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A B S T R A C T

The signed distance field-based discrete element method (SDF-DEM) has demonstrated significant success in
various applications; however, a key challenge hindering its widespread adoption lies in the establishment
of its connection with conventional contact models. To address this challenge, this study introduces two
formulations of contact potential within SDF-DEM, drawing analogies to both linear and Hertzian contact
models. Comprehensive relationship between the parameters of the proposed contact potentials of SDF-DEM
and those of conventional contact models is established. The energy conservation characteristic of SDF-DEM
is verified through a two-particle colliding and bouncing test, and the critical timestep issue is investigated
and addressed. Discrete element simulations are conducted for a triaxial compression test and a rockfall test,
involving both spherical particles and general irregularly shaped particles. The results underscore the accuracy
and numerical stability of the SDF-DEM with the developed potential models. This work is anticipated to
contribute not only to advancing the understanding of SDF-DEM and the potential-based contact theory but
also to providing robust framework that bridges the gap of SDF-DEM with conventional models.
1. Introduction

Granular materials play a ubiquitous role in both natural and in-
dustrial settings, presenting significant computational challenges due to
their intricate behavior (Cho et al., 2006; Shi et al., 2021). The discrete
element method (DEM) (Cundall and Strack, 1979) has emerged as
a pivotal tool for modeling the microscopic dynamics of individual
particles and unraveling the collective behavior of granular assem-
blies. However, accurately representing irregular particle shapes within
DEM remains an ongoing challenge, prompting the development of
innovative techniques such as the level-set discrete element method
(LS-DEM) (Kawamoto et al., 2016, 2018) and the signed-distance-field
discrete element method (SDF-DEM) (Lai et al., 2022). The SDF-DEM,
a superset variant of LS-DEM,1 addresses this challenge by utilizing a
signed distance function for particle shape description. This allows SDF-
DEM to effectively represent virtually any morphology. The versatility
of SDF-DEM has led to its application in a diverse range of scenarios,
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1 SDF-DEM, can be regarded as a superset of LS-DEM, employing a broad-sense signed distance function to describe particle shape. The contact behavior is
derived from a contact potential function in an energy-conserving manner. SDF-DEM converges to LS-DEM when using a discrete level set for the signed distance
function.

including the column collapse of porous coral sand (Huang et al., 2023),
triaxial compression tests of Martian-like soil (Kawamoto et al., 2016),
structural response of building blocks (Harmon et al., 2020; Zhou et al.,
2023), tunable mechanical properties of structured fabrics (Wang et al.,
2021), breakage and non-uniform basal melt of sea ice floes (Moncada
et al., 2023), etc.

SDF-DEM employs a node-to-surface algorithm for detecting con-
tacts between particles, and defines contact forces at each penetrating
node. As outlined by van der Haven et al. (2023), SDF-DEM (or LS-
DEM) encompasses three approaches for computing inter-particle forces
based on the penetration distance of surface nodes: the single-node ap-
proach (Li et al., 2019), the multiple-nodes-averaged approach (Wang
and Ji, 2022), and the multiple-nodes-summed approach (Kawamoto
et al., 2016, 2018; Lai et al., 2022). In the single-node approach, only
the deepest-penetrating node is considered (Li et al., 2019). However,
this approach exhibits undesirable properties, including (1) an iden-
tical contact force for contacts with the same penetration depth but
https://doi.org/10.1016/j.compgeo.2024.106764
Received 20 April 2024; Received in revised form 19 August 2024; Accepted 12 Se
vailable online 18 September 2024 
266-352X/© 2024 Published by Elsevier Ltd. 
ptember 2024

https://www.elsevier.com/locate/compgeo
https://www.elsevier.com/locate/compgeo
mailto:hlinch@mail.sysu.edu.cn
https://doi.org/10.1016/j.compgeo.2024.106764
https://doi.org/10.1016/j.compgeo.2024.106764


Z. Lai et al. Computers and Geotechnics 176 (2024) 106764 
Fig. 1. Illustration of the SDF-DEM approach: (a) particle descried by SDF, and (b) the node-to-surface algorithm for contact detection.
different widths; and (2) discontinuities in the force. These issues can
lead to stability concerns and violate elastic energy conservation. The
multiple-nodes-averaged approach addresses the aforementioned prob-
lems by averaging the contact forces of all penetrating nodes (Wang
and Ji, 2022). While it ensures continuous contact point positions in the
limit of using infinite nodes, this approach introduces challenges such
as non-monotonic force increases due to varying surface-to-volume
ratios. This variability can result in path-dependent elastic energy
and instability, particularly under strain-controlled conditions. The
multiple-nodes-summed approach, involving the summation of forces
of all penetrating nodes, potentially offers stable simulations while
conserving elastic energy (Lai et al., 2022). This approach is widely
adopted in the literature (Kawamoto et al., 2016, 2018; Lai et al.,
2022) for its ability to provide stable and reliable results across various
scenarios.

However, the multiple-nodes-summed approach in SDF-DEM ex-
hibits a critical limitation: its contact behavior is significantly influ-
enced by the discretization of surface nodes, as highlighted in Duriez
and Bonelli (2021), Feldfogel et al. (2023) and van der Haven et al.
(2023). This limitation becomes particularly pronounced for highly
compressible problems, leading to a divergence in the response with
discretization refinement. To address this issue, Feldfogel et al. (2023)
have proposed a methodologically rigorous and computationally ef-
ficient formulation for the contact model. The adapted formulation
adopts the classical contact description from continuum mechanics,
where contact interactions are traction-based. In this strategy, each
node is associated with a tributary area, and the total contact force is
determined through an area-weighted summation of the forces from all
penetrating nodes. This modification effectively mitigates the
discretization-divergence issue, thereby providing a more robust and
reliable solution, especially in scenarios involving highly compressible
materials.

Another noteworthy solution to the discretization issue of the con-
ventional LS-DEM is the volume-interacting level-set discrete element
method (VLS-DEM) (van der Haven et al., 2023). Departing from the
use of surface nodes for computing inter-particle forces, VLS-DEM
introduces an octree integration algorithm (OIA). This algorithm de-
termines the overlap volume, contact point, interaction normal, and
contact surface area between two contacting particles. The method-
ology of VLS-DEM effectively addresses the limitations of LS-DEM,
enhancing physical consistency and the ability to handle arbitrary
particle shapes. Notably, VLS-DEM can be considered as a concrete
implementation of the contact volume-based energy-conserving contact
theory initially proposed by Feng (2021a,b). This innovative approach
represents a significant advancement in simulating granular materi-
als, offering improved accuracy and versatility in capturing complex
interactions between particles.

Despite the strides made in addressing discretization issues, a signif-
icant challenge still impedes the widespread application of SDF-DEM.
This challenge revolves around establishing connections between the
2 
method and conventional contact models, such as the linear-spring
contact model (Cundall and Strack, 1979; Thornton et al., 2011) and
the Hertzian contact model (Hertz, 1882; Johnson, 1987; Di Renzo and
Di Maio, 2005). Researchers have accumulated substantial knowledge
and experience regarding the contact parameters and corresponding
behavior of these conventional models (Malone and Xu, 2008; Ro-
jek et al., 2012; Coetzee, 2017; Rackl and Hanley, 2017; Mudarisov
et al., 2022). Moreover, analytical or empirical functions for the critical
timestep (Otsubo et al., 2017; Tu and Andrade, 2008; Hart et al., 1988;
Thornton, 2000; Li et al., 2005), crucial for ensuring the numerical
stability of DEM simulations, have been developed for conventional
contact models. However, when it comes to SDF-DEM (or LS-DEM),
this wealth of knowledge and experience is not directly transferable,
which constrains its broader application. The absence of a seamless
connection with well-established contact models poses a barrier to the
widespread adoption of SDF-DEM, limiting its utility in scenarios where
the familiarity and predictability of conventional models are crucial.

