free water 
and pore water. Using the porosity and volume-averaged strain, the pressure for water material points at the interface can then be 
computed using Eq. (37).

After obtaining the pressure of the fluid phase, the 𝜋 projection technique is then applied [56,98] as follows: 

𝜋(𝑝̄𝑓𝑝)𝑘+1𝑖 =
∑

𝑓𝑝
𝑤𝑖𝑓𝑝𝑉

𝑘
𝑓𝑝𝑝𝑓𝑝

𝑘+1∕𝑉 𝑘
𝑓𝑖 (49a)

𝑉 𝑘
𝑓𝑖 =

∑

𝑓𝑝
𝑤𝑖𝑓𝑝𝑉

𝑘
𝑓𝑝 (49b)

so that the volume-averaged pressure reads: 

𝑝̄𝑘+1𝑓𝑝 =
∑

𝑖
𝑤𝑖𝑓𝑝𝜋(𝑝̄𝑓𝑝)𝑘+1𝑖 (50)

The volume-averaged pressure 𝑝̄𝑘+1𝑓𝑝  is employed in Eqs. (22) and (23) to solve the momentum equation and update the nodal 
velocity. The sequential application of volume averaging to both the deformation gradient and the pressure thereby significantly 
alleviates volumetric locking in large-deformation problems. Although dual volume averaging inherently introduces numerical dissi-
pation, it can be managed through increased time steps as demonstrated in Cheng et al. [56]. In practice, applying pressure volume 
averaging at predefined intervals rather than at each time step, can also provides an effective strategy to balance numerical stability 
and dissipation control.

3.3.2.  Fluid phase: 𝛿-correction
The MPM is susceptible to accumulating integration errors due to particle clustering in pure fluids or mixtures with low solid vol-

ume fractions [22]. To mitigate these errors in fluid simulations, the particle shifting technique (PST) has attracted increasing interest. 
Various PST approaches have been developed, including the Avoid-a-Void method [99], SPH-inspired shifting techniques [100,101], 
and the 𝛿-correction scheme [53,59]. Among these, the 𝛿-correction method performs particle shifting using the background grid 
based on nodal integration errors, eliminating the need for neighbor search and thus reducing computational overhead compared 
to other PST variants [59,102]. While this approach has been effectively applied in single-phase fluid simulations [53,56,59], its 
performance in two-phase systems has not yet been investigated. In this work, we implement the 𝛿-correction technique in coupled 
solid-fluid simulations, with detailed implementation steps provided in Baumgarten et al. [22], Cheng et al. [56].

3.3.3.  Solid phase: Hybrid strain smoothing
The solid phase is typically modeled as a continuum capable of undergoing free deformations in both volumetric and deviatoric 

modes. Consequently, previous anti-locking algorithms developed for the fluid phase to overcome volumetric locking frequently 
demonstrate limited efficacy when implemented for solid-phase simulations. In this subsection, a new strain smoothing method is 
proposed for the solid phase to reduce stress oscillations in large-deformation problems. As shown in Fig. 3, the key idea is to perform 
a double mapping of volumetric strain to obtain volume-averaged values, while replacing deviatoric strain with the value at the cell 
center. The reconstructed strain field will then be used for stress calculations. The detailed process is described below.

The strain rate for the solid phase can be decoupled into deviatoric and volumetric parts, expressed as:

𝝐̇𝑠 = 𝝐̇𝑑,𝑠 + 𝜖̇𝑣,𝑠𝐈 (51)
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Fig. 3. Schematic diagram of the hybrid smoothing procedure.

where 𝝐̇𝑠 = 1
2

(

∇𝒗𝑠 + (∇𝒗𝑠)𝑇
)

, 𝜖̇𝑣,𝑠 = 1
3 (∇ ⋅ 𝒗𝑠). After obtaining the volumetric strain 𝝐̇𝑣,𝑠 of the solid phase, the 𝜋 projection technique 

is then applied [98] as follows: 
𝜋( ̇̄𝜖𝑣,𝑠)𝑘+1𝑖 =

∑

𝑠𝑝
𝑤𝑖𝑠𝑝𝑉

𝑘
𝑠𝑝𝜖̇

𝑘+1
𝑣,𝑠 ∕𝑉 𝑘

𝑠𝑖 (52a)

𝑉 𝑘
𝑠𝑖 =

∑

𝑠𝑝
𝑤𝑖𝑠𝑝𝑉

𝑘
𝑠𝑝 (52b)

where 𝑉𝑠𝑝 is the volume of the solid phase. Similarly, the volume-averaged volumetric strain ̇̄𝜖𝑘+1𝑣,𝑠  reads: 
̇̄𝜖𝑘+1𝑣,𝑠 =

∑

𝑖
𝑤𝑖𝑠𝑝𝜋( ̇̄𝜖𝑣,𝑠)𝑘+1𝑖 (53)

The double mapping process serves as a filter for volumetric strain, effectively attenuating high-frequency strain fluctuations 
while preserving low-frequency components. This filtering mechanism contributes to a smoother volumetric strain field for stabilized 
pressure computation. To calculate the deviatoric strain 𝝐̇𝑑,𝑠, we employ the SRI technique by replacing the original deviatoric strain 
with its cell-centered counterpart 𝝐̇𝑑,𝑠(𝒙𝑐 ). This is achieved by interpolating the nodal velocity at the cell center. Unlike volumetric 
strain, the deviatoric strain field tends to localize, often manifesting as shear bands, which are high-frequency components. The 
mapping procedure may filter out these important high-frequency components, potentially compromising the accuracy of deviatoric 
strain representation. Therefore, the cell-center value selected for 𝝐̇𝑑,𝑠 is employed as an optimal compromise between oscillation 
reduction and accuracy preservation. Thus the new hybrid strain ̇̄𝝐𝑠 can be expressed as:

̇̄𝝐𝑠 = 𝝐̇𝑑,𝑠(𝒙𝑐 ) + ̇̄𝜖𝑣,𝑠𝐈 (54)

This strain will be input into the constitutive model for stress calculations.

