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ARTICLE INFO ABSTRACT
Keywords: Gap-graded granular soils have a wider grain size distribution and more heterogeneous fabric structure than
Gap-graded granular materials normal soils. It is critical to choose the sample size of element tests in a faithful and repeatable manner. The
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Discrete Element Method (DEM) is utilized to determine the size of representative volume element (RVE) of gap-
graded mixtures with varying particle size distributions. Over seven hundred triaxial tests are performed to
investigate the effect of particle size ratio and coarse fraction on the typical RVE size. Microscopic parameters are

analyzed to validate the reproducibility of the determined RVE sizes. The optimal RVE size is negatively pro-
portional to particle size ratio and positively correlated with the coarse fraction. Empirical equations are further
established to correlate the RVE sizes with particle size ratios for different coarse fractions. The findings may
provide a useful reference for experimental and numerical studies in choosing the RVE size for gap-graded soils.

1. Introduction at which the tested sample contains enough inhomogeneity to be sta-
tistically representative of the material under repeated testing
The representative element volume is the minimum element volume [13,15,16,22,25,43,52]. Hudson and Harrison [25] introduced the RVE
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concept and applied it in rock and soil mechanics for the measurement of
macroscopic properties of the geological materials. Fig. 1 shows the
conceptual diagram of RVE and scale-dependency of material proper-
ties. The mechanical properties of samples oscillate around an equilib-
rium magnitude, and the amplitude of the fluctuation decreases with
increasing sample size and tends to vanish until the RVE size is reached.
In multiscale modeling, the RVE is usually considered as a mesoscopic
element to feed continuum modeling with the required material
response and plays an important role in affecting the predictions of
macroscopic behaviors of heterogeneous materials in different scales
[16,20,56]. Hence, determining RVE size of granular materials is
essential for faithfully predicting and understanding the effective
properties of materials [11,24,37,44,56].

Numerous studies have been carried out, either in laboratory or
using numerical approaches to investigate the RVE of heterogeneous
materials in recent years (e.g., [7,11,13,18,30,34,40,47,57,59,67]). The
consistency of the laboratory results may be questionable due to the
change of structure and degradation of aggregates during the sample
preparation. Moreover, the evolution of internal structure cannot be
easily tracked during a loading process using conventional laboratory
methods. To this end, numerical methods, including the finite element
method (FEM) [14,16,61,67] and discrete element method (DEM)
[10,11,30,56], become appealing in analyzing the RVE of granular soils.
It has been reported that the RVE size may vary depending on different
physical properties or material types [16,31,56]. For example, Gitman
[16] investigated the RVE size of a three-phase heterogeneous material
using FEM and found that the RVE size depends on the stress levels,
corresponding to different loading regime of material response. Addi-
tionally, Wiacek and Molenda [56] observed that the RVE size of poly-
disperse granular material for porosity is larger than that for mechanical
properties, such as elastic modulus and coordination number.

It has been recognized that the RVE size of granular material relies on
the basic nature of granular particles, including the average grain size
and grain size distribution. Schmidt et al. [46] showed that 5 to 6 times
the mean grain diameter is required to reach an acceptable RVE size for
Hostun sand in triaxial tests. Wiacek and Molenda [56] reported that 15
times the maximum grain size is required to minimize size effect of a
sample with polydisperse granular packing in DEM simulations. The
work after Ng and Zhou [37] on size effect of binary mixtures has shown
that at least ten thousand particles are needed for consideration in a
sample to obtain a RVE size, which is consistent with the recommended
particle number in 2D DEM simulation conducted by Kuhn and Bagi
[31].

Although the RVE of granular soils have been well documented in
numerical studies, it remains debatable on the determination of RVE size
due to the complex nature of particles. The suggested RVE size based on
numerical analysis is not well consistent with standards or experimental
studies. According to the American Society for Testing and Materials
(ASTM) (2011) standard, the diameter of a sample should be at least 6
times the largest particle size in triaxial tests regardless of the gradings.

Properties

RVE size
Sample size

Fig. 1. Scale-dependency of soil properties and the concept of Representative
Volume Element (RVE). Modified after Hudson and Harrison [25].
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Al-Raoush and Papadopoulos [3] reported that the sample diameter
should not be <4 times the maximum grain size for a sub-rounded sand.
Furthermore, many geological process and industrial application
involve granular materials featured with a discontinuous grading and a
wide size distribution, resulting in an extreme internal heterogeneity
[38,49,50,54,55,60,69,71,72]. However, most of the existing studies
have been focused on the RVE size of narrow-graded soils [31,56]. It is
well recognized that the grading significantly affects the effective
properties of gap-graded soils, and therefore RVE size may vary with the
gradings, e.g., particle size ratio and coarse fraction. However, there is
no reported instruction in standards for gap-graded soils, e.g., ASTM [5]
and British Standard (BS) [8]. Accordingly, there is a strong need for a
systematical study on the size effect of sample size to provide a reference
for selecting RVE size for future studies of gap-graded soils.