The primary contribution of this paper lies in the effort to unify
the contact behaviors in signed distance field-based and conventional
discrete element methods. Two formulations of contact potential are
introduced, drawing analogies to the linear contact model and the
Hertzian contact model, respectively. Furthermore, a comprehensive
relationship is established between the parameters of the proposed
contact potential models in SDF-DEM and those of conventional con-
tact models. These contributions bridge the gap between the energy-
conserving contact theory in SDF-DEM and the conventional models.
The current work also provides the theoretical coherence of the ap-
proach and offers a practical pathway for the broader application of
SDF-DEM.

2. The SDF-DEM framework

For the sake of discussion, this section presents a brief description
of the SDF-DEM framework. Interested readers are referred to Lai et al.
(2022) for more details. In the SDF-based DEM, particles are defined by
a signed distance function (SDF), denoted as 𝛷(�⃗�). This function maps a
spatial point �⃗� in 3 to a signed distance value 𝑑. Unlike conventional
SDF, which typically represents the shortest distance from a point to a
particle surface, SDF-DEM adopts a broader definition. It allows the SDF
to be the shortest distance, radial distance, or any distance satisfying
the condition that SDF isosurfaces are non-self-intersecting. Assuming
that SDF is positive inside a particle and negative outside, with the
zeroth isosurface representing the particle surface, an example of SDF-
based representation is illustrated in Fig. 1(a). The SDF-based particle
model includes a surface projection function that projects a point inside
a particle onto the particle surface, as shown in Fig. 1(a). This function
is crucial for determining contact points, essential in evaluating contact
forces and moments within contact models.

In the SDF-based DEM, the node-to-surface contact algorithm, as
depicted in Fig. 1(b), is employed for contact detection and resolution.
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The surface of Particle 𝐵 is discretized into surface nodes, and contact
detection involves checking whether any node on Particle 𝐵 intrudes
into Particle 𝐴. A dual approach is utilized for contact resolution. The
contact normal force is evaluated using the energy-conserving contact
theory proposed by Feng (2021a). At the same time, the tangential
frictional contact force is determined employing the classical linear
contact model with the Coulomb’s law of friction. Note that the contact
normal force is derived from the derivatives of a contact potential
function 𝑤(�⃗�, 𝜃) with respective to the relative translation and rotation
of the two contacting particles. Mathematically, this is expressed as:

𝐹𝑛 = −
𝜕𝑤(�⃗�, 𝜃)

𝜕�⃗�
(1)

�⃗�𝑛 = −
𝜕𝑤(�⃗�, 𝜃)

𝜕𝜃
(2)

𝑤(�⃗�, 𝜃) =
𝑁𝑖∈𝐵→𝐴
∑

𝑁𝑖

 (𝑑𝑖(�⃗�, 𝜃)) (3)

where 𝑁𝑖 ∈ 𝐵 → 𝐴 denotes the intruding nodes; 𝐹𝑛 and �⃗�𝑛 represent
the contact normal force and moment, respectively, while 𝑤(�⃗�, 𝜃) de-
notes the total contact potential and  (𝑑𝑖(�⃗�, 𝜃)) represents the contact
potential associated with each penetrating node. The variables �⃗� and 𝜃
represent the relative position and rotation of Particle 𝐵 with respect to
Particle 𝐴. This methodology ensures a robust and physically consistent
approach to resolving normal and tangential forces during particle
interactions.

3. Linear contact potential: analogy of the linear contact model

3.1. Preliminary: integration of contact volume

For a given contact configuration, as illustrated in Fig. 2, the contact
volume, representing the intersection volume of the two particles, can
be expressed as:

𝑉 = ∫𝛺
ℎ d𝛺 (4)

where ℎ denotes the height of the cap, and 𝛺 represents the contact
hyper-plane. Here, it is assumed that the surface intersection of the two
particles forms a hyper-plane, and that each point on the intersecting
surfaces can be projected onto the hyper-plane, similar to the case of
two contacting spheres. The height of the cap is thus the projection
distance of the two points with the same projection. Obtaining a
closed-form solution for this integration is often impractical, particu-
larly for complex particle surfaces. Therefore, following the concept of
the node-based representation of particle surfaces, it is reasonable to
approximate the contact volume discretely:

𝑉 ≈
𝑁𝑖∈𝐵→𝐴
∑

𝑁𝑖

𝑆𝑖𝑑𝑖 cos 𝛼𝑖 (5)

where 𝑆𝑖 is the discretized integration surface associated with node 𝑁𝑖,
𝑑𝑖 is the intrusion depth, and 𝛼𝑖 is the cross angle between the intrusion
depth direction and the cap height direction.

3.2. Formulation of contact potential

Using the contact volume formulation and inspired by the contact-
volume-based contact model by Feng (2021b), the contact potential can
be defined as a linear function of the contact volume:

 (𝑑𝑖) = 𝑘𝑖𝑆𝑖𝑑𝑖 cos 𝛼𝑖 ≈ 𝑘𝑖𝑆𝑖𝑑𝑖 (6)

where 𝑘𝑖 is a stiffness parameter associated with each node. In practical
applications, the discretized integration surface 𝑆𝑖 can be computed
in advance and remains constant. For simplicity, it can also be ap-
proximated as the total surface area 𝑆𝐵 averaged over each node
(i.e., 𝑆 ∕𝑁 ), assuming uniformly distributed surface nodes. In DEM,
𝐵 𝐵

3 
Fig. 2. Integration of contact volume between two particles in contact.

the contact overlap and area are usually very small. It thus becomes
reasonable to approximate the cap height with the intruding depth to
establish a closed-form formulation of the contact volume. As a result,
the cross angle 𝛼𝑖 is close to 0, and the term cos 𝛼𝑖 can be approximated
as 1. Consequently, with recourse to Eq. (1) the contact normal force
at each intruding node can be expressed as:

𝐹𝑛,𝑖 = −𝑘𝑖𝑆𝑖
𝜕𝑑𝑖
𝜕�⃗�

(7)

The total contact normal force 𝐹𝑛 can be obtained (at the particle
center) as the summation of the contact normal forces at all intrud-
ing nodes. Note that in the current node-wise approach, the contact
moment �⃗�𝑛,𝑖 associated with each intruding node is zero: �⃗�𝑛,𝑖 = 0.
However, a resulting contact moment �⃗� can be obtained at the particle
center by assembling the moments produced by all 𝐹𝑛,𝑖.

It is important to note that Eq. (7) may lead to a non-continuous to-
tal force in a discrete fashion, resulting in a stair-like force–
displacement profile. This stair-like profile can be a major contributor
to numerical instability in DEM simulations. To address this issue and to
achieve a smooth and continuous force–displacement profile, a robust
scheme is proposed by incorporating a sigmoid function of the intrusion
depth 𝑑𝑖. The contact potential and contact normal force are thus
modified as follows:

 (𝑑𝑖) = 𝑘𝑖(𝑑𝑖)𝑆𝑖𝑑𝑖 (8)

𝐹𝑛,𝑖 = −𝑘𝑖𝑆𝑖
𝜕((𝑑𝑖)𝑑𝑖)

𝜕�⃗�
(9)

where (𝑑𝑖) is a sigmoid function satisfying (0) = 0 and (𝑑𝑖,max) =
1, in which 𝑑𝑖,max denotes the maximum permissible intrusion depth
during a collision event. As a small contact overlap region is normally
assumed in DEM, 𝑑𝑖,max is typically less than 5% of the particle size.
The sigmoid function ensures that the contact volume associated with
the intruding node 𝑁𝑖 from Particle 𝐵 is considered to be zero when
the node just starts to penetrate into Particle 𝐴 (𝑑𝑖 = 0) and becomes
a unit when the intrusion depth becomes significant (𝑑𝑖 = 𝑑𝑖,max). In
this work, the following algebraic formulation of the sigmoid function
is adopted due to its computational efficiency:

(𝑑𝑖) =
𝑐𝑑𝑖∕𝑑𝐵

√

1 +
(

𝑐𝑑𝑖∕𝑑𝐵
)2

(10)

where 𝑐 is a constant parameter controlling the shape of the function,
estimated as 𝑐 = 100, and 𝑑𝐵 is the equivalent size (diameter of a sphere
of equal-volume) of Particle 𝐵. With 𝑐 = 100, 𝑆 is evaluated as 0.92
with a 𝑑𝑖∕𝑑𝐵 of 0.025 (i.e., contact overlap is 2.5% of particle size) and
0.98 for 0.05. In practice, 𝑑𝑖,𝑚𝑎𝑥 could be estimated from the expected
confining pressure and equivalent stiffness of each particle.