3.4.  Critical time step criterion

The explicit MPM uses the central difference method for time integration, which is conditionally stable. To ensure numerical 
stability, the time step Δ𝑡 must remain below a critical threshold Δ𝑡𝑐 . This criterion, known as the Courant-Friedrichs-Lewy (CFL) 
condition [43,103], is expressed as: 

Δ𝑡𝑐 = min
ℎ𝑒

𝑐𝑝
(55)

where ℎ𝑒 is the characteristic length of the element, 𝑐𝑝 is the pressure wave velocity of the soil-water mixture which is defined as: 

𝑐𝑝 =

√

√

√

√

√

√

(

𝑛
𝐾𝑓

+ 1−𝑛
𝐾𝑠

)−1
+ 4

3𝐺

(1 − 𝑛)𝜌𝑠 + 𝑛𝜌𝑤
(56)

where 𝐾𝑓  is the bulk modulus of fluids, 𝐾𝑠 is the bulk modulus of solid grains, and 𝐺 is the shear modulus of solid skeleton.

3.5.  Computational workflow

The overall computational workflow for the proposed explicit stabilized framework is detailed in Algorithm 1. In addition to 
the stabilization techniques discussed above, two boundary handling methods are adopted: one for the free surface and another for 
nonrigid-rigid boundaries.
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Algorithm 1: Pseudocode of explicit two-point two-phase MPM with the proposed stabilized algorithm.
1 initialize model; 
2 Set up particle data: 𝒙𝛼𝑝, 𝑚𝛼𝑝, 𝒗𝛼𝑝, etc.;
3 Set up material parameters: 𝐸𝑠, 𝜈𝑠, 𝐾𝑓 , 𝜇𝑓 , etc.;
Input: Simulation time-steps;

4 foreach timestep do
5 Reset dynamics and P2G mapping:
6   Reset nodal dynamics 𝑚𝛼𝑖, 𝒗𝛼𝑖, 𝒂𝛼𝑖 and initialize basis functions 𝑤𝛼𝑖𝑝.
7   Map particle’ mass 𝑚𝛼𝑝, momentum 𝑚𝛼𝑝𝒗𝛼𝑝 and porosity 𝑚𝑠𝑝𝑛𝑠𝑝 to nodes.
8 Boundary Handling:
9   Apply Dirichlet or Neumann boundary conditions.
10   Detect free-surface nodes, set 𝑝𝑓𝑖 = 0.
11   Apply DEM contact forces for nonrigid-rigid contact boundaries.
12 Dual volume averaging for the fluid phase:
13   Calculate volume-averaged Δ𝑭𝑓𝑝 using Eq. (44) and Δ𝑭𝑓𝑝,𝑠 using Eq. (47)
14   Compute strain rate 𝝐̇𝑓  using Eq. (12) and stress 𝝈𝑓  using Eq. (11).
15   Calculate volume-averaged pressure 𝑝̄𝑓𝑝 using Eq. (50).
16 Hybrid strain smoothing for the solid phase:
17   Calculate the volume-averaged ̇̄𝜖𝑣,𝑠 using Eq. (53) and cell center ̇̄𝝐𝑑,𝑠(𝒙𝑐 ).
18   Construct the hybrid strain rate ̇̄𝝐𝑠 using Eq. (54) for stress.
19 Solution of Variables:
20   Map particle’s forces to nodes and update nodal information 𝒗𝛼𝑖, 𝒂𝛼𝑖.
21   Map nodal information to particles, update 𝒗𝛼𝑝 and 𝒙𝛼𝑝 using the AFLIP scheme.
22 Particle shifting for the fluid phase:
23   Apply 𝛿-correction and relocate fluid material points 𝒙′𝑓𝑝.

In large-deformation solid-fluid coupling simulations, free water typically undergoes significant deformations and maintains non-
zero pressure near free surfaces. This behavior conflicts with the zero Dirichlet pressure boundary condition typically applied to 
free surfaces in pure fluid simulations. To resolve this discrepancy, we employ a simple free surface tracking method developed 
by Kularathna[104]. Additionally, to model interactions between rigid boundaries and solid/fluid material points, we implement a 
DEM-enriched contact algorithm [24] capable of handling complex geometries. This approach computes contact forces based on the 
overlap between material points and rigid blocks using DEM, and then applies these forces to the corresponding material points. The 
complete implementation procedure is described in Chen et al. [24], Cheng et al. [56].

4.  Verification and benchmark

4.1.  1D consolidation test

Terzaghi’s 1D consolidation theory [105] is employed to benchmark the coupled framework. The theory applies to isotropic, 
homogeneous, fully saturated elastic materials under small strain conditions.

The 1D consolidation test was simulated using coupled MPM for plane strain conditions (see Fig. 4(a)). The model consists of 
a 1.0m height × 0.02m wide saturated soil column, discretized with 200 soil material points and 200 water material points. The 
background grid uses square cells with 𝐿 = 0.02 m containing 4 material points per cell. The solid phase follows an isotropic linear 
elastic model, while the water phase is modeled as weakly compressible. Material parameters are: solid grain density 𝜌𝑠 = 2650
kg/m3, Young’s modulus 𝐸𝑠 = 10 MPa, Poisson’s ratio 𝜈 = 0.3, water density 𝜌𝑤 = 1000 kg/m3, bulk modulus 𝐾𝑤 = 2.2 GPa, and 
dynamic viscosity 𝜇𝑤 = 0.001 Pa·s. Initial conditions specify zero pore pressure and effective stresses, with porosity 𝑛0 = 0.3 and 
Darcy’s permeability 𝑘0 = 1 × 10−3 m/s.