Indeed, how size effect of samples varies with coarse fraction and
particle size ratio over their respective full ranges has not been fully
understood for gap-graded soils. This paper offers a systematic study on
the determination of RVE sizes for gap-graded soils with different
gradings, highlighting the effect of coarse fraction and particle size ratio
on the recommended RVE sizes. Triaxial compression tests of binary
mixtures, polydisperse gap-graded mixtures and binary ellipsoid mix-
tures are studied by DEM, based on which Chi-square test is utilized to
determine the RVE size. Microscopic information is extracted to verify
the reproducibility of the selected RVE sizes. Empirical correlations are
further established between RVE size and particle size ratio for various
coarse fractions and are confirmed for different relative densities.

2. DEM simulation and methods

DEM simulations are conducted to investigate the RVE size of gap-
graded granular materials. The binary mixtures are composed of two
mono-sized components, coarse and fine spherical grains. The poly-
disperse gap-graded mixtures are prepared as supplementary samples
which demonstrate the universality of RVE sizes obtained from binary
mixtures in engineering applications. The RVE size of gap-graded mix-
tures is affected by many factors, including particle size ratio and coarse
fraction [37]. It is well recognized that the RVE size may be different
when considering various mechanical properties [1,56]. Therefore,
identification criteria of a comprehensive consideration should be
employed to ascertain a relatively accurate RVE size. The following
presents a brief introduction of the methodologies on DEM modeling,
assembly generation and the general principle in determining RVE size.

2.1. Discrete element method

In this study, the numerical DEM simulations are performed using
the open-source software YADE [51]. The Hertz-Mindlin contact law in
conjunction with Coulomb’s friction is followed to model the interpar-
ticle contact [35,42] where the normal contact force (F,) is calculated
according to:

F, = ;—‘E*\/Faj% )

where 5, is the relative normal displacement. E* and R” are the equiv-
alent elastic modulus and the equivalent radius, respectively. They can
be computed as follows:
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where R; and R, are the radii of grains in contact. Ej, v; and Eg, v are the
elastic modulus and Poisson’s ratio of two contacting particles. Addi-
tionally, the tangential contact force (Fp is given by
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F, =8G"\/R*5,6,

where §; is the tangential displacement. G is the equivalent shear
modulus which is given by

(€3]

2—1/1
G

2—1/2
G,

G =

()

where G; and G, are the shear modulus of two grains, which can be
calculated from the elastic modulus and Poisson’s ratio of contacting
particles.

The shear force cannot exceed a limiting value which is determined
by the Coulomb’s friction law

F, < uF, (6)

where u is the interparticle friction coefficient according to tan(¢),
where ¢ is the friction angle.

(a)

(b)

(©)
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2.2. Generation of binary DEM samples for simulation of gap-graded
granular soils

Binary assemblies of spherical particles with different sample sizes
are generated following the schematic example in Fig. 2 to simulate gap-
graded granular soils. The particle size distributions are characterized by
particle size ratio (SR) and coarse fraction (F,). Referring to crystallog-
raphy, a SR value of 4.45, which distinguishes the packing structure of
binary mixtures, is considered as a threshold [69,72]. Theoretically, a
fine grain exactly embeds in the pore bounded by four tangent large
grains to form a typical packing structure when SR = 4.45, as shown in
Fig. 3. For SR < 4.45, the coarse particles are separated by the fine
particle; for SR > 4.45, the fine grain is too small to contact with the four
coarse grains. Accordingly, five particle size ratios, i.e., SR = dmax/dmin
= 2, 3, 4.45, 6, and 8 are selected for each coarse fraction, where the
dmax and dpiy are the diameters of coarse and fine particles, respectively.
Six coarse fractions, i.e., F. = 15, 30, 45, 60, 75 and 90% are considered.
Furthermore, two extra particle size distributions, considering the
polydispersity in both coarse and fine grain sizes, are supplemented for
proving the general applicability of the RVE sizes of binary mixtures.

Fig. 2. The schematic view of numerical samples: (a) size of specimens, from left to right L/dpax = 6, 8, 10 (F; = 60%, dmax/dmin = 3), (b) coarse fractions, from left to
right F, = 15%, 30%, 45% (L/dmax = 5, dmax/dmin = 6), (c) particle size ratios, from left to right dpax/dmin = 2, 4.45, 6 (L/dmax = 5, F. = 60%).
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Fig. 3. The schematic view of the typical structure when SR = 4.45.