Substituting Eq. (10) into Eq. (9), the contact normal force can be
explicitly calculated. Typically, for particle models such as ellipsoid,
quatrics, level set, etc. Lai et al. (2022), a closed and explicit form of
the partial derivative term in Eq. (9) can be analytically derived from
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the specific formulation of SDF. In this work, to facilitate a generic
implementation of the contact solver, the partial derivative term is
instead numerically approximated using the finite difference approach
by translating Particle 𝐵 with a tiny displacement in each dimension.

3.3. Connection with conventional linear contact model

From a practical perspective, it is of interest to establish a relation-
ship between the stiffness parameter 𝑘𝑖 and the conventional contact
normal stiffness 𝑘𝑛. Given that the proposed linear contact potential
is analogous to the contact volume-based contact model, it has been
demonstrated in Feng (2021b) that the stiffness parameter 𝑘𝑖 can be
related to the contact normal stiffness 𝑘𝑛 of the linear contact model
by

𝑘𝑖 = 𝑘𝑛∕(𝜋𝑑𝐵𝐶𝑠𝑟) (11)

where 𝐶𝑠𝑟 = 𝑑𝐴∕(𝑑𝐴 + 𝑑𝐵) is a coefficient to account for the size
ratio of the two particles in contact. It is important to note that this
relationship is derived from the case of spherical particles and may
exhibit some deviation for irregularly shaped particles. For a more
accurate approximation in the case of irregularly shaped particles, 𝑑𝐴
and 𝑑𝐵 can be replaced by twice the radius of curvature at the contact
point.

3.4. Critical timestep

In typical DEM codes, particle velocity and position are updated us-
ing the velocity Verlet or central difference algorithm (Belytschko et al.,
1979; Martys and Mountain, 1999). This algorithm is only conditionally
stable, meaning that the timestep should be less than a threshold,
known as the critical timestep (O’Sullivan and Bray, 2004; Otsubo et al.,
2017). Using a timestep greater than the critical timestep may lead
to excessive particle movement in one time increment, resulting in
artificially large overlaps and contact forces.

Various approaches exist to estimate the critical timestep for DEM
simulations, as summarized and assessed in O’Sullivan and Bray (2004)
and Otsubo et al. (2017). One commonly used approximation for the
critical timestep, originally proposed by Cundall and Strack (1979), is
given by

𝛥𝑡crit =
√

𝑚
𝑘𝑛

(12)

where 𝑚 represents the particle mass, and 𝑘𝑛 is the equivalent contact
normal stiffness. It is important to note that Eq. (12) provides an
approximation of the critical timestep for a single contact and is not
a conservative estimate. In Hart et al. (1988), a suggestion is made
to multiply the critical timestep calculated from Eq. (12) by a user-
specified parameter 𝛼 (typically between 0.1 and 0.2) to account for
the presence of multiple contacts and also for the solution accuracy.

4. Three-halves-power contact potential: analogy to Hertzian con-
tact model

4.1. Formulation of contact potential

We begin by considering spherical particles to establish a connec-
tion between the three-halves-power contact potential and the conven-
tional Hertzian contact model. Referring to the formulation of the nodal
distance-potential based energy-conserving contact theory defined in
Eq. (1), the contact normal force is calculated as

𝐹𝑛 = −
𝑁𝑖∈𝐵→𝐴
∑

𝑁𝑖

 ′(𝑑𝑖)
𝜕𝑑𝑖
𝜕�⃗�

(13)

For the case of spherical particles, we approximate two key terms:
the number of intruding nodes 𝑁𝑖 and the partial derivative term
𝜕𝑑𝑖 . Illustrated in Fig. 3, for two identical spherical particles with a
𝜕�⃗�

4 
penetration depth of 𝛿𝑛, the area of the contact surface 𝑆𝑐 can be
approximated as 𝑆𝑐 = 𝜋𝑑𝐵𝛿𝑛𝐶𝑠𝑟. Consequently, the number of intruding
nodes can be approximated as 𝜋𝑑𝐵𝛿𝑛𝐶𝑠𝑟∕�̄�𝑖, where �̄�𝑖 is the average
urface area associated with each node, assuming that surface nodes
re uniformly distributed. In addition, for a small contact, the partial
erivative term 𝜕𝑑𝑖

𝜕�⃗� can be approximated as a unit, based on the contact
onfiguration depicted in Fig. 3. Thus, the contact normal force given
y Eq. (13) can be further approximated as

𝑛 = −𝛽
𝜋𝑑𝐵𝐶𝑠𝑟

�̄�𝑖
𝛿𝑛 ′(𝑑) (14)

where 𝑑 represents the average intrusion depth 𝑑𝑖 of all intruding
nodes, and 𝛽 is a parameter introduced to account for the difference
due to using  ′(𝑑) to approximate  ′(𝑑𝑖). Eq. (14) suggests that if  ′(𝑑)
is in the order of 𝛿1∕2𝑛 , the resulting contact normal force is likely to
be proportional to 𝛿3∕2𝑛 , a characteristic feature of the Hertzian contact
model.

In light of this analysis, we propose a three-halves-power contact
potential given by

 (𝑑𝑖) =
2
3
𝑘𝑖𝑆𝑖𝑑𝑖

√

𝑑𝑖∕𝑑𝐵 (15)

here 𝑘𝑖 is a stiffness related model parameter. Consequently, the
ontact normal force at each intruding node can be expressed as

�⃗�,𝑖 = −𝑘𝑖𝑆𝑖
√

𝑑𝑖∕𝑑𝐵
𝜕𝑑𝑖
𝜕�⃗�

(16)

As with the linear contact potential case, the partial derivative will
be computed using the finite difference approach in implementation.

4.2. Connection with conventional Hertzian contact model

Recalling the Hertzian contact model, the contact normal force is
calculated as

𝐹𝑛 =
4
3
𝐸∗𝑅∗1∕2𝛿3∕2𝑛 (17)

where 𝐸∗ is the equivalent Young’s modulus calculated as 1∕𝐸∗ =
(

1 − 𝜈2𝐴
)

∕𝐸𝐴 +
(

1 − 𝜈2𝐵
)

∕𝐸𝐵 , where 𝜈 is the Poisson’s ratio, and 𝐸 is
the Young’s modulus. 𝑅∗ is the equivalent particle radius calculated
as 1∕𝑅∗ = 1∕𝑅𝐴 + 1∕𝑅𝐵 , where 𝑅 is the particle radius or radius of
curvature at the contact point, and subscripts 𝐴 and 𝐵 denote the two
particles.

By comparing Eq. (17) with Eq. (14), the relation between the
stiffness parameters 𝑘𝑖, 𝐸∗, and 𝑅∗ can be obtained as

𝑘𝑖 =
4𝐸∗

√

𝑅∗

3𝜋𝛽𝐶𝑠𝑟
√

𝑑𝐵
(18)

where 𝛽 is the empirical parameter accounting for the error due to the
approximation in 𝑑𝑖, 𝑑, and 𝛿𝑛. Based on single-contact simulations (to
e presented in the subsequent section), a suitable value for 𝛽 is found
o be 0.65, providing a good agreement between the proposed three-
alves-power contact potential-based contact theory and the Hertzian
ontact model for the case of spherical particles.