A 10 kPa traction 𝑝0 is applied at the drained top surface, with boundary conditions including horizontal constraints on both sides, 
and full fixation at the base. The simulation uses a time step Δ𝑡 = 1 × 10−5 s. Fig. 4(b) compares numerical results with the analytical 
solution through normalized pore pressure 𝑝∕𝑝0 versus normalized height ℎ∕𝐻 at different normalized times 𝑇𝑣 = 𝑐𝑣𝑡∕𝐻2. The close 
agreement confirms the accuracy of the two-phase MPM implementation.

4.2.  2D Cryer’s problem

The Mandel-Cryer effect describes the characteristic non-monotonic pore pressure evolution that can only be properly captured 
through coupled formulations such as 2D Biot’s theory, unlike uncoupled approaches like Terzaghi’s 1D consolidation theory [106–
108]. Cryer [107] originally developed this theory for an isotropic poroelastic sphere subjected to hydrostatic loading, demonstrating 

Computer Methods in Applied Mechanics and Engineering 456 (2026) 118957 

11 



Z. Cheng et al.

Fig. 4. 1D consolidation: (a) initial configuration and boundary conditions; (b) comparison of pore pressure variation with analytical solution.

Fig. 5. 2D Cryer’s Problem: (a) the original 3D model; (b) an equivalent 2D plane strain model; (c) a half-domain model considering symmetry.

that the generated pore pressure at the specimen’s center may surpass the externally applied pressure in saturated media. To validate 
the coupled MPM formulation, the present study employs the classical Cryer’s cylinder problem as a benchmark case (see Fig. 5(a)).

The numerical model employs a 2D plane strain representation of the cylinder, as depicted in Fig. 5(b). Exploiting symmetry, only 
half of the domain is simulated in Fig. 5(c). Initial conditions specify zero pore pressure throughout the domain, with application of 
10 kPa normal traction 𝑃  on the semicircular surface while permitting drainage at the outer boundary. The symmetry line maintains 
an impermeable boundary condition. Four distinct cases are examined with Poisson’s ratios 𝜈 of 0.1, 0.2, 0.3, and 0.4, neglecting 
gravitational effects. The model configuration features radius 𝑅 = 1 m, discretized with elements of 0.02m size containing 4 particles 
each, yielding totals of 15,714 solid and 15,714 water material points. The solid phase follows an isotropic linear elastic constitutive 
model with material properties: solid grain density 𝜌𝑠 = 3000 kg/m3, Young’s modulus 𝐸𝑠 = 10MPa. The water phase is characterized 
by density 𝜌𝑤 = 1000 kg/m3, bulk modulus 𝐾𝑤 = 2.2GPa, and dynamic viscosity 𝜇𝑤 = 0.001Pa·s. Initial conditions include porosity 
𝑛0 = 0.3 and permeability 𝑘0 = 1 × 10−3m/s.

Fig. 6(a) displays the pore pressure distribution within the model at different time instants for 𝜈 = 0.3, revealing a smooth pressure 
field that validates the effectiveness of the proposed stabilization method. The temporal evolution of pressure and radial stress at 
the circle’s center are presented in Fig. 6(b) and (c), respectively. Normalized variables, including normalized time 𝑇𝑣 = 𝑐𝑣𝑡∕𝑅2, 
normalized pressure 𝑝∕𝑝0 (𝑝0 is the initial pressure after applying the traction), and normalized radial stress 𝜎𝑟∕𝑃 , are utilized for 
the plots. Fig. 6(b) demonstrates the characteristic Mandel-Cryer effect, with the central pressure initially peaking before gradually 
dissipating to zero. Correspondingly, Fig. 6(c) illustrates the radial stress evolution, which monotonically increases toward the applied 
traction magnitude 𝑃 . The numerical solutions are further validated against the 2D Cryer’s analytical solution for various Poisson’s 
ratios 𝜈 [108–110]. The close agreement between numerical and analytical results for both pressure and stress fields confirms the 
accuracy and robustness of the stabilized computational framework.
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Fig. 6. 2D Cryer’s problem: (a) pressure contours of 𝜈 = 0.3 at different time; (b) pore pressure variation at the center with different 𝜈; (c) radial 
stress at the center with different 𝜈.

4.3.  Submerged consolidation under gravity

This benchmark study examines the mechanical response of a fully saturated, homogeneous soil column under gravitational 
loading. The numerical implementation is verified by comparing the simulated hydrostatic pressure and soil stress distribution against 
analytical solutions.

The computational domain, illustrated in Fig. 7(a), measures 10m in width and 12m in height, completely filled with water above 
a 10m thick saturated soil layer. Following established methodologies [6,45], the solid phase is characterized as an isotropic linear 
elastic material with the following properties: solid grain density 𝜌𝑠 = 2650 kg/m3, Young’s modulus 𝐸𝑠 = 5MPa, and Poisson’s ratio 
𝜈 = 0.3. The water phase is defined by density 𝜌𝑤 = 1000 kg/m3, bulk modulus 𝐾𝑤 = 20MPa, and dynamic viscosity 𝜇𝑤 = 0.001Pa·s. 
The porous medium has initial porosity 𝑛0 = 0.4 and permeability 𝑘0 = 0.4 m/s.