The effect of particle shape is investigated by binary mixtures of the
prolate spheroids which have the same volumes with the spherical
particles under the identical particle size distributions. The ratio of the
major axis and minor axis is set as 1.5 for each ellipsoidal particle
[29,37]. The gradings of the samples are presented in Fig. 4. Note that
for the gradings in Fig. 4(a), the diameter of fine particle is set as a
constant value 0.075 mm; for the gradings in Fig. 4(b), the diameter of
coarse particle is 0.45 mm; for the gradings (PSD-1 and PSD-2) in Fig. 4
(c), the diameters of fine and coarse grains are continuously distributed

100
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801 spesss F=15% i i [
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0 1
0.01 0.1 1
Particle size: mm

(@

Percentage passing: %

100

Powder Technology 437 (2024) 119578

in the ranges of [2/3 dj, 4/3 df] and [2/3 d, 4/3 d.], where drand d_ are
the average diameters of fine and coarse grain, respectively [72]. A non-
dimensional parameter (L/dnax), termed as sample size ratio (SSR), is
introduced herein to characterize the size effect. It is defined as the ratio
of the initial length of cubic sample and the largest particle diameter. For
each grading, the adopted range of sample size ratio can be different.
The lower limit is 2, and the upper limit may vary on cases. Table 1
presents details of the SSRs for the simulation. More than seven hundred
numerical tests are conducted to systematically investigate the RVE size
of gap-graded granular materials.

Frictionless rigid walls are assumed to bound each generated sample.
The study neglects gravity during the loading process. The Hertz-
Mindlin contact model is adopted in the simulation [37]. The values
of the material modulus, the Poisson’s ratio, the particle density and the
inter-grain friction angle are 30GPa, 0.15, 2600 kg/m® and 35,
respectively. The preparation process of the samples is divided into two
stages: The maximum and minimum void ratio of gap-graded mixtures
(émax> €min) Will be acquired firstly to calculate the relative density,
before samples with desired void ratios are generated for simulations.
Three steps are followed to obtain the maximum and minimum void
ratios:

1. A cloud of non-overlapping spheres with a diameter of approxi-
mately one half of the target size are generated within a cubic box
bounded by frictionless walls;

100
—— SR=2.00 F.=60%
—— SR=3.00 F=60%
——— SR=4.45 F.=60%
80 s

—— SR=6.00 F.=60%
——— SR=8.00 Fc=60%
- - SR=2.00 F=T5%
60 - -  SR=3.00 F=75% (PSD-II)
-~ SR=4.45 F=T5%
- - . SR=6.00 F=75%
40 - - SR=8.00 F=75%
------ SR=2.00 F=90%
----- SR=3.00 F.=90%
oL SR=4.45 Fe=90%
------ SR=6.00 F.=90%

SR=8.00 F.=90%

SR=1.00 F.=100%

Percentage passing: %

Particle size: mm
(b)

80

40

Percentage passing: %
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— = SR=2.00 F.=45% (PSD-1)
—e— SR=3.00 F.=75% (PSD-2)

0
0.04 0.08

0.16 0.32 0.64

Particle size: mm

©

Fig. 4. Particle size distribution curves: (a) F. = 00%, 15%, 30%, 45%, (b) F. = 60%, 75%, 90%, 100% (c) PSD-1(red), PSD-2(black). In the following research, we
will focus on 2 key PSDs: PSD-I (F, = 45%, SR = 2 in (a)) and PSD-II (F, = 75%, SR = 3 in (b)). (For interpretation of the references to colour in this figure legend, the

reader is referred to the web version of this article.)
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Table 1
PSDs and sample size ratios used for DEM analysis.

Coarse fraction Particle size ratios Sample size ratios

00% 5,6,7,8,9,10,11,12,13,15
56,7,8
5,6,7

15% 45

8,10

>

30% 45

9,

—_
—_

5

5

@ 0 0 Ul & N

45%

,6,7,8,9,10,12

60% 45

,8,9,10,11, 12,15
,7,8,9,10,11, 13
,6,7,8,9,11
5,6,7,8,10
5,6,7,8
5,6,7,8,9,10,11, 12,13, 15
5,6,7,8,9,10,11, 12,15
45 5,6,7,8,9,10,12
5,6,7,8,9,10,12
5,6,7,8
5,6,7,8,9,10,11, 12,13, 15

5
5
4
7.
7
6
5
4
7.
7.
5
5
4
7
7
7.
6
6
, 6, 7.
, 6, 7.