.3. Critical timestep

Recalling the Hertzian contact model given by Eq. (17), the transient
ranslation contact normal stiffness can be calculated as

𝑛 =
4
3
𝐸∗√𝑅∗𝛿𝑛 (19)

By utilizing Eq. (18), the transient translation contact normal stiff-
ness of the three-halves-power contact potential-based contact model
can be estimated as

𝑘𝑛 = 𝜋𝛽𝐶𝑠𝑟𝑘𝑖
√

𝑑𝐵𝛿𝑛 (20)

To clarify, 𝑑𝐵 is the equivalent particle size, 𝑘𝑖 is the stiffness-related
model parameter, 𝛿 is the penetration depth, and 𝛽 is an empirical
𝑛
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Fig. 3. Illustration of the contact between spheres and the partial derivative of the intrusion depth with respect to the normal of contact plane.
parameter with a recommended value of 0.65. In this context, 𝛿𝑛 can be
approximated as the average penetration depth of all intruding nodes,
specifically in the case of star-shaped particles. The critical timestep
can then be estimated using Eq. (12).

5. Numerical examples

This section presents four numerical examples to verify and validate
the proposed models. The examples include a static contact test be-
tween two particles to analyze force–displacement profiles; a dynamic
contact test within a box container to assess energy conservation and
explore critical timestep issues; a triaxial compression test on spheri-
cal particles to benchmark against conventional DEM; and a rockfall
test on an irregularly shaped particle to study the impact of contact
stiffness and surface node configurations. These examples collectively
evaluate the effectiveness, accuracy, and robustness of the developed
contact potential models within the SDF-DEM framework for different
scenarios.

5.1. Force–displacement profile test

In the contact test shown in Fig. 4, Particle 𝐴 is anchored at the
origin, while Particle 𝐵 is positioned on the top of Particle 𝐴 with their
centroids aligned along the 𝑧 axis. The contact is initiated as Particle 𝐵
moves downwards, resulting in increased penetration into Particle 𝐴.
Both particles are of unit size, and their surfaces are discretized into a
fixed number of uniformly distributed nodes using a radial distance-
based weighted spherical centroidal Voronoi tessellation (Lai et al.,
2022). For the reference case, the number of surface nodes is set to
be 1000, and the sensitivity of the force–displacement profile to the
number of surface nodes is investigated. The stiffness parameter 𝑘𝑖 is
arbitrarily chosen to be 1.0 N/m2 for the sake of generality. Noted
that friction and damping are not considered in the contact test. The
initial study focuses on a contact test between two spherical particles
as a verification case. Subsequently, irregularly shaped particles are
considered and modeled using spherical harmonics. Spherical harmon-
ics have become a prevalent method for modeling and characterizing
irregularly shaped particles in various fields, such as industrial and
geotechnical (Mollon and Zhao, 2014; Zhou et al., 2015; Zhou and
Wang, 2017; Zhou et al., 2018). Readers interested in different particle
models, including ellipsoid, quadrics, spherical harmonics, level set,
polyhedron, etc., are referred to the original work on SDF-DEM (Lai
et al., 2022).

5.1.1. Sphere case
For spheres with the linear contact case, Fig. 5(a) illustrates the

magnitude of the contact normal force with the increasing normal
displacement. The normal displacement is computed as the sum of
the two particle radii minus the distance between the centroids of the
5 
Fig. 4. Setup of the single contact test: (a) spherical case, and (b) irregularly shaped
case.

two particles, representing the theoretical penetration depth of two
spherical particles. As the normal displacement increases, the number
of intruding nodes shows discrete increments. The contact normal force
demonstrates a monotonically increasing behavior but with a variable
rate of increase. The slight fluctuation in the increasing rate is a conse-
quence of the sigmoid function, which prevents the force–displacement
profile from resembling a stair-like pattern, as observed in Fig. 5(b).
Overall, the force–displacement profile exhibits a roughly linear trend,
closely resembling the theoretical results of the conventional linear
contact model for spherical particles.

The main parameters in the proposed linear and three-halves con-
tact potentials include the equivalent particle size 𝑑𝐵 , the nodal surface
area 𝑆𝑖, the stiffness-related parameter 𝑘𝑖, and an empirical constant c
for the sigmoid function. The first two are determined by the collid-
ing particles and the surface discretization, while the stiffness-related
parameter 𝑘𝑖 is adjustable to account for the material stiffness of the
particles. To investigate how variations in these model parameters
affect the simulation results, additional contact tests were conducted
using different values of 𝑘𝑖 and 𝑐. Fig. 6 presents the force–displacement
profiles for the linear contact test with different stiffness parameters.
As expected, the force–displacement profiles exhibit consistent parallel
trends in the log–log scale plots across different values of 𝑘𝑖, indi-
cating predictable behavior when 𝑘𝑖 is linearly introduced into the
contact potential formulation. Fig. 7 displays the force–displacement
profiles for the linear contact test with different values of 𝑐. For
small values of 𝑐, the contact normal force is lower than the an-
alytical values, while larger values of 𝑐 cause more fluctuations in
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Fig. 5. Force–displacement profiles of the sphere and linear case of contact test (a) with sigmoid function and (b) without sigmoid function. The analytical result corresponds to
he conventional linear contact model with an equivalent contact normal stiffness 𝑘𝑛 of 1.57 N/m evaluated from Eq. (11).
Fig. 6. Force–displacement profiles of the sphere and linear case of contact test with
different stiffness parameters 𝑘𝑖.

Fig. 7. Force–displacement profiles of the sphere and linear case of contact test with
different constant parameters 𝑐 in the introduced sigmoid function for the linear contact
otential.

he force–displacement profiles. A value of 100 for 𝑐 yields a reason-
ably smooth force–displacement profile, closely matching the expected
linear contact behavior.

In SDF-DEM, the discretization of particle surfaces relies on surface
nodes, where contact forces are defined. Consequently, the force–
displacement profile can be influenced by the number of surface nodes
6 
and the randomness in their configuration. To explore this influence,
the contact test is performed in ten independent simulations, each
featuring a distinct random configuration of surface nodes. The results,
as depicted in Fig. 8(a), show slight discrepancies among the force–
displacement profiles due to different configurations of surface nodes.
Increasing the number of surface nodes can reduce such discrepancies.
Fig. 8(b) presents the force–displacement results for different num-
bers of surface nodes. Notably, the force–displacement profile exhibits
more significant variations at 500 surface nodes, but becomes less
pronounced as the number of surface nodes increases to 1000 and be-
yond. This overall consistency in the force–displacement profiles across
different numbers of surface nodes underlines the good discretization
convergence characteristic of the linear contact potential model for
SDF-DEM.

For the Hertzian contact case, the force–displacement profile is
illustrated in Fig. 9(a), while Fig. 9(b) displays the results from ten
different random sets of surface nodes. In contrast to the linear con-
tact case, the force–displacement profile exhibits a smoother increas-
ing rate. Although there are some variations between the results of
ten different simulations, the overall agreement is good. The force–
displacement profiles are best fitted by a power function with an
exponent of about 1.49. This suggests that the proposed three-halves-
power contact potential can accurately reproduce the characteristic
features of the Hertzian contact. The force–displacement profiles of
SDF-DEM and the conventional Hertzian contact model align well, con-
forming the developed relationship (Eq. (18)) between the parameters
in the SDF-based contact potential model and the conventional Hertzian
contact model.