The boundary conditions are specified as follows: full fixation in vertical and horizontal motions of the bottom boundary, horizontal 
constraint along the lateral boundaries, and the drainage boundary on the upper surface. A gravitational acceleration 𝑔 = 9.81m/s2

acts uniformly on both phases. The computational domain employs a uniform discretization of 0.25m element size, with four solid 
and four water material points per element, totaling 7680 water material points and 6400 solid material points.

The numerical simulation spans 5.0 s with a constant time step of 1 × 10−5 s. Initial conditions assume zero stress states for both 
phases, with gravity applied instantaneously at 𝑡 = 0 s and maintained constant. Fig. 7(b) and (c) display the equilibrium distributions 
of pore water pressure and vertical effective stress, revealing smooth stress fields that demonstrate the ability to reduce oscillations 
of the stabilized explicit MPM formulation. Quantitative comparison with analytical solutions in Fig. 8 shows excellent agreement 
for both water pressure and vertical stress profiles. This correspondence validates the framework’s capability to accurately predict 
initial in-situ stresses and pore pressure distributions, confirming proper implementation of the coupled MPM methodology.

4.4.  Single-phase dynamic problems

Previous verification studies have predominantly examined static problems, yielding satisfactory results regarding both accuracy 
and stability. Dynamic problems, however, present greater challenges for numerical simulations due to larger deformations and more 
complex physical processes. To systematically evaluate the proposed stabilized MPM framework, this study initiates dynamic verifi-
cation with fundamental single-phase problems: a dam break scenario for fluid dynamics and a column collapse for solid mechanics.
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Fig. 7. Submerged consolidation: (a) initial configuration and boundary conditions; (b) water pressure at stable time; (c) vertical stress 𝜎𝑦𝑦 (with 
compression being negative) in the soil skeleton at a stable time.

Fig. 8. Submerged consolidation: comparison of (a) pore pressure and (b) vertical stress with analytical solution.

4.4.1.  Dam break
Fig. 9 presents the computational domain geometry and boundary conditions. The initial configuration consists of a 0.2m high × 

0.1m long water column retained by a temporary gate for consolidation purposes, with slip wall conditions applied to all surrounding 
boundaries. Following gravitational settling and equilibrium establishment, the gate is instantaneously removed to initiate free-surface 
flow under gravity.

The simulation parameters include: density 𝜌 = 1000 kg/m3, bulk modulus 𝐾 = 10MPa, dynamic viscosity 𝜇 = 0.001Pa ⋅ s, and 
gravitational acceleration 𝑔 = 9.81m/s2. Spatial discretization employs a uniform square grid with element size ℎ = 0.0025m with 2 
× 2 particle initialization per fluid cell, yielding 12,800 material points. The temporal resolution uses a fixed time step Δ𝑡 = 1 × 10−5 s.
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Fig. 9. Dam break: initial configuration and boundary conditions.

Fig. 10. Comparison of water configuration with previous studies: (a) 𝑡 = 0.05 s; (b) 𝑡 = 0.1 s; (c) 𝑡 = 0.15 s; (d) 𝑡 = 0.18 s.

Fig. 10 displays four sequential snapshots of dam break evolution with corresponding pressure fields. Comparative results from SPH 
[111] and PFEM [112] implementations demonstrate excellent agreement. The smooth pressure contours and absence of volumetric 
locking artifacts validate the fluid solver’s robustness and numerical stability.

4.4.2.  Column collapse
This single-phase solid mechanics benchmark replicates the granular column collapse experiment documented in Lajeunesse 

et al. [113], providing a direct counterpart to the fluid dam-break problem. The experimental configuration in Fig. 11 features a 
granular column measuring 0.056m in width × 0.1344m in height. The numerical simulation employs a Mohr-Coulomb constitu-
tive model with material parameters matching the experimental characterization [113]: density 𝜌𝑠 = 2500 kg/m3, Young’s modulus 
𝐸𝑠 = 1MPa, Poisson’s ratio 𝜈 = 0.3, and friction angle 𝜙 = 28◦. The model assumes zero cohesion 𝑐 = 0 and zero dilation angle 𝜓 = 0.

The computational domain utilizes a uniform square grid ℎ = 0.002m with 2 × 2 particle initialization per cell, discretizing 
the solid domain into 7504 material points. The analysis adopts a time step of Δ𝑡 = 5 × 10−6 s with gravitational acceleration 𝑔 =
9.81m/s2. A temporary retaining gate maintains initial static equilibrium, with boundary conditions including: slip condition on the 
left boundary, and rough basal surface with friction coefficient 𝜇 = 0.53 (derived from tan𝜙). Following gravitational settling, gate 
removal triggers dynamic collapse under gravity.

Fig. 12 compares the vertical stress distribution at equilibrium state with experimental measurements. Both Fig. 12(a) and (b) 
demonstrate excellent agreement with the experimental final configuration, denoted by the blue dashed line, validating the effective-
ness of the hybrid strain smoothing technique. The proposed methodology substantially reduces stress oscillations, particularly near 
boundary regions, effectively mitigating locking phenomena in dynamic simulations.

Fig. 13 displays four sequential stages of column collapse with corresponding vertical stress distributions. The numerical simulation 
exhibits faster collapse progression compared to experimental observations, primarily due to the idealized instantaneous gate removal 
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Fig. 11. Column collapse: initial configuration and boundary conditions.

Fig. 12. Column collapse: comparison of vertical stress at a stable state (a) without and (b) with hybrid strain smoothing.

