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Abstract
The concept of critical state has been a cornerstone of modern critical state soil mechanics. It remains inconclusive how

grain crushing affects critical state behavior in crushable granular sand. A multiscale computational approach is employed

in this study to simulate the shearing behavior of crushable granular sand at critical state. Grain crushing is rigorously

considered by preserving the co-evolutions of grain size and shape in the simulation of the shearing process. Systematic

simulations on specimens with varying initial states and loading paths show unique characteristics of critical state for

crushable granular sand in terms of critical state stress ratio, void ratio, breakage index, and shape descriptors which are

independent of stress path and initial conditions. To further understand the deformation mechanisms of crushable sand at

critical state, the volumetric strain is decomposed into three components due respectively to grain size reduction, the

interlocking of irregular shaped grains generated by crushing, and inter-particle friction. Competing mechanisms among

the three strain components are quantitatively analyzed and discussed. Initial void ratio and stress levels are found to play a

prominent role in shaping the critical state deformation of crushable sand and such impact may be gauged through the

fraction of grains that experience crushing.

Keywords Critical state � Deformation � Fabric anisotropy � Grain crushing � Peridynamics

1 Introduction

The classical critical state theory introduced by [40] and

[42] builds the milestones in the development of soil

mechanics. The classical definition for critical state of

granular soil refers to a state in which the soil exhibits

steady-state volumetric strain and deviatoric stress under

sustained shear deformation. The soil behavior at the crit-

ical state can be described from various perspectives. Most

commonly, a unique stress ratio, gcs, as defined by the ratio

of deviatoric stress and the mean principal stress, and a

unique void ratio, ecs, can be identified at the critical state.

A critical state line (CSL) can thus be defined in both q-p’

and e-p’ spaces. The position and shape of CSLs represent

fundamental soil properties for interpreting soil testing data

and constitutive modeling of soils. While the CSL in q-p’

space is typically fitted by a straight line, exponential

functions with empirical parameters are commonly adopted

to delineate the CSL in e-p’ space [16, 24, 50, 57].

Recently, the concept of critical state has been enriched by

[26] who augmented the classical definition of critical state

with additional conditions on fabric anisotropy. Current

studies on granular soils now consider fabric evolution and

fabric anisotropy using tools such as the X-ray tomography

technique and micromechanics tools such as the discrete

element method (DEM). Unique fabric characteristics are

quantified by specific fabric tensors at critical state

[10, 12, 13, 52, 60].

The critical state behavior of crushable granular soils

remains less understood, as most existing studies on critical

state assume that the granular soils are non-crushable or

have negligible crushability. Both particle size and shape

may undergo intensive changes for crushable soils when

they are sheared toward large shear strains. This inevitably

introduces complexity and challenge to the study of soil

& Jidong Zhao

jzhao@ust.hk

1 Department of Civil and Environmental Engineering, Hong

Kong University of Science and Technology,

Hong Kong SAR, China

2 Department of Urban Management, Kyoto University, Kyoto,

Japan

3 HKUST Shenzhen-Hong Kong Collaborative Innovation

Research Institute, Futian, Shenzhen, China

123

Acta Geotechnica (2024) 19:1–18
https://doi.org/10.1007/s11440-023-02112-y(0123456789().,-volV)(0123456789().,-volV)

http://orcid.org/0000-0002-6344-638X
http://crossmark.crossref.org/dialog/?doi=10.1007/s11440-023-02112-y&amp;domain=pdf
https://doi.org/10.1007/s11440-023-02112-y


behavior and CSL profiles. While some studies have

reported a limited influence of particle crushing on CSL in

q-p’ space [24, 57], others have confirmed that the

increasing fine contents and interlocking effect due to

successive grain crushing can raise the critical state friction

angle of sands [14, 59]. The effect of particle crushing on

the critical state void ratio is more controversial, due to the

difficulty in tracking the evolving grading and CSL in e-p’

space through laboratory tests. [1] have conducted a series

of triaxial tests on sand samples reconstituted from the

different initial states to track the CSL with varying

degrees of breakage. A crushing-induced steeper CSL with

a change in its intercept in e-p’ space has been observed by

various experimental and numerical studies [8, 9, 54, 56].