3,4
3,4
2,3
5,6
5,6
4,5
3,4
2,3
5,6
5,6
45 3,4
3,4
2,3
5,6
5,6
5,6
4,5
4,5
5,6
5,6
5,6

75% 45

1
2
3
4.
6
8
2
3
4.
6
8
2
3
4.
6
8
2
3
4.
6
8
2
3
4.
6
8
2
3
90% 4.
6
8
1

100%

2. The grains are gradually dilated toward the target size using the
radius expansion method (the friction coefficient between particles is
set to 0);

3. The inter-particle friction angle is set to 0" or 35, respectively, to
isotropically compress the samples to a predefined size and a
confining stress of 200 kPa, to obtain the minimum and maximum
void ratios [53].

To render the simulations comparable, samples are so prepared to
reach the same initial relative density after consolidation. The relative
densities (D,) of samples are selected to be 80% and 50% for an initially
dense packing:

€max — €

D, = 7

€max — €min

It should be noted that the inter-particle friction angle is calibrated
through trial-and-error method during the isotropic consolidation stage
until the target void ratio is achieved. A relaxation stage is subsequently
performed to ensure that the normalized unbalanced force ratio is lower
than 0.01 for each simulation [36]. Finally, a friction angle of 35 is
assigned to all particles, and the samples are sheared under a constant
confining stress (200 kPa).

2.3. Determination of RVE size

Several methods have been previously proposed to determine the
RVE size of granular materials [16,28,39,46,56], among which the
combined numerical-statistical method is adopted in this study. For a
given grading and sample size ratio, five realizations of samples with the
identical size are generated to compute the statistic parameters of me-
chanical properties. Note that each realization may result in different
internal microstructure, and each consolidated sample is then sheared to
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the critical state. A certain accuracy is prescribed to objectively find a
RVE size on which the macroscopic mechanical properties are exam-
ined. Three mechanical parameters, namely, peak friction angle (¢p),
maximum dilatancy angle (ymax), and critical state friction angle (¢cs),
are calculated from the obtained stress-strain and volumetric strain
curves for determination of RVE size [1,31]:

¢ = arcsingl — 0 (8)
o)+ 03
de,
= arcsin——>—— 9
v arcsm_za,gl e (©)]

where 67 and o3 are the maximum and minimum principal stress,
respectively; de, and de; are the increments of volumetric strain and
major principal strain, respectively.

Based on the simulated data of five realizations for each case, the
average value, standard deviation, coefficient of variation and Chi-
square value of the three mechanical parameters are adopted as in-
dicators for evaluating the RVE size, which are expressed as

> X, 10

an)
_ X
Ccov = % 12)
and
n=5 v\2
2 N~ X X)
=35 (13)

n=1

where X, is the value of mechanical property for the nth realization. X,
Xsp, COV and y?are the mean value, standard deviation, coefficient of
variation and Chi-square of five realizations for a certain sample size
ratio, respectively.

Chi-square test has been widely accepted as a reliable method for
determining the RVE size for different heterogeneous materials
[16,26,46,62]. According to the Chi-square test in statistics, a critical
Chi-square value of 0.103 is identified according to the distribution table
by calculating the degree of freedom equal to 2 and setting a prescribed
accuracy of 95%, which is mostly adopted for investigating the RVE size
of granular materials in previous literatures [16,46]. Then, the y2 values
of three mechanical parameters are calculated by Eq. (13) and compared
with the table value. If the three Chi-square values are lower than the
critical value, the corresponding sample size ratio satisfies the given
accuracy and can be determined as RVE size [16]. For more details of
Chi-square test, refer to the Appendix A.

3. Simulation results and analysis

The RVE size of gap-graded granular mixtures is related to particle
size distribution (PSD) which can be featured by coarse fraction and
particle size ratio. In the sequel, the sample size effect on the mechanical
properties will be presented and the RVE size is determined based on the
test results and the Chi-square criterion.

3.1. Determination of RVE size based on macroscopic properties

In this section, the simulation results are analyzed to determine the
RVE size for each grading according to the Chi-square test. The following
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analysis takes two particle size distributions F. = 45%, SR = 2 (PSD-I) in
Fig. 4(a) and F. = 75%, SR = 3 (PSD-II) in Fig. 4(b) as examples.