Fig. 13. Comparison of configuration evolution with experimental results: (a) 𝑡 = 0.11 s; (b) 𝑡 = 0.23 s; (c) 𝑡 = 0.35 s; (d) 𝑡 = 0.6 s.
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Fig. 14. Flow passing through a porous dam: initial configuration and boundary conditions.

in the simulation versus the finite removal time in physical experiments. Nevertheless, frictional effects at the base gradually diminish 
this discrepancy, ultimately leading to convergent final states. The overall agreement between numerical and experimental results 
confirms the accuracy and robustness of the implemented hybrid strain smoothing approach for solid phase modeling.

5.  Numerical examples

5.1.  Flow passing through a porous dam

This study utilizes benchmark experimental data from Liu et al. [114], employing simplified configurations with comprehensive 
measurements that have become a standard reference for validating porous media flow models. The research specifically examines 
the spatiotemporal evolution of the free water surface across the porous medium interface. The experimental apparatus (see Fig. 14) 
comprises a glass tank measuring 0.892m in length × 0.58m in height, centrally positioned with a porous dam of 0.29m width and 
0.37 cm thickness. Water flow is initiated by rapid removal of a left-side gate mechanism, with continuous monitoring of free surface 
elevation dynamics throughout the experiment.

The porous dam is characterized as an isotropic linear elastic material with the following phase-specific properties: solid grain 
density 𝜌𝑠 = 2500 kg/m3, Young’s modulus 𝐸𝑠 = 5MPa, Poisson’s ratio 𝜈 = 0.3. The initial porosity 𝑛0 is 0.49, and particle diameter 
0.0159m yields an initial permeability 𝑘0 = 7.5 m/s, calculated using the Kozeny-Carman equation. The water phase is characterized 
by density 𝜌𝑤 = 1000 kg/m3, bulk modulus 𝐾𝑤 = 10MPa, and dynamic viscosity 𝜇𝑤 = 0.001Pa·s. Numerical discretization employs a 
uniform square grid ℎ = 0.005m with 2 × 2 particle initialization per element, generating 17,168 material points for the solid domain 
and 13,640 for the water domain. The simulation has a total duration of 2.0 s and the time step is set to Δ𝑡 = 1 × 10−5 s. The blending 
coefficient is set to 𝛽 = 0.05.

Fig. 15 presents a comparative analysis between numerical predictions and experimental measurements, denoted by black hol-
low circles at sequential time intervals. The simulation captures key physical phenomena including initial water infiltration into 
the dam, flow retardation due to porous medium resistance evidenced by elevated front water levels at 𝑡 = 0.4 s, and subsequent 
surface stabilization. Numerical results show good agreement with experimental data and exhibit smooth pressure field, while with 
some discrepancies in the liquid surface elevation inside the dam during the first three snapshots. The observed discrepancies pri-
marily originate from differing gate removal mechanisms [114]. While the simulation assumes instantaneous gate removal with 
uniform fluid release, the physical experiment involves manual operation that preferentially accelerates bottom-water flow [115]. 
Notably, predictive accuracy enhances progressively with time, achieving high-fidelity reproduction of later-stage flow patterns. This 
systematic validation confirms the proposed stabilized two-point, two-phase formulation’s capability to accurately resolve dynamic 
hydro-mechanical coupling.

We also compare the pressure results obtained using the explicit standard MPM with various basis functions. As illustrated in 
Fig. 16(a), significant pressure oscillations are observed when GIMP basis functions are employed. In contrast, the use of cubic B-
spline basis functions, depicted in Fig. 16(b), notably reduces these oscillations. With the stabilization techniques proposed in this 
study, a much smoother pressure field is achieved, as shown in Fig. 16(c), compared to the results from the standard MPM. To 
evaluate pressure oscillations within the pressure field, the Laplacian of pressure, ∇2𝑝, is computed at the positions of the material 
points in Fig. 16. Additionally, the standard deviation of the ∇2𝑝 field is calculated to provide a quantitative assessment of pressure 
oscillations. In comparison, the ∇2𝑝 values in this study exhibit a smaller standard deviation, demonstrating the effectiveness of the 
proposed stabilized two-point, two-phase formulation in mitigating pressure oscillations within the explicit MPM framework.

5.2.  Submerged landslide

This study utilizes the benchmark submarine landslide experiment conducted by Rzadkiewicz et al. [116] to validate the hydro-
mechanical coupling performance of the proposed stabilized two-point two-phase MPM formulation, with particular focus on its 
ability to capture water wave generation induced by subaqueous slope failures. The selected experimental configuration has been 
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Fig. 15. Flow passing through a porous dam: comparison of configuration evolution with experimental results at different time instants. The dam 
is simply displayed as a dashed rectangle due to its negligibly small deformation throughout the process.

rigorously validated through various numerical approaches, including SPH [117], PFEM [115], semi-implicit MPM [45], and coupled 
CFD-MPM [46].

The experimental setup (see Fig. 17) consists of a 4m long flume containing water to a depth of 1.6m. A triangular sand mass is 
placed on a 45° inclined plane at the right end of the tank, initially submerged 0.1m below the water surface and held in place by a 
vertical gate. All boundaries, including the slope interface, are treated as frictionless. The system first reaches hydrostatic equilibrium 
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Fig. 16. Flow passing through a porous dam: comparison of pressure contours and the Laplacian of pressure ∇2𝑝 fields using explicit standard MPM 
with (a) GIMP basis functions, (b) cubic B-spline basis functions, and (c) the proposed method.
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Fig. 17. Submerged landslide: initial configuration and boundary conditions.