5.1.2. Irregularly shaped case
For irregularly shaped particles modeled by spherical harmonics,

similar to the sphere case, contact tests are conducted, as outlined in
Fig. 4(b). In this scenario, due to the absence of analytical formulations
for the contact normal displacement, the intrusion depth between
particles is employed to quantify the contact normal displacement. It
is calculated as the displacement of Particle 𝐵 concerning its reference
position when it is immediately in contact with Particle 𝐴. Fig. 10(a)
displays the force–displacement profile for one contact test, while
Fig. 10(b) shows the results from ten different random sets of surface
nodes. In the force–displacement profile, both the contact normal force
and the number of intruding nodes increase monotonically with the in-
trusion depth. However, the force–displacement profile exhibits slightly
greater sigmoid-like fluctuations and an overall smaller increasing rate
(equivalent contact normal stiffness) compared to the spherical case.
These fluctuations and reduced contact stiffness are primarily due to the
effects of shape irregularity. It is important to note that the proposed
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Fig. 8. Force–displacement profiles of the sphere and linear case of contact test for (a) ten different random sets of surface nodes and (b) different number of surface nodes.
Fig. 9. Force–displacement profiles of the sphere and Hertzian case of contact test (a) in comparison with the theoretical results and (b) for ten different random sets of surface
nodes. The analytical results corresponds to the convectional Hertzian contact model with an equivalent Young’s modulus 𝐸∗ of 1.53 Pa evaluated from Eq. (18).
Fig. 10. Force–displacement profiles of the irregularly shaped and linear case of contact test (a) and the results of ten different random sets of surface nodes (b).
linear contact potential is not designed to precisely replicate the contact
force–displacement behavior of irregularly shaped particles. Instead, its
purpose is to provide an analogy to the linear contact model widely
employed in DEM.
7 
The results of the Hertzian contact case are present in Fig. 11. In
this case, the force–displacement profile exhibits a smoother increasing
rate compared to the results of the linear contact potential. The results
from ten different simulations display some variation but are generally
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Fig. 11. Force–displacement profiles of the irregularly shaped and Hertzian case of contact test (a) and the results of ten different random sets of surface nodes (b).
Fig. 12. Force–displacement profiles for irregularly shaped particles with varying numbers of surface nodes under the linear contact condition, where (a), (b), and (c) represent
the results of three different particles.
in good agreement. The force–displacement profiles are best fitted by
a power function, with an exponent of about 1.55 for the irregu-
larly shaped case. This suggests that the proposed three-halves-power
contact potential adeptly reproduces the characteristic features of the
Hertzian contact, even in the context of irregularly shaped particles.

As for irregularly shaped particles, the number of surface nodes
required for a converged force–displacement profile will be influenced
by the complexity of the particle shape. To further investigate this,
additional contact tests were conducted with several other irregularly
shaped particles. Fig. 12 presents the force–displacement profiles for ir-
regularly shaped particles under linear contact conditions, while Fig. 13
shows the profiles under Hertzian contact conditions. The linear contact
force exhibits a relatively consistent trend across different surface
node numbers, with slight variations in the force–displacement profiles
observed as the number of surface nodes increases. This suggests that
while the linear contact case shows some sensitivity to node density,
increasing the number of surface nodes can improve accuracy. Con-
versely, the Hertzian contact profiles demonstrate similar consistency
across different surface node numbers, indicating that the Hertzian
contact case is less sensitive to changes in node density compared to
the linear contact case. These results suggest that for both linear and
Hertzian contact scenarios, a surface node number of around 1000
provides an optimal balance between computational efficiency and
accuracy for the irregularly shaped particles.

5.1.3. Effect of surface curvature
To investigate the influence of particle surface curvature on contact

behavior, 100 irregularly shaped particle contact tests with different
particle orientations are conducted. In each trial, two particles were as-
signed random orientations, resulting in different surface curvatures at
8 
the contact position. The results of 100 contact test trials are presented
in Fig. 14. The curvature radius is defined as the inverse of the average
of the major and minor surface curvatures of all intruding surface
nodes. The equivalent contact normal stiffness and Young’s modulus are
determined by regression analysis of the force–displacement profiles.

For the linear contact case, the equivalent contact normal stiffness
ranges from 0.5 N/m to 3.5 N/m, with a reasonable deviation from the
value of 1.57 N/m for the two spheres, as shown in Fig. 5. In addition,
a modest positive correlation with the radius of curvature is observed,
consistent with the relation (11). For the Hertzian contact case, the
equivalent Young’s modulus falls in the range of 0.5 Pa to 2.5 Pa,
fluctuating around the value of 1.53 Pa (see Fig. 9). Interestingly, the
equivalent Young’s modulus does not exhibit a significant correlation
with the radius of curvature, aligning with the implication of Eq. (18).

5.1.4. Effect of size ratio
Moreover, contact tests involving two particles of differing sizes

were conducted to explore the impact of size ratio on their contact
behavior based on the proposed contact potential models. Following
a similar setup to the spherical case, one particle was maintained at a
constant size of 1 m, while the size of the other varied from 0.1 m
to 1.0 m. Both linear and Hertzian scenarios were examined, and
the equivalent normal stiffness and Young’s modulus were determined
based on simulated force–displacement profiles. For comparison, ana-
lytical equivalents of the normal stiffness and Young’s modulus were
calculated from Eqs. (11) and (18). Fig. 15 illustrates the comparison
between simulated and analytical results, demonstrating a high degree
of agreement. Overall, the above results demonstrate the reasonable
performance of the developed relationships between the contact param-
eters in SDF-DEM and those of conventional linear and Hertzian contact
models.
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Fig. 13. Force–displacement profiles for irregularly shaped particles with varying numbers of surface nodes under the Hertzian contact condition, where (a), (b), and (c) represent
the results of three different particles.
Fig. 14. Effect of surface curvature on the equivalent contact stiffness modeled by SDF-DEM for (a) linear contact case and (b) Hertzian contact case.
Fig. 15. Effect of particle size ratio on the equivalent contact stiffness modeled by SDF-DEM for (a) linear contact case and (b) Hertzian contact case.
It is noted that, in this work, the proposed linear and Hertzian
contact potential formulations within SDF-DEM are compared with the
theoretical linear and Hertzian contact behavior but have not yet been
compared with experimental data. In reality, the contact between two
particles can be very complex under the influence of many factors, such
as particle shape, material type, contact history, etc. The widely used
linear and Hertzian contact models in DEM are originally developed
based on spheres and then extended to irregular shapes with reasonable
assumptions. As a first attempt, this work aims to establish a link
between the contact behavior of SDF-DEM and conventional DEM. The
9 
comparison with experimental data, typically considering the effects
of particle shape and material type, will be explored in the future. It
is also worthwhile noting that the node-to-surface contact algorithm is
adopted by SDF-DEM in a manner similar to the finite element analysis.
Thus, the SDF-DEM framework is of good flexibility and accuracy to be
extended to consider the effects of particle shape and material type.

5.1.5. Contact shear behavior
The shear contact force in this model is not derived from the contact

potential formulations but is instead determined using the classical
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Fig. 16. Evolution of (a) contact shear force and (b) mobilized friction for the linear contact case, and (c) contact shear force and (d) mobilized friction of the Hertzian contact
case with increasing shear displacements.
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linear contact model in conjunction with Coulomb’s law of friction. To
investigate the shear contact behavior, a shear contact test is conducted
with a setup similar to that shown in Fig. 4. In this test, Particle 𝐴 is
anchored at the origin, while Particle 𝐵 is positioned above Particle A,
with their centroids aligned along the 𝑧 axis. Particle 𝐵 is first moved
ownwards to create an initial overlap of about 5% of the particle size,
nd then moved in the positive 𝑥 direction to generate a shear force.
ithout loss of generality, the contact shear stiffness is set to 1 N/m,

nd the contact friction coefficient is set to 0.3. The evolution of shear
ontact force and mobilized friction with increasing shear displacement
or both linear and Hertzian contact cases is plotted in Fig. 16. The
obilized contact friction is computed as the current contact shear

orce divided by the contact normal force. The results indicate that
he shear force exhibits a reasonable linear relationship with the shear
isplacement during the elastic stage, before plateauing at the ulti-
ate shear force, as governed by Coulomb’s law of friction. A slight
ifference in shear behavior is observed between the spherical and
rregular-shaped particle cases, primarily due to the effect of particle
orphology. Overall, the results demonstrate the effectiveness of the

dopted linear shear contact model and Coulomb’s law of friction.