However, a consensus has not been reached on some crit-

ical aspects of CSL such as its specific form in e-p’ space

(e.g., nonlinear or bilinear) and the uniqueness of CSL with

evolving grading. To quantify the degree of breakage, a

grading index based on changes in particle size distribution

curve has been incorporated, based on which the critical

state surface (CSP) has been proposed to consider grading

evolution due to particle crushing [6, 20, 33]. Moreover,

the internal fabric of crushable sand at critical state remains

to be explored due to the limited information on the evo-

lution and critical state value of fabric anisotropy. Critical

questions to be answered are, how the changing particle

size and shape distribution give rise to an anisotropic

contact network of an initially isotropic sand specimen, and

whether a unique fabric anisotropy exists at critical state

that satisfies the anisotropic critical state theory.

Particle crushing has a well-documented impact on the

deformation of crushable soils. The consideration of grain

crushing may critically affect the design and construction

of various engineering structures such as driven pile

installation and long-term settlement of foundations and

dams [23]. Experimental observations indicate that particle

crushing leads to a contractive behavior even at large shear

strains and the constant volume at critical state is a balance

of grain crushing and frictional rearrangement [9]. Further

studies show that elevated confining pressure can also

cause intensified crushing events, leading to transitional

volumetric behavior from dilation to contraction

[17, 28, 55]. There are more recent discussions on a pos-

sible competition between frictional dilation and crushing

[7] and frictional dilation and shape-induced interlocking

[27] during shearing deformation of granular materials.

However, how grain crushing, friction, and interlocking

effects reach an ultimate balanced state and the different

contributions to overall sample deformation have not been

rigorously validated by direct observations or quantitative

analysis, either experimentally or numerically. It remains

unclear how the different deformation mechanism, possibly

including frictional dilation, crushing-induced contraction,

and shape-induced interlocking as mentioned before,

interplay with each other to bring a crushable sand to

critical state. It is ultimately desirable to fully revamp the

classical critical state theory to include quantitative con-

ditions of grain crushing to be suitable for crushable soils.

In most existing studies, the influence of grain crushing

has been quantified by various breakage indices to account

for evolving particle size, where the influence of particle

shape is largely neglected. However, the critical state

friction angle has been found dependent on the overall

shape regularity in a mixture of angular sand and rounded

glass beads [36, 55, 58]. This suggests the necessity to

consider particle shape effect in conjunction with breakage.

Consequently, the critical state strength and deformation

are jointly contributed by the co-evolution of particle shape

and particle size. A recent constitutive model proposed by

[3] has introduced an interesting concept of shape attractor

to consider the co-evolution of particle size and shape. A

major assumption of the concept is that the average shape

parameters of a crushable assembly may evolve toward a

unique value at a critical or ultimate state, which appar-

ently requires either experimental or numerical evidence to

substantiate, e.g., the existence and/or uniqueness of shape

attractors at critical state. In addition to grain size and

shape, further consideration of fabric to characterize the

critical state responses of crushable soils proves to be even

challenging.

In this study, we employ a physics-based multiscale

computational approach to conduct a comprehensive

numerical investigation of the critical state behaviors of

crushable granular sand under general stress conditions.

Two critical issues are specifically addressed. First, the

effect of particle crushing on the characteristics of CSLs

and the evolutions of particle shape and anisotropy toward

critical state. Second, the deformation mechanisms at

critical state for crushable soils. The computational

approach employed in the present study features

hybridizing the non-smooth contact dynamics and peridy-

namics method, the former for simulating the granular

system while the latter for modeling the breakage of indi-

vidual particles. It enables rigorous treatments of grain size

and shape co-evolution in granular media and thus suits

well to tackle the said two issues. We also present a novel

technique to decompose the volumetric strain and quantify

the influence of particle size, particle shape, and frictional

sliding on the deformation of crushable sand. Numerical

studies simulating triaxial shear tests of crushable sand

specimens with varying initial density, confining pressure,

and loading path are systematically performed to capture

the general critical state responses. A unified CSL incor-

porating the evolving particle size, shape, and fabric ani-

sotropy is identified and compared with non-crushable

counterparts, linking the macroscopic strength and
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deformation with the interplays between reducing size and

irregular shape at particle scale. The role of particle

breakage on the deformation mechanisms at critical state

and the competition between the void-filling and inter-

locking effect of child particles and the rearrangement

effect of original particles are illustrated through a rigorous

quantitative analysis. A transition point marking the dom-

inance of crushing-induced contraction over frictional-in-

duced dilation is identified, and a readily available

parameter, crushing fraction, is proposed to distinguish the

deformation modes at critical state. These observations

help decode the fundamental critical state mechanisms in a

novel way and facilitate the future development of more

rigorous and general constitutive laws for crushable gran-

ular materials.