Fig. 18. Submerged landslide: (a) experimental results [116]; (b) numerical pressure contours; (c) numerical velocity field.

under gravity before the gate is rapidly removed, triggering sand mass motion and consequent water surface disturbances. Numerical 
discretization employs a uniform square grid with element size ℎ = 0.025m, using a 2 × 2 particle configuration for both phases. This 
results in 1378 solid material points and 24,220 water material points. The simulation parameters include a time step Δ𝑡 = 1 × 10−5 s
and blending coefficient 𝛽 = 0.01.

Consistent with previous work [45], the granular material is modeled as a Mohr-Coulomb continuum with the following properties: 
solid grain density 𝜌𝑠 = 2650 kg/m3, Young’s modulus 𝐸𝑠 = 5MPa, Poisson’s ratio 𝜈 = 0.3, friction angle 𝜙 = 10◦, zero dilation angle 
(𝜓 = 0), and zero cohesion 𝑐 = 0. The water phase is characterized by density 𝜌𝑤 = 1000 kg/m3, bulk modulus 𝐾𝑤 = 20MPa, and 
dynamic viscosity 𝜇𝑤 = 0.001Pa·s. Initial conditions include porosity 𝑛0 = 0.4 and mean particle diameter 𝑑50 = 0.006 m, yielding a 
Darcy’s permeability 𝑘0 = 0.43 m/s through the Kozeny-Carman relation.

Fig. 18 presents comparative snapshots of the submerged landslide at 𝑡 = 0.4 s and 𝑡 = 0.8 s, showing both experimental observa-
tions and numerical simulations of water pressure and flow velocity fields around the sand mass, denoted by black contours. Initial 
sand movement at 𝑡 = 0.4 s exhibits minimal displacement following gate removal, while substantial deformation becomes evident 
by 𝑡 = 0.8 s. The stabilized two-point two-phase MPM accurately reproduces both the evolving sand configuration and the developing 
water vortices, as shown in Fig. 18(c). The pressure field in Fig. 18(b) demonstrates the method’s effectiveness in preventing volu-
metric locking, maintaining smooth pressure distributions during initial stages. However, the progressive movement of sand induces 
localized pressure oscillations, as shown in Fig. 19(a). By employing the 𝛿-correction, the standard deviation of ∇2𝑝 is reduced by 
nearly 45%, which means these oscillations can be further mitigated, resulting in improved stability of the pressure field, as depicted 
in Fig. 19(b).

The stress field evolution is shown in Fig. 20, comparing experimental soil profiles with various numerical approaches. While pre-
vious simulations [46,115] display stress oscillations, our hybrid strain smoothing technique produces smoother stress distributions 
in Fig. 20(a), demonstrating enhanced capability in addressing dynamic locking. Comparative sand profiles in Fig. 20(b) reveal excel-
lent agreement at 𝑡 = 0.4 s across other methods [45,46,115–117], though these numerical approaches under-predict displacement at 
𝑡 = 0.8 s, likely due to unmodeled liquefaction effects in the constitutive formulation [115]. Free surface evolution is quantitatively 
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Fig. 19. Submerged landslide: pressure contours and ∇2𝑝 fields at 𝑡 = 1.2 s performed (a) without and (b) with 𝛿-correction.

validated in Fig. 21, showing strong correspondence between our predictions, experimental measurements, and reference numerical 
solutions at both 𝑡 = 0.4 s and 𝑡 = 0.8 s. This comprehensive agreement confirms the reliability of the proposed coupled framework in 
capturing essential submarine landslide dynamics.

5.3.  Subaerial granular collapse

In this subsection, we employ the proposed stabilized MPM to investigate water wave generation induced by granular column 
collapse. Our simulation results are systematically compared with experimental data from Zhao et al. [118]. The numerical study 
replicates a laboratory experiment where water waves are generated through the collapse of a dry granular column into water, as 
illustrated in Fig. 22.

The experimental configuration comprises a glass tank with dimensions 2m in length × 0.5m in height × 0.15m in width. The 
granular column spans the tank’s width, ensuring that both the resulting impulse wave and granular motion conform to a 2D plane 
strain condition. Initially, the granular column is positioned at the base and restrained by a left-side gate. The column has an initial 
height 𝐻𝑠0 = 0.145m and width 𝐿𝑠0 = 0.08m, while the water depth is maintained at ℎ𝑤0 = 0.055m, aligning the column’s base with 
the water surface. Upon gate release, the column collapses into the water, generating waves.

For numerical simulation, the computational domain is discretized using a square grid with element size ℎ = 0.00125m. A 2 × 2 
particle configuration is applied to both solid and water phases, yielding 29,696 material points for the solid phase and 129,184 for 
the water phase. The time step is set to Δ𝑡 = 1 × 10−5 s. Gravitational acceleration (𝑔 = 9.81m/s2) acts on both phases, and a temporary 
gate facilitates granular column consolidation. Slip-wall conditions are imposed at the left and right boundaries, while the bottom 
surface is treated as rough with a friction coefficient 𝜇 = 0.36 (derived from tan𝜙). After the granular column stabilizes under gravity, 
the gate is removed to initiate collapse.

The granular material is modeled as a Mohr-Coulomb continuum, adopting material parameters from Zhao et al. [118], with 
the following material properties: solid grain density 𝜌𝑠 = 2500 kg/m3, Young’s modulus 𝐸𝑠 = 10MPa, Poisson’s ratio 𝜈 = 0.3, and a 
friction angle 𝜙 = 20◦. Both the dilation angle 𝜓 and cohesion 𝑐 are set to 0. The initial porosity is 𝑛0 = 0.43, and the mean particle 
diameter is 𝑑50 = 0.005m, resulting in an intrinsic permeability of 𝑘0 = 0.4m/s, as calculated using the Kozeny-Carman relation. The 
water phase is characterized by density 𝜌𝑤 = 1000 kg/m3, bulk modulus 𝐾𝑤 = 2MPa, and dynamic viscosity 𝜇𝑤 = 0.001Pa·s.

