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Abstract

Compressibility of granular materials depends on its initial density and is significantly affected by particle breakage,
especially at high stress levels. In this study, a simple compression model for granular soils is proposed by incorporating a
new equivalent concept. The initial density effect on the curvature of compression line is captured by a novel equivalent
void ratio, which features a state variable for describing the evolution of grain crushing and corresponding yielding
behavior. An Equivalent Compression Curve (ECC) is further established by directly implementing the equivalent void
ratio into a reference compression curve. Validation has been done by comparing the simulated curves with the test data
from available literature. It reveals a good linear relationship between the state variable and breakage index. Moreover, the
ECC can well normalize the compression behavior of granular soils with a wide range of initial densities and stress levels.
The simplified version of ECC includes only three parameters which are consistent with the reference model. The proposed
model provides a basis for establishing versatile and rigorous hardening law that can be readily used in conjunction with
the general elasto-plasticity theory.
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1 Introduction

Granular soils are widely used as construction materials in
geotechnical engineering projects, such as slope project,
railway subgrades, and roadbed of airports [1-6]. The
compressibility of granular materials is crucial for evalu-
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) extensively investigated based on laboratory tests [7-19]
Jli(;g%z?fgk and numerical simulations [20-29]. These studies reported
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! that the compressibility of granular material is significantly
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affected by the current state, i.e., void ratio and stress levels
[7, 30, 31]. Granular soils show semi-elastic behavior at
relatively low stress levels, and the deformation is associ-
ated with grain rearrangement, inter-grain slip, and rotation
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based on the classic elastoplastic or hypoplastic framework
[30, 34, 35]. For example, an incremental relationship
between constrained modulus and effective stress is for-
mulated by Pestana and Whittle [30] based on Limit
Compression Curve (LCC). However, complicated
numerical implementations are required for these types of
models to be practically useful, which is inconvenient for
engineers; (2) to reduce the computational complexity,
phenomenological approaches based on laboratory obser-
vation are proposed by Pedroso et al. [36] and Sheng et al.
[37]. For example, Sheng et al. [37] proposed a volume-
stress model. This is done by incorporating a shifting stress
into the LCC. It can well reproduce the non-linear com-
pression behavior of granular soil with increasing stress
levels. However, additional test data is required for soil
with different initial densities to determine the shifting
stress; (3) an empirical equation based on a postulate of
active and inactive voids is established by Meidani et al.
[38]. This model is effective for granular soils with dif-
ferent initial void ratios. Nevertheless, it is limited in
capturing the deformation behavior at high stress level
(e.g., 40 MPa for quartz sands).

In this study, an explicit compression model is proposed
for granular soils. The effect of initial state on compress-
ibility is captured by a novel equivalent void ratio, which
incorporates a state variable to account for the evolving
particle breakage and progressive yielding behavior. Ver-
ification reveals that the proposed model is effective in
reproducing the compression behavior of various granular
soils with a wide spectrum of initial densities and stress
levels. No additional parameter is required for the simpli-
fied version of the model, which makes it suitable for
practical applications.

2 Equivalent void ratio
for the compressibility of granular soils

2.1 Equivalent concept

Thevanayagam and Mohan [39] introduced the equivalent
concept to describe the contribution of fine (coarse) parti-
cles to the force chain of gap-graded granular soils with
“coarse-in-fine” (or “fine-in-coarse”) structure (e.g., sandy
silts and silty sands). This is done by incorporating the
equivalent void ratio into the model for pure coarse
aggregates or fines (according to the relative dominance of
fine and coarse particle). Key to the equivalent concept is
to establish a state-dependent variable that can normalize
the behavior of soils with different structures (e.g., fine
content). It has been widely recognized that the equivalent
void ratio proposed by Thevanayagam and Mohan [39] and
their coworkers [40, 41] is effective in capturing the
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mechanical behavior of granular mixtures, such as critical
state line [42, 43], small strain stiffness [44, 45], com-
pressibility [46], liquefaction resistance [47-49] and per-
meability [50]. To the authors’ knowledge, the application
of equivalent void ratio concept is only limited to gap-
graded soils, and its application to geo-materials with a
continuous grading is seldom reported. Inspired by the
traditional equivalent concept, a novel equivalent void ratio
is proposed in the sequel to capture the compression
behavior of various types of granular soils with different
initial densities.