Fig. 5 presents the evolutions of the three mechanical parameters
calculated from the results of PSD-I and PSD-II. The change of strength
properties with sample size ratios is shown in Fig. 5(a) and (b). For these
two PSDs, the scatter of peak friction angles reduces with increasing
sample size, which can be quantified by the COV. When the sample size
ratios reach 9 and 11, the COVs of peak friction angles drop below 2%,
indicating a convergence of this strength property. Fig. 5(c) and (d)
present the standard deviation and average value of the maximum
dilatancy angle of two gradings. Notably, both standard deviation and
average value fall significantly with increasing sample size ratio and
become stable when the sample size ratio reaches a certain threshold. In
the case of PSD-I, the standard deviation falls below 1° when the sample
size ratio increases to 8, and the mean value remains relatively constant
until the sample size ratio exceeds 9. As for PSD-II, the average value
starts to converge to a value of 21" when the sample size ratio ap-
proaches 8. The variation of critical state friction angle is illustrated in
Fig. 5(e) and (f). The standard deviation shows a similar trend to that of
the maximum dilatancy angle. The average value of this property shows
a negligible change with a range of approximately 1.

The RVE size is determined using the Chi-square test. The Chi-square
values of three macroscopic properties of the two PSDs are calculated
and plotted in Fig. 6. It is seen that the Chi-square values decrease with
increasing sample size. For PSD-I, when the sample size ratio increases
to 9, the Chi-square values of three mechanical properties are less than
the critical value 0.103 (dashed line), satisfying the criterion. Analo-
gously, a sample size ratio of 11 is required to approach the desired
accuracy of 95% under repeated tests for PSD-II. Therefore, the RVE
sizes of the two gradings are determined as 9 and 11, respectively.

The data of the supplemental tests on polydisperse gap-graded
mixtures (PSD-1 and PSD-2) and binary ellipsoid mixtures (PSD-I and
PSD-II) are also analyzed and examined using the same method, which is
in agreement with those of binary mixtures (e.g. PSD-I and PSD-II). The
similar results, listed in Appendix B, further demonstrate the applica-
bility of the RVE sizes for the real gap-graded soils. Consequently, for the
granular material with a wide particle size distribution in practice, once
the coarse fraction and the ratio of representative diameters of fine and
coarse particle are determined, the corresponding RVE size may be
identified by referring to this work.

3.2. Verification of RVE size based on microscopic properties

The RVE bridges the microstructural heterogeneity and macro-
mechanical properties of materials in multiscale analysis
[16,20,21,23,41]. The macroscopic mechanical parameters are used to
determine the RVE sizes in the previous section in order to assure that
the RVE can be representative of the overall behaviors of particle as-
semblies. Furthermore, the evolution of microscopic statistical param-
eters is monitored to confirm that the RVE contains enough
inhomogeneity. Herein, three quantities, including the coordination
number, contact normal anisotropy (a.) and normal force anisotropy
(ap), are extracted to verify the reproducibility of the RVE sizes of PSD-I
and PSD-II [1,46,56]. The microscopic responses of both PSDs show a
similar manner, thus the following analysis and comparison focus on
PSD-1.

3.2.1. Coordination number

The coordination number is an indicative parameter for describing
the evolving internal structure of a granular assembly, which is defined
as the number of contacts for a given particle in a sample [45]. The
average coordination number is analyzed herein to validate the RVE
size. As illustrated in Fig. 7(a) and (b), the evolutions of the mean co-
ordination number for samples of L/dnax = 6 and L/dpax = 9 in PSD-I are
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monitored in compressing process. For both cases, the coordination
number shows a sharp drop initially, and then reaches a plateau until the
axial strain increases to 10%. The exponential decay at the initial
loading stage mainly originates from the spatial rearrangement of par-
ticles, which indicates the rapid loss of inter-particle contacts. In this
process, some contact forces significantly grow to form strong force sub-
networks to resist the increasing applied loading. Once the coordination
numbers approach a relatively steady value, the contact network also
reaches a balance state in which the rate of contact loss is dynamically
equivalent to the rate of contact formation.

As shown in Fig. 7(a), it can be observed that the curves of the sample
with lower sample size ratio are more fluctuant, clearly showing a poor
reproducibility. However, the responses of five realizations for the larger
sample nearly overlap in Fig. 7(b), which indicates that this sample size
ratio serves as a better candidate for the RVE size. Similarly, referring to
Fig. 7(c) and (d), it is feasible to determine L/dpq, = 11 as the RVE size of
PSD-II to ensure consistency of microscopic properties under repeated
tests. The evolution of coordination number partly reveals the micro-
scopic origin of the size effect. For the sample size below the RVE size,
the oscillation of the coordination number denotes the rearrangements
of grains without forming a stable contact network, which significantly
affects the force transmission in the system. Consequently, the insta-
bility of the structure may lead to the variable macroscopic mechanical
parameters. In contrast, the samples with the RVE size, possessing a
robust skeleton to bear the load, may accurately predict the effective
properties of the material.