.2. Energy conservation test

To assess the energy-conserving properties of the proposed contact
heory, a DEM simulation is performed involving the free fall of two
articles and their collision with a ground boundary. The setup, as
epicted in Fig. 17, consists of two particles placed inside a cubic box
 p

10 
f unit dimensions. The initial separation between the two particles is
pproximately 0.5 m. Each particle has an equivalent size of 0.1 m, a
ensity of 2650 kg/m3, and is subjected to the gravitational acceler-
tion of 9.81 m/s2. The model parameters include a normal stiffness
arameter 𝑘𝑖 set to be 1.0 × 107 N/m2, with no damping or contact
riction applied. The simulation time duration is 3.0 s, utilizing a fixed
imestep of 1.0 × 10−4 s. Throughout the simulation, the translational,
otational, potential and total energies of the two particles are recorded
or analysis.

The results of the energy evolution for the spherical and irregularly
haped cases, considering both linear and Hertzian contacts, are pre-
ented in Fig. 18. The reference for the gravitational potential energy
s set at 𝑧 = 0 m. In all figures, the sharp troughs in the gravitational
otential energy correspond to collision events between particles and
he ground boundary. The rotational energy remains close to zero
hroughout the simulation for the spherical case, while a significant
ariation is observed for the irregularly shaped particles. This is ex-
ected since contact normal forces generally do not pass through the
entroid of non-spherical particles, inducing rotation. Moreover, it is
mportant to note that, even for spherical particles based on the pro-
osed contact theory, the contact normal force might not pass through
he particle centroid due to the possible unsymmetrical distribution of
urface nodes within the contact area. Although the deviation in the
rientation of the contact normal is generally small and not evident
n the simulation of spherical particles, the total energy of the two

articles is well conserved in both cases.
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Fig. 17. Sketch of the setup of the energy conservation test.

Fig. 18. Evolution of transnational, rotational and gravitational potential and total energies of the two particles during the energy conservation test: (a) sphere and linear case,
(b) sphere and Hertzian case, (c) irregularly shaped and linear case, and (d) irregularly shaped and Hertzian case.
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Fig. 19. Evolution of transnational, rotational and gravitational potential and total energies of the energy conservation test for the case of irregularly shaped particle and linear
ontact: (a) timestep 2.0 × 10−4 s, (b) timestep 5.0 × 10−4 s, (c) timestep 1.0 × 10−3, and (d) timestep 2.0 × 10−3 s.
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.3. Critical timestep test

To explore the critical timestep issue, the previous energy-
onserving test is conducted with different timestep values for the
inear contact case. According to Eq. (12), the critical timestep is
stimated to be approximately 9.4 × 10−4 s, for a particle mass 𝑚 of
bout 1.4 kg and an equivalent translational contact normal stiffness
𝑛 of 1.6 × 106 N∕m. Fig. 19 displays the energy evolution of the
rregularly shaped case at different timesteps. For a timestep of 5.0 ×
0−4 s, small energy variations are observed after each collision. As the
imestep increases to 1.0 × 10−3 s, the total energy notably increases
fter each collision, and the results deteriorate further with a timestep
f 2.0 × 10−3 s. The sensitivity of the results to timestep variations
grees reasonably well with the estimated critical timestep 9.4 × 10−4

, indicating the compatibility between the proposed linear contact
otential-based contact behavior and the conventional critical timestep
nalysis.

In the Hertzian contact case, by substituting the model parameters
nto Eq. (20) and assuming the largest permissible penetration depth
𝑛 equal to 5% of the particle size, the largest transient translational
ontact normal stiffness 𝑘𝑛 is calculated to be approximately 2.3 ×
05 N∕m. Utilizing Eq. (12), the estimated critical timestep is approx-
mately 2.5 × 10−3 s. In the energy conservation test, specifically for
rregularly shaped particles, Fig. 20 illustrates the energy evolution
ith different timesteps. When the timestep is 1.0 × 10−3 s or less,

he total energy is well conserved with only small variations. Upon
ncreasing the timestep to 2.0 × 10−3 s, notable variations in the total
 s

12 
nergy are observed after each collision. Finally, when the timestep
s increased to 5.0 × 10−3 s, the simulation becomes unrealistic, with
nfinite energy gain after collisions. Overall, the results demonstrate the
ood consistency between the critical timesteps for contact modeling
ased on the proposed contact potential models within SDF-DEM and
he conventional contact models.

To further analyze the impact of timestep on the stability and
ccuracy of simulations under varying conditions, we conducted three
nergy tests involving multiple irregularly shaped particles with dif-
erent timestep and friction settings. Fig. 21 presents snapshots of the
articles at initial packing and after specific simulation periods. In
ase II, with a timestep of 1.0 × 10−3 s and no friction (Fig. 21(c)),
he particles experienced an early explosion at 0.02 s, resulting in
xtremely large spurious velocities. By using a computationally stable
imestep of 1.0 × 10−4 s, the particles maintained conserved total energy
n the frictionless case, as shown in Fig. 21(b). Additionally, when the
oefficient of friction was set to 0.3, the particles essentially reached a
uasi-static stage, as depicted in Fig. 21(d). These observations are fur-
her corroborated by the quantitative energy analysis results illustrated
n Fig. 22, which detail the evolution of total, translational, rotational,
nd gravitational energies under different conditions.

.4. Multiple-sphere shearing simulation

The multiple-sphere shearing test involves 1250 spherical particles
f size 0.005 m. Illustrated in Fig. 23, the test consists of three main

teps: packing, equilibrium, and shearing. During the packing step, ten
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Fig. 20. Evolution of total, transnational, rotational and gravitational energies of the energy conservation test for the case of irregularly shaped particle and Hertzian contact: (a)
timestep 5.0 × 10−4 s, (b) timestep 1.0 × 10−3 s, (c) timestep 2.0 × 10−3, and (d) timestep 5.0 × 10−3 s.
Fig. 21. Illustration of the energy test of multiple irregularly shaped particles with different timestep and friction conditions: (a) initial packing, (b) after 3.0 s for Case I with a
timestep of 1.0 × 10−4 s and no friction, (c) after 0.02 s for Case II with a timestep of 1.0 × 10−3 s and no friction, and (d) after 3.0 s for Case III with a timestep 1.0 × 10−4 s
and a friction of 0.3.
packs of 125 particles are successively injected into the upper part
of the box container with a base of 0.04–0.04 m. The particles are
allowed to settle under gravity, and each injection is made at a time
interval of 0.1 s to ensure that particles from the injection region
before the next insertion. After ten injections, the particles undergo
an equilibrium period of 0.5 s. Moving on to the shearing step, the
particles are initially compressed with an isotropic pressure of 200 kPa
and then subjected to shear by lowering the top wall at a speed of
0.002 m/s while maintaining a lateral confining pressure of 200 kPa
through servo control (Abbas et al., 2005; Faramarzi et al., 2020). The
13 
shearing process lasts for 10 s, resulting in a final axial strain of about
25%.