2.2 Equivalent void ratio for granular materials

Figure 1 presents a typical isotropic compression curve of
granular soils (data from Lee and Seed [51]). Evidently, for
a given stress level, the compressibility decreases with an
increase of the initial density. Moreover, It indicates a good
geometric similarity of the compression curves of sand
with different initial void ratios. Note that, the analogous
behavior of various granular materials is well reported by
previous researchers based on both isotropic compression
tests [8, 9, 37] and one-dimensional compression tests
[13, 16]. Thus, for the sake of convenience, the compres-
sion curves of a given granular soil with various initial
densities are collectively termed as Normal Compression
Lines, NCLs herein regardless of bounding condition.
Additionally, the definition of effective stress ¢’ in this
study is corresponding to the loading condition. For
example, ¢’ = confining stress for isotropic compression
tests, and it denotes effective vertical stress when esti-
mating the 1-D compression behavior. A schematic dia-
gram for NCLs is shown in Fig. 1b, it is seen that they are
approximately parallel at a very low stress level (102-107"
MPa). As the stress increases, NCLs with various initial
densities gradually converge due to the progressive yield-
ing that leads to a transition from semi-elastic to elasto-
plastic behavior. They finally approach the LCC at a very
high stress level (10'-10> MPa), indicating a negligible
effect of initial density. This is interpreted by the evolution
of particle breakage at high stress levels: the disintegrated
finer grains provide a surrounding cushion pressure on the
larger aggregates, and the relatively uniform contact net-
work prevents them from further breakage, resulting in an
ultimate Particle Size Distribution (PSD) and analogous
compression behavior regardless of initial density
[24, 30, 52-55].

Figures 1a and 1b shows a smooth variation on the
curvature of NCLs across the whole range of initial density,
indicating a continuous variation of soil fabric. In this case,
one NCL with an arbitrary initial density (termed as the
Reference Compression Line, RCL herein) may provide a
good reference for estimating the state-dependent
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Fig. 1 Typical compression data of a granular soil with various initial densities and schematic diagram for the NCLs

compression behavior of the granular soil with various
initial densities. Considering that the difference between
the curvature of NCLs and that of the RCL is attributed to
the initial packing arrangement and the evolution of
yielding (refers to the irrecoverable fabric change of
granular soil, which generates plastic volumetric defor-
mation), a new equivalent void ratio is proposed in the
sequel to capture this effect and normalize NCLs into the
RCL.

The tangent bulk stiffness [K = -Ad’/Aln(l + e)] is
further adopted to quantify the compressibility of granular
soils. The relationship between ¢’ and K of Sacramento
river sand (data from [51]) are presented in Fig. lc. It is
seen that the value of K is independent on initial void ratio
within semi-elastic range (10‘2 to 10 MPa), which indi-
cates a negligible effect of initial density on the com-
pressibility [4, 10, 56]. In this case, the NCL (defined as

any compression line that is different from the RCL) can be
reproduced by directly translating the RCL. Thus, the
corresponding equivalent void ratio is formulated as

e =e+ Ae (1)

where e* represents the equivalent void ratio of granular
soil, which is consistent to the current void ratio on RCL
(red dashed line in Fig. 2) according to the mentioned
equivalent concept. e, is the initial void ratio on RCL. ¢,
and e are the initial and current void ratio of the predicted
NCL (black dashed line in Fig. 2), respectively. Aeg = ¢g,,-
eo denotes the difference between RCL and NCL at the
initial state of compression. As shown in Fig. 2, Eq. (1)
refers to a negligible effect of initial density on the cur-
vature of NCL (compared with the RCL) throughout the
compression process. However, particle breakage may
occur with an increasing stress level, which leads to a

@ Springer



Acta Geotechnica
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(a) eo,>eo
Fig. 2 Schematic diagram for the equivalent void ratio

convergence of the NCL and RCL. In this case, Eq. (1) is
obviously not effective in describing the compressibility of
granular soils. Therefore, a state variable £ is introduced to
capture the coupling effect of initial density and fabric
change on the curvature of NCL, and the equivalent void
ratio is revised as

e =e+ Aey — EAeg (2)

where & Aeg controls the evolving curvature of NCLs and
is responsible for the coupling effect of initial state and
progressive yielding. The evolution and detailed expression
of £ will be further addressed in the sequel.