3.2.2. Evolution of anisotropy

The evolution of anisotropy, including geometrical anisotropy and
mechanical anisotropy, contributes to macroscopic characteristics dur-
ing the loading process [6,19,63-66,68,70]. Two anisotropy invariants,
the contact normal anisotropy and normal force anisotropy are moni-
tored. As shown in Fig. 8, the evolution of a. of all samples shows a
softening trend with increasing axial strain, which is consistent with the
literature [19,65]. The value of a. rapidly rises within axial strain of 1%,
then gradually increases to a peak at axial strain of 4% and decreases to
the critical state. For the normal force anisotropy, the value of a, in
Fig. 9 presents a more significant softening trend compared to a.. It
sharply increases to a peak within a small strain level of 0.5%, then
steadily decreases to a critical value at axial strain of around 15%.

The results presented in Figs. 8 and 9 highlight the reproducibility of
the determined RVE sizes. As shown in Fig. 8(a) and (b), the curves of a.
of samples with L/dnax = 6 oscillate drastically, but a. of samples with
the determined RVE size evolves smoothly, showing clearly a better
reproducibility. Regarding to the normal force anisotropy, nonnegligible
gaps and fluctuations can be observed between the curves of five re-
alizations for the smaller samples in Fig. 9(a). By contrast, the a, of the
five RVE samples shows a replicable evolution as shown in Fig. 9(b). The
responses of both anisotropy coefficients indicate that L/dp,x = 9 can be
regarded as a desirable RVE size corresponding to PSD-I. Analogous
conclusions can be obtained by comparing the anisotropy of samples of
PSD-II to demonstrate that L/dy.x = 11 is a reliable RVE size. For the
fluctuation of the anisotropy in small-scale samples, it may be explained
by the slip-stick motion for the frictional contact [2,12,19]. The grains
contained in the small-scale samples are too few to form a stable
structure in which the inter-particle contacts are not robust and a mass
of inter-particle sliding constantly occur throughout the loading process.
Correspondingly, both the anisotropic responses and strength properties
are variable and unrepresentative. Conversely, the samples with RVE
size contain enough inhomogeneity and possess a strong contact
network by which the applied loading is steadily transmitted from
boundary to boundary. Thus, both the macroscopic and microscopic
properties are reliable and reproducible.
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3.3. Effect of SR and F.F, on the RVE size

As mentioned above, the RVE size relies on gradings of gap-graded
granular mixtures. The influence of particle size ratio and coarse frac-
tion are hereby investigated. Table 2 summarizes the values of RVE size
for each particle size distribution, which may provide a reference for
determining sample sizes both in lab and numerical triaxial tests. Fig. 10
illustrates the change of RVE sizes with particle size ratio in double
logarithmic coordinates. Note that the purple symbols represent the RVE
sizes of two uniform gradings, which are equal to 13 and distinct from
those of gap gradings. It is evident that the RVE size decreases with
rising particle size ratio but increases with growing coarse fraction. The
solid lines are the fitting lines of RVE sizes of various gradings, which
move upwards when coarse fraction increases and are characterized by
the following expression:

L/dmax = m(SR)" a4

where m and n are the fitting coefficients, which are correlated with
coarse fractions. The values of m and n are listed in Table 3. Their re-
lationships with coarse fractions can be expressed by linear functions
which are presented in Table 4 and plotted in Fig. 11. It shows that the
two parameters increase with rising coarse fraction. Note that the
average grain diameter (dso) and uniformity coefficient (C,) may also be
used to establish relationships with the sample size ratio, but they
depend on the coarse fraction and particle size ratio whose effects
cannot be well distinguished. Therefore, the particle size ratio is adopted

herein for the correlation with the RVE size, and the fitting coefficients
have a further correlation with the coarse fraction.

Particularly, Eq. (14) is a power function obtained by establishing
the empirical relationship between the RVE sizes and particles size ratios
for the same relative density of 80%, which may need further confir-
mation for other relative density. To this end, another relative density of
50% is adopted for coarse fractions of 45% and 75% herein to demon-
strate the applicability of Eq. (14). As shown in Fig. 12, the RVE sizes
increase slightly compared to those for D, = 80% due to the relatively
loose internal structure, but the evolution of RVE sizes with particle size
ratios still follows the power function as the Eq. (14) when the relative
density is 50%. Hence, it could be assumed that the proposed empirical
equation may reflect the relationship between RVE sizes and particle
size ratios for various relative densities.