In this example, the Hertzian contact potential is employed for SDF-
DEM, while the conventional Hertzian contact model is used for the
conventional DEM. The simple linear frictional behavior is adopted
in both SDF-DEM and conventional DEM. For SDF-DEM, the model
parameters are set as follows: the normal stiffness parameter 𝑘𝑖 is 8.5 ×
107 N/m2, the shear stiffness 𝑘𝑡 is 1.0 × 105 N∕m, and the contact friction
𝜇 is 0.3. Notably, the chosen normal stiffness parameter 𝑘𝑖 equates to an
equivalent conventional normal stiffness of 1.0 × 105 N∕m at a contact
overlap equal of 0.05% of the particle size. It is highlighted that, in this
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Fig. 22. Evolution of the total, transnational, rotational and gravitational energies of the multiple irregularly shaped particles in the energy test with different timestep and friction
conditions: (a) Case I with a timestep of 1.0 × 10−4 s and no friction, (b) Case II with a timestep of 1.0 × 10−3 s and no friction, and (c) Case III with a timestep 1.0 × 10−4 s and
a friction of 0.3.
Fig. 23. Illustration of the three main steps, namely (a) packing, (b) equilibrium, and (c) shearing, of the triaxial compression test.
work, each intruding node carries a contact friction force, with the total
contact frictional force between two particles calculated as the average
of all intruding nodes. Consequently, SDF-DEM and the conventional
DEM exhibit equivalent contact friction behavior for the same shear
stiffness. The particles are discretized with surface nodes. Accordingly,
for the conventional DEM, the equivalent Young’s modulus 𝐸∗ is 1.35
× 108 N/m2, the shear stiffness 𝑘𝑡 is 1.0 × 105 N∕m, and the coefficient
of contact friction 𝜇 is 0.3. In both cases, the particle density is 2.65
× 105 kg∕m3, artificially increased by two orders of magnitude from
the conventional density of sand particles to accommodate a timestep
of 1.0 × 10−4 s. The classical velocity-based damping force and mo-
ment (Andrade et al., 2012; Lim and Andrade, 2014) are considered
with a damping coefficient of 3.0.

The results of particle kinetic energy, stress–strain relation, coordi-
nation number, and contact force distributions are presented to gain
insights into the accuracy and numerical stability of the proposed
Hertzian contact potential within the SDF-DEM framework. Fig. 24
shows the evolution of average particle velocity during the packing
and equilibrium processes. During the packing process, particles are
gradually injected from a certain height, resulting in a slow decrease
of the average particle velocity. During the equilibrium process, the
particle average velocity decreases rapidly to less than 1.0 mm/s. These
results indicate that the proposed framework exhibits good numerical
stability. Fig. 25 plots the results of stress–strain evolution during the
shearing process. The deviatoric stress ratio initially increases rapidly
and then decreases gradually. Similarly, the volumetric strain first
increases slightly, indicating a contraction process, and then decreases,
indicating a dilation process. An interesting observation is that the
SDF-DEM appears to capture the critical state condition better than
the conventional DEM, as evidenced by a more leveled stress–strain
14 
Fig. 24. Evolution of particle average velocity during the packing and equilibrium
processes for the spherical case.

evolution during the critical state. However, with the proposed linear
and three-halves formulations of contact potential, the SDF-DEM is
expected to be capable of theoretically reproducing both the linear
and Hertzian contacts as modeled in the conventional DEM. Therefore,
for spherical particles, the triaxial compression results of the SDF-DEM
should closely align with those of the conventional DEM. Based on the
current results and our previous work (Lai et al., 2022), we suspect that
the observed differences in the critical state condition between the SDF-
DEM and the conventional DEM may primarily be due to the effects of
packing randomness.
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Fig. 25. Evolution of (a) deviatoric stress ratio and (b) volumetric strain with increasing axial strain during the triaxial shearing in the spherical case.
Fig. 26. Coordinate number distribution of the particles: (a) after equilibrium and (b) at 5% axial strain during shearing in the spherical case.
Fig. 26 compares the coordination number of the particles after
quilibrium and during shearing. For both SDF-DEM and conventional
EM, the dominant coordination number is of 6, and the coordination
umber hardly varies during the shearing process. Fig. 27 plots the
istribution of the contact forces of the particles at the axial strain of
%. The contact normal force is mainly concentrated within three times
he average contact normal force, with the average contact normal
orce being about 6.8 N and 6.7 N for the SDF-DEM and conventional
EM cases, respectively. The contact frictional force is mainly within
ne time of the average contact normal force. Using Eq. (17), the
ontact overlap is calculated to be approximately 2.1% of the particle
ize for the average contact normal force of 6.8 N and 4.4% for three
imes the average contact normal force.

Referring to the results presented in Fig. 9(a), there are about
3 intruding nodes for a contact overlap of 2.1% and 27 intruding
odes for an overlap of 4.4%. In this context, the node-based contact
riction model is likely have an overall contact tangential stiffness
hat is approximately 20 times that of the contact tangential stiff-
ess of the conventional linear contact model, if the total contact
rictional force is not taken as the average. Nonetheless, the exact
ontact tangential stiffness depends on factors such as contact normal
orce, contact history, and contact surface complexity, and it varies
mong individual particles. The node-based contact frictional model
ffers the advantage of providing the contact area-related frictional
ehavior and can replicate the rotational resistance of the contact due
15 
to friction. Overall, all results of SDF-DEM and conventional DEM are
in reasonable agreement, verifying the good accuracy of the SDF-DEM
and the proposed contact potential model.

In practice, there exists two challenges in applying SDF-DEM to
irregularly shaped particles. The first is finding the right balance be-
tween accuracy and computational cost when selecting an appropriate
number of surface nodes. The second challenge is the computational
expense. While SDF-DEM has been shown to be more accurate and
computationally efficient than the clump-DEM approach, it remains sig-
nificantly more expensive, being approximately 100 times slower than
conventional sphere-based DEM. Future research could focus on explor-
ing GPU parallel acceleration techniques and machine learning-based
surrogate algorithms to enhance the efficiency of contact detection and
resolution. By employing the SDF for particle shape description and
the node-to-surface algorithm for contact detection and resolution, SDF-
DEM eliminates the need for an explicit mesh for the particles. Instead,
particles are discretized with surface nodes, where contacts are defined.
The effectiveness of SDF-DEM in modeling irregularly shaped particles
has been validated in previous works (Lai et al., 2022, 2023; Huang
et al., 2023) through various examples, including triaxial compression,
column collapse, and mudflow simulations. This work aims to unify the
contact in the SDF-based and the conventional DEM. For this purpose,
spherical particles with analytical contact behavior are used for the

verification in this section.
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Fig. 27. Distribution of particle contact forces at 5% axial strain during shearing in the spherical case: (a) contact normal force, and (b) contact frictional force. Both the contact
normal (𝑓𝑛) and shear (𝑓𝑡) forces are normalized by the average contact normal force (𝑓𝑛).
Fig. 28. Sketch of the irregularly shaped particle rockfall simulation.
5.5. Irregularly shaped particle rockfall simulation

In the rockfall simulation, an irregularly shaped particle is posi-
tioned 1.8 m horizontally away from the foot of a slope measuring
0.6 m in height, with an inclination of 1:2 (see Fig. 28). The particle
has an equivalent diameter of 0.2 m and a density of 2650 kg/m3.
Linear contact modeling is employed for this example, considering
two cases of equivalent contact stiffnesses, namely 1.0 × 104 N∕m
and 1.0 × 105 N∕m, respectively. The trajectory of the particle in the
rockfall simulation is notably sensitive to the contact stiffness, offering
same insight into the validity and robustness of the developed contact
models. Moreover, to explore the discretization issue of SDF-DEM, two
scenarios of surface node discretization are investigated: one with 1000
nodes and the other with 2000 nodes. A contact friction coefficient of
0.3 and viscous damping coefficient of 1.0 are applied. The timestep
remains fixed at 1.0 × 10−4 s. The simulation runs for 5.0 s, during
which the particle eventually comes to rest, reaching a near-steady
state. Each case includes 10 trials with different random configurations
of surface nodes to evaluate the effects of randomness.