Fig. 23 compares numerical and experimental results, with the black line delineating the granular material configuration. The 
collapsing granular column generates multiple waves that propagate forward, consistent with experimental observations in Fig. 23. 
Concurrently, water infiltrates the initially dry granular region, progressively saturating the solid particles. The pressure field remains 
smooth and stable throughout, demonstrating the robustness of the stabilized MPM in handling large deformations and complex solid-
fluid interactions.

Fig. 24 illustrates the evolution of the solid phase configuration and stress field. At 𝑡 = 0.1 s, the stress distribution is smooth, 
though interactions with the rough base induce minor oscillations, as shown in Fig. 24(c) and (d). These oscillations arise from 
granular-bottom friction and water infiltration, introducing additional complexity to stress stabilization.

Fig. 25 depicts the granular front length along the bottom and the wave amplitude relative to the initial water height. The granular 
front elongation rate decelerates over time, while the wave amplitude stabilizes. A slight underestimation of the granular front length 
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Fig. 20. Submerged landslide: (a) solid stress; (b) granular configuration.

Fig. 21. Submerged landslide: experimental and simulated results of the free fluid surface profile from different methods at (a) 𝑡 = 0.4 s and (b) 
𝑡 = 0.8 s.

Fig. 22. Subaerial granular collapse: initial configuration and boundary conditions.
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Fig. 23. Subaerial granular collapse: (a) experimental results; (b) numerical pressure contours.

Fig. 24. Subaerial granular collapse:(a) 𝑡 = 0.1 s; (b) 𝑡 = 0.2 s; (c) 𝑡 = 0.4 s; (d) 𝑡 = 0.6 s.
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Fig. 25. Subaerial granular collapse: comparison of (a) granular front length and (b) wave amplitude with experimental results.

Fig. 26. Intense bedload by dam-break: problem geometry.

in simulations may stem from the constitutive model’s omission of liquefaction-induced strength reduction. Notably, Fig. 25(b) reveals 
a transient peak in wave amplitude, likely attributable to energy dissipation during water infiltration. As infiltration diminishes and 
wave propagation continues, the amplitude stabilizes.

5.4.  Intense bedload by dam-break

Finally, we evaluate the performance of the proposed approach on 3D large-deformation problems by simulating a laboratory dam-
break experiment [119]. The experimental geometry is illustrated in Fig. 26. The setup consists of a rectangular flume measuring 
6.0m in length and 0.25m in width. The soil bed comprises cohesionless cylindrical PVC grains saturated with water. Initially, a gate 
positioned at the mid-section of the tank retains a water reservoir with a depth of 0.35m. Upon reaching equilibrium, the gate is 
instantaneously removed, allowing the water to flow over the granular bed.

For the numerical simulation, a square grid with an element size of ℎ = 0.03m is used to discretize the computational domain. 
Both the solid and water phases are represented by a 2 × 2 × 2 particle configuration, resulting in 51,200 material points for the solid 
phase and 124,800 for the water phase. The time step is set to Δ𝑡 = 1 × 10−5 s. Gravitational acceleration (𝑔 = 9.81m/s2) is applied 
to both phases, and a temporary gate is used to facilitate initial consolidation. The base boundary of the bed is fully fixed, while the 
side boundaries are supported by rollers. Once the system reaches a steady state under gravity, the gate is removed to initiate the 
dam-break process.

The soil is modeled using the Mohr-Coulomb constitutive model using material parameters based on the experimental setup in 
Spinewine and Capart [119]. The soil material properties are as follows: grain density 𝜌𝑠 = 1580 kg/m3, Young’s modulus 𝐸𝑠 = 10MPa, 
Poisson’s ratio 𝜈 = 0.3, , and friction angle 𝜙 = 38◦. Both the dilation angle 𝜓 and cohesion 𝑐 are set to zero. The initial porosity is 
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Fig. 27. Intense bedload by dam-break: evolution of water pressure and soil stress at different times.

Fig. 28. Intense bedload by dam-break: comparison of water and soil surface profiles between (a) experimental data and (b) this study.

𝑛0 = 0.42, and the mean particle diameter is 𝑑𝑠 = 0.0039m. The water phase is characterized by density 𝜌𝑤 = 1000 kg/m3, bulk modulus 
𝐾𝑤 = 10MPa, and dynamic viscosity 𝜇𝑤 = 0.001Pa·s.

Fig. 27 presents the simulation snapshots of the intense sediment transport process. The free-surface water flows over the bed, 
driving the movement of solid particles. As time progresses, the water front propagates further, inducing large deformations in the 
soil bed. Throughout the process, the water pressure field exhibits a smooth distribution along the bed. For the solid phase, the stress 
field is generally smooth. However, local oscillations occur near the water flow front. These oscillations arise from violent scouring 
interactions between the soil and water, which introduce additional complexity to stress stabilization.

To further validate the accuracy of our method, Fig. 28 compares the water and soil surface profiles obtained from experiments 
and numerical simulations. The results demonstrate good agreement for both phases, although some discrepancies are observed near 
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the water front. Notably, in the experiments, soil liquefaction was observed, while is not accounted for in the present model. This 
omission likely contributes to the discrepancies with the experimental results.