3 Equivalent Compression Curve
for granular materials

3.1 Reference Compression Line

Sheng et al. [37] reported that NCLs can be well captured
by introducing different shifting stress (depends on the
initial density) into the LCC. This method is straightfor-
ward and has been widely adopted for evaluating the
deformation behavior of granular soils [57, 58]. For the
sake of simplicity, the compression equation proposed by
Sheng et al. [37] is adopted as the RCL to be used in
conjunction with the proposed equivalent void ratio:

/ /
lnezlnN—/lln<(7 +0s> (3)

/
ar

where e and ¢’ are the current void ratio and effective
stress, respectively. ¢/ = 1 MPa is a unit reference stress. 4
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and N denote the slope and intersection of the LCC, i.e.,
Ine =1InN — /In(¢’/c]), respectively. o’ is a shifting
stress related to curvature of the RCL:

N
o = ( ) o, (4)
€o,r ’

where ¢(,, is correlated with the initial compression data
point of the RCL.

3.2 Equivalent compression curve

Considering that the difference between NCLs and the
RCL is captured by proposed equivalent void ratio
[Eq. (2)]. It is reasonable that NCLs could be normalized
by directly substituting ¢" into Eq. (3), which gives a new
Equivalent Compression Curve (ECC) of granular soils:

/ /
Ine* =InN — Aln (U * G‘Y) (5)

/
r

According to Eq. (2), the coupling effect of initial
density and particle breakage is considered by introducing
a state variable. Therefore, the ECC provides an explicit
compression model for granular materials. Combining
Egs. (2) and (5) yields:

/ /
e=exp <ln N — Aln (%) ) — Aey+EAeg (6)

r

Note that other compression models for granular soil
[30, 34, 36, 38] can also be adopted as optional RCL.
Nevertheless, the value of & may be different if other ref-
erence model is utilized. The validation will be presented
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to demonstrate that NCLs of various granular soils can be
normalized by using the adopted RCL.

3.3 The expression of state variable ¢

Experimental results compiled from literature are utilized
to further investigate the evolution of state variable ¢
[51, 59-61]. Note that the value of & can be explicitly
calculated according to Egs. (2) and (5). Detailed soil
properties and values of model parameters are given in
Tables 1, 2, respectively.

The yielding of granular materials is directly correlated
with the volumetric deformation (or current void ratio).
Thus, the relationship between test results of state variable
¢ and void ratio are shown in Fig. 3. It is seen that the &
values of sand with different initial densities are close to
zero at a low stress level, which is consistent with Eq. (1).
Then, ¢ increase continually as stress level rises (decrease
of void ratio) and approach 1 regardless of initial density.
A schematic diagram for the variation of ¢ with current
state and the corresponding nonlinear compression behav-
ior is presented in Fig. 4. It is seen that £ = 0 (e* = ¢ +
Ae) when e = ¢y (6’= 0), indicating a negligible effect of
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Fig. 3 Correlations between the state variable ¢ and void ratio e
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initial density on the compressibility. Notably, Eq. (2) is
reduced to ¢" = e when & = 1, leading to an intersection
between NCLs and RCL. The corresponding stress is ter-
med as break down stress (o},), which is related to the
ultimate PSD of granular materials [4, 9, 56].
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Compression data of different granular soils are sum-

marized in Fig. 5 to evaluate the value of o}
[10, 11, 13, 16, 30, 51, 59, 61-63]. The basic soil properties

Table 1 Basic physical properties of granular soils from literature

are given in Table 1. It is seen that the break down stress
varies with the nature of soil particles (e.g., mineralogy,
particle shape, roughness, and PSD). In detail, the value of
O'Z for fragile materials such as calcareous sand [13, 16] is
generally lower than that of quartz sand [10, 11, 16].
Besides, the ¢, might also be affected by the boundary
condition and loading rate [19, 38]. However, NCLs all
tend to intersect before 100 MPa regardless of the men-
tioned factors, which may provide an approximate refer-
ence for evaluating the evolving curvature of NCLs and the
corresponding value of £. To this end,o}, 100 MPa is ten-
tatively adopted, which will be further validated in the
sequel. Note that the value of ¢}, for soil with high particle
strength (e.g., rounded silica sand) might be higher than
100 MPa [9]. In this case, ¢, = 1000 MPa is suggested for
a more reliable prediction.