The effect of particle size ratio and coarse fraction on RVE size may
be interpreted by heterogeneity of the internal structure of gap-graded
soils. In Fig. 10, it could be noted that there is a gap between the
fitting lines of F, = 75% and 60%. The lower and upper sides of the gap
are two dominant structure regions. For the region below the gap, the
grains in RVE samples are compacted tightly to form a robust force
network, in which fine and coarse particles play a dominant and
strengthening role, respectively. For the region above the gap, the
microstructure of samples becomes more heterogeneous as the particle
size ratio and coarse fraction rise. An increasing proportion of loading is
sustained by the coarse grain skeleton, and most of fine particles located
in the voids are inactive or wedged between coarse grains in the coarse-
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particle-dominant structure, which may lead to a loose and unstable
force network [17,32,49]. Therefore, a higher sample size is suggested
to ensure an adequate heterogeneity as well as a more reliable me-
chanical response for high coarse fraction. Unlike the dominant struc-
ture, the gap represents a transitional region originated from the
threshold coarse fraction. The transitional coarse or fine fraction has
been extensively investigated by laboratory tests and numerical simu-
lation [58,60,68,71,73]. Herein, the initial void ratios of RVE samples
are plotted in Fig. 13 to characterize the transitional coarse fraction. It
could be observed that the transition zone is within the range of 60% to
75% for various particle size ratios, which exactly corresponds to the gap
zone in Fig. 10. Consequently, it is reasonable to infer that the change of
coarse fraction in the transition zone may affect the sensitive internal
structure of the gap-graded mixtures, which further results in the
noticeable separation between F. = 60% and 75%. For the transition
region, the effect of microstructure evolution on RVE size deserves
further investigation in future research.

4. Discussion
4.1. Recommended sample sizes in standards

For a reliable macro-response in triaxial compression tests, ASTM
(2011) standard recommends that the sample size should be at least 6
times the maximum particle size and no smaller than 33 mm. Similarly,
BS standard (1990) suggests that the sample diameter should be at least
5 times the maximum grain size for triaxial element tests. However,
these recommended sample sizes may not fully eliminate the size effect

10

for gap-graded soils with a wide size distribution. In this work, the RVE
sizes of gap-graded mixtures with various gradings are determined and
their applicability for polydisperse gap-graded soils is also demon-
strated. The empirical formulas are established to correlate RVE sizes
and particle size ratios. Consequently, for a given gap-graded soil in the
field, the coarse fraction and ratio of representative sizes of fine grains
and coarse aggregates are readily available. Its RVE size can then be
obtained by referring to Table 2 or Eq. (14). This study fills the gap for
existing standards and provides a reference for determining sample size
of gap-graded soils in element tests.

4.2. Mechanism of size effect

As illustrated in Fig. 5, the mechanical properties of gap-graded
mixtures exhibit a notable scale-dependency. As the sample size ratio
increases, the properties tend to converge, indicating a diminishing size
effect. The trend may be attributed to the change of the microstructure
which greatly depends on the nature of granular particles. The effect of
grain size distribution has been studied by simplified binary mixtures in
this work. The wider PSD leads to the larger RVE size, which results from
the increasing heterogeneity of the particle size [3,4,9]. Furthermore,
extra simulation tests, considering the effects of particle shape and
polydispersity of gap-graded mixtures, show analogous trends with
those of binary mixtures, which proves the feasibility of the determined
RVE sizes. Nevertheless, the particles with realistic morphology would
form a relatively more complex packing structure with more heteroge-
neity, which may complicate the mechanism of the size effect of gap-
graded soils. This issue still requires further investigation to clarify the
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Table 2
RVE sizes of different particle size distributions.

Coarse fraction Particle size ratio

1 2 3 4.45 6 8
00% 13
15% 7 6 4 4 3
30% 8 6 5 4 3
45% 9 7 5 5 4
60% 10 7 7 5 5
75% 12 11 9 8 7
90% 13 12 10 10 8
100% 13

effect of the amorphous shape.

The mechanism of size effect may also be explained by the robustness
of the skeleton. When the sample size is smaller than the RVE size, the
structure is more variable due to the joint effect of sparsely distributed
force chains and inter-grain slips [2,4,12,19]. As a result, the mechanical
responses of these samples may show a noticeable fluctuation and poor
reproducibility. In contrast, once the sample size reaches the RVE size,
there is an adequate heterogeneity and the force chains disperse in the
system to construct a percolating skeleton, which can be explained by
the partial contacts between coarse grains and bridge effect of fine
grains in gap-graded granular materials [27,48]. Consequently, suffi-
cient heterogeneity and robustness of the structure help to reduce the
scale-dependency and ensure the representativeness of mechanical
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Fig. 10. Evolution diagram of the thresholds (L/dpax)
different particle size ratios (D, = 80%).

for specimens with

properties. The size effect typically arises from variations in the micro-
structure of assemblies. It is of a great importance to explicitly reveal the
origin at the micro-scale. This mechanism may be further investigated
through complex network analysis and percolation theory in the future
[33].
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Table 3
Fitting parameters of empirical formulas. The R? is the coefficient of
determination.