2 Methodology and numerical model

2.1 Multiscale modeling approach

A multiscale approach capable of simulating continuous

grain crushing and tracking the co-evolution of particle size

and shape proposed in [63, 64] is extended for general

stress conditions to model the critical state behavior of

crushable sand. The computational framework includes

two major components:

1) Peridynamics (PD), a non-local mesh-free method

specializing in modeling fracture-related problems in

continuum media. In the peridynamic analysis, a

solid material is discretized into material points

connected by breakable bonds. A fracture surface

forms after progressive breakage of the bonds. The

PD method has gained increasing popularity in

handling discontinuities since differentiation of the

displacement field is replaced with integral functions

in this method. In this study, the breakage of

individual sand particles is modeled by an ordinary

state-based PD theory through an open-source soft-

ware Peridigm with a critical stretch damage model

for the sand material [29, 38, 46].

2) Non-smooth contact dynamics (NSCD), an impulse-

based iterative approach serving as an alternative to

the classical discrete element method. In NSCD,

particles are simulated as rigid bodies and the

penetration between two contacting pairs is prohib-

ited. The particle position, velocity, and inter-particle

contact forces are updated based on the impulse

between colliding bodies. This feature enables NSCD

to handle large-scale granular systems with irregular

particle shapes at ease and bypasses the complex

algorithms for computing contact forces of irregular

shaped particles in the traditional penalty-based

method [19, 44]. In NSCD, the contact detection

and resolution process are conducted by solving the

differential variational inequality coupled with equa-

tions of motion through an iterative solver. The

discrete system is updated through the Euler semi-

implicit linearized time integration scheme. In this

study, the granular sand packing is simulated by

NSCD with an open-source code Project Chrono

[48].

The detailed coupling procedure between the two

methods is illustrated in Fig. 1, and it can be summarized

into the following three stages. The readers can refer to

[63] for more details on the coupling and validation.

Stage 1: Screening of particles subject to breakage. At

designated time steps (every 600 time steps in the NSCD

analysis in this study), all the simulated particles are

evaluated on their potential of breakage based on a maxi-

mum contact force (MCF) criterion [64]. Particles with a

MCF exceeding a predefined threshold are screened for

PD-based breakage analysis. The MCF criterion is

employed in view of many previous studies indicating that

single particle crushability is strongly correlated with the

MCF exerted on it.

Stage 2: PD-based breakage analysis. The breakage

analysis for selected particles in Stage 1 is performed in a

PD solver with a multi-thread parallel computing

scheme to accelerate the computation. In the PD analysis,

each particle is discretized into about 3,000 material points

with an element size proportional to its equivalent diameter

(0.055de). The horizon of a material point is set as 3 times

of the element size. The boundary conditions applied in the

PD analysis include contact position, contact normal, and

inter-particle contact forces retrieved from the NSCD

model. The contact forces are evenly distributed to material

points within a contact radius of 2.5 times of the element

size and are loaded at a constant rate of 1.6 9 106 N/s.

Stage 3: Child particle modeling. If a particle is found

crushed in the PD analysis, it will be replaced by several

polyhedron child particles occupying the same space in the

NSCD system. The shape and position of child particles are

retrieved from the PD analysis while the kinetic energy of

child particles is assumed to be lost given the quasi-static

conditions in the granular packing. The 3D alpha-shape

method is adopted to generate the convex hulls of child

particles from a cluster of PD material points. The base

alpha shape value for child particles is 0.2 with an incre-

ment of 0.02 to ensure a polyhedron without self-inter-

section and singular face or edges. Child particles with a

convexity larger than 0.85 or an equivalent diameter

smaller than 1.0 mm are simplified into convex-shaped

particles to avoid the time-consuming detection process for
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concave particles. After receiving the child particles and

reaching a new balance state, the NSCD system advances

to the next time step. Stage 1 is repeated when it approa-

ches the next designated time for particle breakage

analysis.