According to experimental results (Fig. 3), an inverse
correlation is found between the value of & and the current
void ratio. Moreover, ¢ should meet the following require-
ments: (1) the curvature of NCLs is analogous to that of

Soils C, D5 €min €max Mineralogy Particle Reference
(mm) shape

Ottawa sand 1.50 0.14 0.63 083 Q sR De Souza [60]
Wabash river sand 3.00 0.56 043 0.69 Q sA-sR Hendron [63]
Sacramento river 1.50 0.22 0.61 1.03 F-Q sA-sR Lee and Seed [51]

sand
Chattahoochee river 2.50 0.37 0.61 1.10 Q SA Vesic and Clough [55]

sand
Toyoura sand 1.50 0.17 0.58 098 Q SA Miura N et al. [56]
Quiou sand 450 0.70 0.78 1.20 Ca A Pestana and Whittle [30], data cited from Pedroni (1992)
Carbonate sand - - 041 121 C - Carter and Airey [59]
Sillica sand 329 0.76 043 0.86 Q A Nakata et al. [10]
Toyoura sand 1.31 0.20 0.61 098 Q R Nakata et al. [11]
Mono-quartz sand .30 - - - Q R-sR Chubhan et al. [62]
Cambria sand - - 0.50 0.79 Q sA-R Lade and Bopp [61]
Sillica sand S1 1.58 3.20 - - Q - Zhang et al. [28]

S2 1.14 1.01 - - Q -
S3 3.60 149 - - Q -

Light-expanded clay 1.21  1.44 - - - - Guida G et al. [64]

aggregate
Rockfill S1 1.00 2.50 - - SsA-sR Xiao et al. [17]

material S2 1.00  5.00 - - sA-sR
Carbonate sand 1.38 1.12 1.82 1.13 Ca A Xiao et al. [65]
Carbonate silty sand 3.23  0.73 0.72 1.15 Ca - Tong et al. [16]
Calcareous gravelly  10.00 0.98 074 130 C A Shen et al. [13]

sand

A=angular, R=round, sA=subangular, sR=subround,Q=siliceous (quartz), Ca=calcareous, C=carbonaceous, F=feldspar
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RCL at a very low stress level (e = ey), leading to a zero
value of ; (2) the effect of initial density is negligible when
the compression loading equals to the breakdown stress. In
this case, the value of ¢ should be 1. A simple power
function is tentatively adopted to capture the evolution of &:

§:<eo_e)n—>ln§:nln<eo_e> (7)
ey — ép €y — €p

where e;, represents the void ratio at ¢},. n is a parameter
controlling the sensitivity of ¢ to the void ratio. The sim-
ulated curves with best fitted # are presented in Fig. 3 and
Fig. 6 (double logarithmic plot). It is seen that the evolu-
tion of ¢ is well captured by the proposed equation, which
reveals that x is a material constant that is independent of
the initial state and stress level. Additionally, the experi-
mental data of different crushable granular materials from
Zhang et al. [28], Guida et al. [64], Xiao et al., [17] and
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Table 2 Values of model parameters for granular soils from literature