6.  Conclusions

This study presents a stabilized explicit two-point two-phase MPM framework for simulating solid-fluid coupling problems in 
porous media. Volumetric locking in the fluid phase is effectively mitigated through dual volume averaging applied to both defor-
mation gradients and pressure, which utilizes cubic B-spline basis functions for particle-grid mapping. Additionally, a hybrid strain 
smoothing technique is introduced for the solid phase to reduce stress oscillations by implementing cell-based and node-based smooth-
ing for deviatoric and volumetric strain, respectively. To counteract accuracy loss at low grid resolutions associated with the APIC 
mapping scheme, the AFLIP strategy is introduced. Furthermore, to minimize quadrature errors caused by particle clustering, the 
𝛿-correction method is applied to the fluid phase, enhancing the stability of the numerical solution.

A series of benchmark tests, including 1D and 2D consolidation problems, single-phase dynamic problems, flow passing through 
a porous dam, submerged granular landslides, subaerial granular collapses, and 3D intense bedload by dam-break are conducted to 
verify and validate the proposed framework. The results show good agreement with experimental data and numerical results from 
other studies. Notably, the proposed stabilized explicit MPM scheme maintains numerical stability and effectively smooths stress, even 
in challenging dynamic scenarios. This approach offers a promising avenue for large-deformation simulations involving solid-fluid 
coupling.

Computational efficiency is a key challenge when extending the proposed method to 3D problems. Although this study utilizes 
OpenMP for parallel computing to enhance computational efficiency, future work will explore GPU computing [70,120] for 3D 
simulations. Additonally, the underprediction of this framework for the granular-fluid flows involving undrained loading indicates 
the necessity of advanced constitutive models for capturing transient pore-pressure feedback and liquefaction, which will be a future 
direction. Futhermore, further research will aim to incorporate multi-physical fields, such as temperature, into the proposed MPM 
framework to enhance the model’s comprehensiveness.
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Appendix A. 

The hybrid strain smoothing technique reduces stress oscillations and enhances numerical stability, but it may also introduce 
numerical dissipation. To assess the impact of potential dissipation on numerical accuracy, we further compare the stress results from 
the 2D Cryer’s problem. As shown in Fig. A.1, the radial stress results obtained with and without hybrid smoothing are in excellent 
agreement. In the hybrid smoothing scheme, a double mapping is employed to smooth the volumetric strain for stabilized pressure 
computation, while the deviatoric strain is replaced with its cell-centered counterpart. This differentiated treatment of volumetric 
and deviatoric strain helps mitigate dissipation while preserving numerical accuracy.
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Fig. A.1. 2D Cryer’s problem: comparison of radial stress at the center with 𝜈 = 0.3.

Appendix B. 

To validate the conservation of fluid volume, we compare the water depth at 𝑡 = 4 s, when the flow has reached a nearly steady 
state. As shown in Fig. A.2, the water depth simulated using the proposed stabilized MPM is close to that obtained without dual 
volume averaging. This indicates that the introduction of the dual volume averaging method does not lead to significant volume loss. 
The analytical final water depth, computed from the initial volume and porosity following [117], is represented by the red dashed 
line in Fig. A.2. The numerical water depth shows good agreement with the analytical solution, demonstrating satisfactory volume 
conservation throughout the entire simulation. 

Fig. A.2. Flow passing through a porous dam: comparison of water depth at 𝑡 = 4 s using explicit MPM (a) with and (b) without dual volume 
averaging.

Appendix C. 

Following the 𝛿-correction operation proposed by Baumgarten et al. [59], particle positions are artificially adjusted to improve 
spatial distribution while maintaining material and state properties unchanged. However, retaining previous-time-step state variables 
(e.g., velocity 𝒗𝑓𝑝, stress 𝝈𝑓𝑝, porosity 𝑛, volume 𝑉𝑓𝑝) for relocated particles may violate the continuity of physical fields. To address 
this issue, we implement a modified 𝛿-correction scheme that interpolates physical variables 𝜙𝑓𝑝 for relocated particles using nodal 
values 𝜙𝑖 as follows: 

𝜙𝑘+1𝑓𝑝 =
∑

𝑖
𝑤𝑖(𝒙′𝑓𝑝)𝜙

𝑘+1
𝑖 (C.1)

As shown in Fig. A.3, the pressure contours and particle distribution obtained using the modified 𝛿-correction technique at 𝑡 = 1.2
s are similar to previous results for the submerged landslide. This indicates that the choice not to update the state variables of the 
shifted material points does not significantly affect numerical stability and particle distribution.

Fig. A.4 further presents the energy evolution of the fluid phase. Both the 𝛿-correction and modified 𝛿-correction techniques show 
good agreement in kinetic and potential energy evolution, which corresponds to the observations in Fig. A.3. The error introduced by 
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Fig. A.3. Submerged landslide: pressure contours at 𝑡 = 1.2 s performed (a) with 𝛿-correction and (b) modified 𝛿-correction.

Fig. A.4. Submerged landslide: comparison of (a) kinetic energy and (b) gravitational potential energy of the fluid phase with and without the 
𝛿-correction technique.

not updating the state variables is proportional to the step length [59]. In the present case, the time step is 10−5 s, and the maximum 
shifting distance for fluid material points in each step is smaller than 0.1 times the element size. Thus, the discrepancy between the 
𝛿-correction and modified 𝛿-correction is small. On the other hand, the use of 𝛿-correction leads to some kinetic energy dissipation, 
with a maximum dissipation of approximately 2.4% as shown in Fig. A.4(a). Due to particle shifting, clumped material points separate, 
resulting in an increase in gravitational potential energy, as seen in Fig. A.4(b), with a maximum increase of about 1.4%. Therefore, 
while 𝛿-correction slightly affects energy transfer, its benefits in improving particle distribution and numerical stability make it an 
acceptable approach. 
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