Coarse fraction m n R?

15% 10.92 -0.61 0.95
30% 12.97 —-0.68 0.98
45% 13.02 —-0.57 0.96
60% 13.41 —0.50 0.90
75% 16.35 —-0.40 0.98
90% 16.76 -0.33 0.93

Table 4

Fitting formulas of coefficients and coarse fractions. The R? is the coefficient of
determination.

Coefficient Formula R?
m m = 0.0728F, + 10.135 0.90
n n = 0.0047F. - 0.7666 0.93
25 T T T T ‘0.3
20 1-0.4
15 1-0.5
= c
10 1-0.6
5F 1-0.7
® m (R2=0.90)
m n (R2=0.93)
O 1 1 1 1 _0.8
0 20 40 60 80 100

Fe(%)

Fig. 11. Fitting coefficients versus coarse fractions.

5. Conclusion

In this study, DEM simulations have been performed to investigate
the size effect of gap-graded granular mixtures. The Chi-square test on
three mechanical parameters is conducted to select the optimal RVE
size. Furthermore, the responses of microscopic parameters are
compared to verify the reproducibility of the RVE sizes. The influence of
coarse fraction and particle size ratio on the RVE size is systematically
analyzed. The important findings are summarized as follows:

(1) Gap-graded granular materials have strong scale dependency in
terms of strength and deformation properties. The scatter of
simulated mechanical properties decreases significantly with
increasing sample size. All properties converge to their own
asymptotic values when the sample size ratio reaches a threshold.
The Chi-square criterion is introduced to statistically determine
the RVE size for gap-graded granular mixtures. The variability of
mechanical properties is negligible when the sample size is
beyond the RVE size domain. Based on the statistical analysis, a
total of 32 values of RVE size are determined for each particle size
distribution and summarized in Table 2.

Microstructural behaviors are analyzed to validate the deter-
mined RVE sizes. The microscopic responses of the samples with
RVE sizes are more reproducible compared with those of small-
scale samples, which indicates that the corresponding samples

(2

(3)

12
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Fig. 13. The initial void ratios of RVE samples with various coarse fractions.

contain sufficient information on the microstructure to be sta-
tistically representative.

(4) The RVE size of gap-graded granular materials is affected by both
coarse fraction and particle size ratio. RVE size increases with
rising coarse fractions but falls as particle size ratios rise.
Empirical equations are proposed to correlate RVE sizes with
particle size ratio for various coarse fractions and confirmed for
different relative densities.
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Appendix A
For the mechanical parameters used to determine the RVE size, the value of them of each realization X, is assumed to be a stochastic value,
following the normal distribution, which is compared with the average value X of each sample size ratio. The null hypothesis (Hy) is given

H, : X, = X for all realizations (15)

and the alternative hypothesis (Ha) would state.
H, : X, # X for at least one realization (16)

The Chi-square value is then calculated using the Eq. (13).

The accuracy of 95% is prescribed and the degree of freedom (k) is equal to 2, which results in the critical Chi-square value 0.103 in the distribution
table. Note that the value of k is associated with the number of realizations (n) and the number of distribution parameters (m) which is 2 in the normal
distribution containing mathematical expectation and standard deviation

k=n-m-—1 a7

The computed Chi-square values are compared with the critical value to decide whether to accept the null hypothesis or not. The null hypothesis is
accepted if the Chi-square value is lower than 0.103, which indicates that the data satisfy the desired accuracy.

Appendix B

Macroscopic properties of Samples PSD-1 and PSD-2 (PSD shown in Fig. 4(c)) are shown in Fig. B.1-Fig. B.4. In these figures, similar trends of the
peak friction angle, the dilatancy angle, etc., can be found as PSD-I and PSD-II

13
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Fig. B.1. Results of simulated macroscopic properties: (a)-(b) peak friction angle and its coefficient of variation for PSD-1 and PSD-2, (c)-(d) average value and
standard deviation of maximum dilatancy angle for PSD-1 and PSD-2, (e)-(f) average value and standard deviation of critical state friction angle for PSD-1 and PSD-2.
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