Soils €o.r A N o, (MPa) ¢,(MPa) 7 Reference
Ottawa sand 0.800 0.29 2.12 28.6 100 1.00  De Souza [60]
Sacramento river sand 0.872 0.50 3.25 13.8 100 0.70 Lee and Seed [51]
Chattahoochee river sand 0.957 049 2.65 8.0 100 0.62  Vesic and Clough [55]
Toyoura sand 0.825 045 3.76 19.3 100 0.80 Miura N et al. [56]
Quiou sand 0.995 045 2.05 4.9 100 0.53  Pestana and Whittle [30], data cited from Pedroni (1992)
Carbonate sand 1.113  0.59 345 6.7 100 0.50 Carter and Airey [59]
Sillica sand 0.668 091 13.50 27.2 100 0.50 Nakata et al. [10]
Mono-quartz sand 0.880 0.39 2.67 17.1 100 0.68 Chuhan et al. [62]
Cambria sand 0.700 0.69 6.71 26.5 100 0.60 Lade and Bopp [61]
Carbonate silty sand 0952 037 212 6.71 100 0.70  Tong et al. [16]
Calcareous gravelly sand  0.898 0.27 1.01 1.54 100 0.63  Shen et al. [13]
14 10
Aey=-0.2
—— Agy=-0.1
—— Agy= 00 0.8
—— Agy= 0.1

Void ratio, e

0.2

0.1 1 10 100
Effective stress, ¢’(MPa)

Fig. 8 Simulations of the compression curves with different values of
AEO

Xiao et al., [65] (see Table 1 for detailed soil properties)
are adopted to further explain the physical meaning of &.
The values of & are calculated based on the Eq. (7) and
n = 1.0 is adopted for the mentioned materials. The evo-
lution of ¢ against the relative breakage index B, [66]
(detailed descriptions are presented in Appendix) is given
in Fig. 7. It shows a good linear relationship, which indi-
cates that the effect of initial density on the curvature of
NCLs is directly correlated with the evolution of particle
breakage, and it can be effectively quantified by the pro-
posed state variable.

4 Model parameters
4.1 Model parameters and their determination

Four material constants are required for the proposed
model: 4, N,J; and 7. At least two conventional
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Table 3 Values of model parameters for the parameter analysis

Series ep, A N  d/(MPa) ¢,(MPa) Aey
Series- 0.872 0.50 3.25 13.8 100 1.0 0.20, 0.10,
1 0.00, -
0.10, -0.20
Series- 0.3, 0.20
2 0.5,
0.7,
0.9

compression tests are required for the determination of
those parameters. In detail, the compression data of a
specimen with a given initial void ratio is utilized as the
RCL. The corresponding compression parameters (4 and
N) can be calibrated by best fitting the test data [30, 37],
and the shifting stress, ¢’ is directly calculated according to
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Fig. 10 Comparison of the model predictions and measured data from literature

Eq. (4). n is a structure parameter related to the evolution
of particle breakage and corresponding progressive yield-
ing behavior during compression, which depends on the
average particle fragmentation strength (controlled by
mineralogy and particle shape) and particle size distribu-
tion of granular material. As shown in Fig. 3, the value of i

can be readily determined by the compression results of a
specimen of with another initial density based on Eq. (7).

4.2 Parameter study of the proposed model

In this section, the effect of initial density and structure
parameter is evaluated. The values of model parameters are
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given in Table 2. The e, = 0.872 is assigned for the RCL,
and the corresponding model parameters are consistent
with that of Sacramento river sand from Lee and Seed [51].
The specimen is compressed from 0.1 MPa to the o} (i.e.,
100 MPa).

Figure 8 shows the effect of initial density (Series-1) on
the simulated compression curves of granular soils. Five
different values of Aey (-0.2, -0.1, 0, 0.1, and 0.2) are
considered. The results indicate that the compressibility of
granular soils remains nearly constant at a low stress level
(6’ <1 MPa). However, as the stress increases, NCLs
become concave downward and tend to converge at o),
regardless of the initial density.

The effect of structure parameter (Series-2) is simulated,
and the results are presented in Fig. 9. The values of # are
0.3, 0.5, 0.7, and 0.9, respectively. Aeg = 0.2 is assigned
for the compression model. The semi-elastic range is found
gradually reduced (increase in crushability) with a rising 5
value, indicating that the structural parameter controls the
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evolution of particle breakage and the progressive yielding
behavior with rising stress levels.

5 Simplified model and its validation

The compression test data of eleven different granular soils
under isotropic [51, 55, 56, 59, 61] and one-dimensional
[10, 13, 16, 30, 60, 62] compression loading are compiled
from existing literature and utilized for the model valida-
tion. The basic soil properties are summarized in (Table 1).