The particle trajectories throughout the rockfall process for all
scenarios are plotted in Fig. 29. Notably, particles subjected to a higher
contact stiffness (i.e., 1.0 × 105 N∕m) exhibit greater translational
distances compared to those with a lower contact stiffness (i.e., 1.0 ×
104 N∕m). This disparity can be attributed to the shorter duration of
contact collisions associated with the higher contact stiffness, resulting
in less energy dissipation due to contact friction. For cases with an
identical contact stiffness, the results obtained with 1000 and 2000
16 
surface nodes demonstrate considerable consistency. The final positions
of the particles, illustrated in Fig. 30, reveal intriguing patterns. In
the scenario featuring a contact stiffness of 1.0 × 104 N∕m, the final
positions cluster within a confined region. Conversely, as the contact
stiffness increases, the final positions exhibit greater variability, and the
variance would be reduced by increasing the number of surface nodes.
It is imperative to acknowledge that the particle trajectory and final
position in the rockfall simulations are highly sensitive to the behavior
of each contact. Even minor fluctuations in contact forces can yield
significant alterations in particle velocity and subsequent orientation
at the next contact instance following a given falling duration. Conse-
quently, these deviations amplify over time, resulting in pronounced
differences in the final particle positions. In summary, the results from
the four different cases elucidate the anticipated trends and underline
the validity and robustness of the developed contact potential model
within SDF-DEM.

6. Discussion

It is noted that the clump (Das, 2007; Wu et al., 2021) and LS
approaches (Kawamoto et al., 2016) are two widely adopted methods
for modeling irregularly shaped particles in DEM. Similar to the classi-
cal DEM originally proposed by Cundall and Strack (1979), these two
approaches, along with SDF-DEM, follow the same governing equations
and computational steps: (1) resolving contact features, (2) evaluating
contact behavior, (3) calculating particle motion, and (4) updating
the particle geometric description. The primary differences among
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Fig. 29. Particle trajectories in the rockfall process for scenarios of (a) contact stiffness 1.0 × 104 N/m2, surface nodes 1000, (b) contact stiffness 1.0 × 104 N/m2, surface nodes
2000, (c) contact stiffness 1.0 × 105 N/m2, surface nodes 1000, and (d) contact stiffness 1.0 × 105 N/m2, surface nodes 2000.
Fig. 30. Final positions of the rockfall particles at the end of simulation for different cases and random trials.
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them lie in the particle shape descriptions and contact algorithms. In
the clump approach, an irregularly shaped particle is represented by
a set of clumped spheres, with contacts defined between each pair
of colliding sub-spheres. For the level set-DEM, it utilizes a node-
to-surface algorithm to manage contacts, similar to SDF-DEM. The
SDF-DEM can be considered a superset of LS-DEM, employing a broad-
sense signed distance function to describe particle shapes. Contact
behavior in SDF-DEM is derived from a contact potential function in
an energy-conserving manner. The SDF-DEM converges to the LS-DEM
under two specific conditions. First, a discrete level set is used for the
signed distance function; and second, the node-wise contact potential
is considered as half the square of the signed distance multiplied by
a stiffness parameter 𝑘 (i.e.,  (𝑑𝑖(�⃗�, 𝜃)) = 0.5𝑘𝑑2𝑖 ), analogous to the
elastic potential of a linear spring. The node-wise contact force is
thus computed as 𝑘𝑑𝑖𝑛, where 𝑛 represents the gradient of the signed

distance, i.e., the normal of the level set contour. G

17 
It is also noted that the SDF-DEM could be approximately 100 times
computationally more expensive than the classical DEM for spheres
and 5∼10 times than the GJK-DEM (Wachs et al., 2012) for convex
articles. Since the framework of SDF-DEM is similar to that of the
lassical DEM, conventional acceleration strategies, such as the linked-
ist algorithm (Muth et al., 2007) for the coarse-phase contact detection
nd paralleled updating of particle motion, can be directly applied to
DF-DEM. These strategies have been implemented in the CPU (central
rocessing unit) version of SDF-DEM, and our code now supports hy-
rid parallel computation using OpenMP (open multi-processing) and
PI (message passing interface). Additionally, our colleagues have re-

ently developed a GPU (graphics processing unit) version of SDF-DEM,
ncorporating a novel ray-tracing approach to achieve ultra-high effi-
iency for large-scale particle simulations (Zhao and Zhao, 2023). This
PU implementation leverages not only the CUDA (compute unified
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device architecture) cores but also the ray-tracing cores to efficiently
query the SDF for the surface nodes of particles, thereby fully unleash-
ing the computing power of the GPU. Nonetheless, further exploration
on parallelization strategies and GPU acceleration is worthwhile to
benefit users applying this method to large-scale simulations.

Besides mapping SDF-DEM contact behavior to DEM contact mod-
els, mapping the SDF-DEM to physical models offers practical benefits.
As this is an initial effort to develop a new method, our primary focus
is on developing the methodology and demonstrating its potential for
irregular-shaped particle mechanics. By mapping SDF-DEM to tradi-
tional DEM with parameter continuity, we validate the new method
against established benchmarks and datasets, facilitating quicker adop-
tion and understanding of the new approach. While DEM contact
models require parameter fitting, the parameters used are well docu-
mented and have been successfully applied to various practical prob-
lems. Mapping SDF-DEM to DEM models helps in understanding how
new parameters relate to traditional ones, easing the transition and en-
suring continuity in parameterization. This consistency in simulations
allows for direct comparison of results between SDF-DEM and tradi-
tional DEM. Additionally, it is worth noting that the potential-based
contact theory adopted in SDF-DEM provides a robust and flexible way
to approach complex contact behavior by developing new formulations
of contact potential. More choices in contact potential formulations and
mapping with physical models will be explored in the future.

The exact contact behavior between two particles would be affected
by the particle surface morphology. However, a closed-form analytical
formulation of the contact behavior of generally irregular-shaped parti-
cles is not yet available in DEM. The framework proposed in this work
takes significant steps to address these challenges. Specially, the surface
curvature at the contact points, which is relevant to particle surface
morphology, is accounted for in the developed formulations of contact
potential. In addition, the scenario of multiple contacts is naturally
considered due to the node-based definition of contact behavior. In
this sense, the formulations are sufficiently general to accommodate
arbitrary particle surface morphologies. The effect of particle surface
morphology on the contact behavior is incorporated to a certain extent.

7. Summary

In this paper, we have developed two formulations of contact po-
tential, namely a linear contact potential drawing an analogy to the
linear contact model and a three-halves-power contact potential serving
as an analogy to the Hertzian contact model for SDF-DEM (or LS-
DEM). Through thorough investigations into the force–displacement
profile, energy-conserving characteristics, and critical timestep issues,
we have gained insights into the contact behavior governed by the pro-
posed contact potential. Moreover, qualitative relationships between
the model parameters of the proposed contact theory and conventional
contact models have been established, enhancing the understanding
and practicality of the SDF-DEM framework. The accuracy and numer-
ical stability of the proposed contact potentials and SDF-DEM have
been verified based on DEM simulation results of triaxial compression
tests and rockfall tests on spherical and irregularly shaped particles. It
should be noted that the proposed contact potentials are not intended
to precisely reproduce the force–displacement profile of irregularly
shaped particles; rather, they provide analogies to conventional contact
models widely used in previous DEM studies in an energy-conserving
sense. By establishing comprehensive relationships between the pa-
rameters of the proposed contact theory and those of conventional
contact models, we have facilitated a seamless integration between
SDF-DEM and the conventional DEM. These findings not only advance
the understanding of the energy-conserving contact theory but also
provide a robust framework for bridging the gap between SDF-DEM
and the conventional DEM. It is noted that SDF-DEM also offers signif-
icant advantages for modeling deformable particles incorporating with
numerical techniques such as the finite element method, material point
18 
method and smooth particle hydrodynamics. By defining contact forces
on surface nodes, distributing boundary forces for computing particle
deformation becomes straightforward. Ongoing efforts are underway to
extend SDF-DEM and associated contact models to further enhance the
modeling accuracy and efficiency of deformable particles.
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