5.1 Verification of the proposed model

The model parameters for the RCL are calibrated using
data of soil samples with a high initial void ratio (Table 3).
Note that ¢), = 100 MPa is adopted for all eleven different
granular soils. The comparisons between the predicted
curves with the best fitted # (dashed line) and test results

Equivalent void ratio, e*(n=0.70)
o o
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0.2

0.1 1 10 100
Effective stress, ¢’(MPa)

(b) Sacramento river sand (data from [51])
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Fig. 11 Comparison of measured data and the equivalent compression curves
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Fig. 12 Comparison of the model predictions and measured data on Sacramento river sand (data from [51]) with four different initial void ratio

Table 4 Values of model parameters (with different RCLs)

Soil eo.r A N o.(MPa) 0,(MPa) n Reference
Sacramento river sand 0.872 0.50 3.25 13.8 100 0.70 Lee and Seed [51]
0.785 0.49 3.10 16.4
0.712 0.48 2.90 18.6
0.611 0.47 2.80 25.5

(dots) are shown in Fig. 10. Note that the solid red dots and
lines are associated with the RCL. It can be seen that the
simulated results are consistent with compression data
under both isotropic [51, 55, 56, 59, 61] and anisotropic
[10, 13, 16, 30, 60, 62] loading condition, indicating a
satisfactory capacity of the proposed model in capturing
the non-linear compression behavior of different types of
granular soils with a broad spectrum of densities and stress
levels.

The calculated curves and experimental results of four
different types of granular soils are shown in Fig. 11 in

terms of the equivalent void ratio versus effective stress. It
is seen that the compression curves of granular soils with
various initial densities can be well normalized by the
proposed ECC.

Moreover, the experimental data [51] and curves pre-
dicted using different RCLs (red lines) are presented in
Fig. 12. The values of model parameter for the RCLs are
summarized in Table 4. Note that the value of # is inde-
pendent on the ¢ ,. It shows that the compression behavior
can be well captured by using the RCLs with different
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Fig. 13 Comparison between model calculations with the best fitted 5
and n = 1.0

initial densities, which further verifies the introduced
equivalent concept.

5.2 Simplification of the proposed model

As can be seen from Table 3, the structure parameter » of
different types of granular materials varies in a narrow
range (0.5-1.0). Besides, the simulated results in Fig. 9
show that there is only a slight difference among the curves
calculated with various values of #. In this case, 1 = 1.0
can be adopted for simplicity, which leads to a linear
relationship between the state variable and current void
ratio:
ey — e
= 0o (8)
According to Eq. (8), no additional parameter is
required for the proposed ECC (compared with the refer-
ence model). Figure 13 shows the comparison between
model calculations with the best fitted # and # = 1.0. It
indicates that the deviation between those simulated results
is within a narrow range (& 15%). The model predictions
(n = 1.0, solid lines) are also presented in Fig. 10. It con-
firms a satisfactory performance of the simplified ECC.
This suggests that the proposed model works reasonably
and robustly well for a wide spectrum of granular soils with
various particle shapes, mineralogy, and PSD. It should be
noted that the simplified model might ignore the effect of
basic soil properties on the evolution of grain crushing
during compression process. However, it can greatly
reduce the complexity of the proposed model and yet
provide an adequate simulation, which can well satisfy the
engineering requirements.

@ Springer

6 Conclusions

In this study, a new equivalent void ratio is introduced for
granular soils and its capability has been evaluated by the
experimental data compiled from the existing literature.
Conclusions of this work are summarized as follows:

1) A novel equivalent void ratio is proposed to capture
the coupling effect of initial state and particle
breakage on compressibility of granular soils.

2) An explicit Equivalent Compression Curve is formu-
lated by directly incorporating the equivalent void
ratio into a reference model, and the compression
curves of granular soils with different initial densities
can be well normalized by the ECC.

3) Validation shows that no additional parameter (com-
pared with the reference model) is required for the
simplified version of the compression model. The
three model parameters can be readily determined
from one conventional compression test.

Appendix

The relative breakage index B, is expressed as
B.=B,/B, (14)

where B, is breakage potential, which is defined as the area
between the initial PSD of granular materials with a lower
bound by No. 200 sieve (0.074 mm). B, denotes the area
between the initial and final PSD curve.
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