2.2 Simulation of true triaxial shear of sand

A total number of 56 specimens are modeled, each con-

taining an initial number of 5,000 mono-sized spherical

particles with a diameter of 1.0 mm packed inside a cubic

container with frictionless walls. In addition to the obvious

computational efficiency, the use of mono-sized spherical

particles for the initial packings offers a relatively clean

and simple initial state to quantify the ensuing co-evolution

of grain size and shape during the crushing process while

avoiding the necessity of introducing extra parameters to

describe the initial and critical state. Though packings with

non-spherical particles and a grain size distribution that

mimics natural sands may be more desirable, similar

observations on the critical state characteristics can be

expected as the idealized packings. Indeed, [40] have

confirmed their classical critical state theory by testing data

on idealized granular media including glass beads and steel

balls other than natural soils. The critical state behavior of

sand with various initial gradings and shapes is also

traceable from the results of mono-sized specimens [24].

The material properties of crushable sand in this study are

summarized in Table 1. The simulated specimens cover a

Fig. 1 Workflow of coupled non-smooth contact dynamics and peridynamics for modeling of crushable sand

Table 1 Properties of sand in this study

Parameters Value

Young’s modulus (GPa) 100

Poisson’s ratio 0.15

Density (kg/m3) 2,650

Initial void ratio * 0.60

(dense)

* 0.75

(loose)

Critical energy release rate (J/m2) (for a reference

particle with d = 1 mm)

15

Weibull modulus 3.1

Inter-particle friction coefficient 0.3

Particle-boundary friction coefficient 0.0
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combination of different initial void ratios (approximately

0.60 for dense specimen and 0.75 for loose specimen) and

confining stresses ranging from 1.5 to 11 MPa. To consider

general stress conditions where the intermediate stress

plays a role, simulations are performed on specimens with

different stress ratio b from 0 to 1, as well as specimens

loaded with constant mean principal stress p’ between

1.8 MPa and 9.0 MPa while keeping identical intermediate

and minor principal stresses. All specimens are first

isotropically compressed to predefined confining pressures.

After consolidation, shearing is applied along the vertical z-

axis to the specimen under three typical loading paths:

triaxial compression, constant stress ratio b, and constant

mean principal stress p’. The latter two quantities are

defined by:

b ¼ r2 � r3
r1 � r3

ð1Þ

p0 ¼ r1 þ r2 þ r3
3

ð2Þ

where r1, r2, and r3 are the major, intermediate, and

minor principal stresses directly derived from reaction

forces of the container walls, respectively. In constant

b shearing, the confining pressure along the x-axis is kept

constant while the stresses applied on the y-axis are con-

tinuously adjusted to maintain a constant b condition. To

highlight the effect of grain crushing, benchmark cases are

created by assuming particles to be non-crushable while all

the other conditions are kept identical.

A servo control algorithm is adopted to guarantee the

accuracy of applied stress and strain boundary conditions.

All the specimens are sheared under a steady rate of

0.05 m/s, satisfying the quasi-static loading condition by

maintaining an inertia number of 7.2 9 10-4, which is well

below the suggested threshold 2.5 9 10-3 [39]. The

shearing is continued until classic critical state conditions

with constant stress ratio and constant volumetric strain are

asymptotically met. For samples under relatively large

confining pressures (i.e., with more severe particle crush-

ing), the constant volume criterion in determining the

critical state condition is relaxed to a DeV/De1\ 0.05 to

render the computational time practical.

In the simulation, the strength of a particle is quantified

by a material constant, critical energy release rate Gc,

which is proportional to the square of characteristic particle

strength following a Weibull distribution. Each particle is

assigned with a unique Gc value following [34, 35]:

Gc ¼ Gc0 � ln U 0; 1ð Þð Þ½ �
2
w

V

V0

� ��2
w

ð3Þ

where Gc and Gc0 refer to the critical energy release rate of

particles with a volume V and V0, respectively. The Wei-

bull modulus w is set as 3.1 based on past experimental

studies [31, 35]. A reference Gc0 is selected to be 15 J/m2

for a spherical particle with d = 1.0 mm, which is found to

yield reasonable uniaxial crushing strength in accordance

with the literature [35]. Particle size is known to affect its

strength as smaller particles contain fewer and smaller

micro-cracks. Therefore, child particles generated due to

breakage tend to be stronger than their mother particles.

Such effect is considered by assigning a higher critical

energy release rate for the child particles by the following:

Gch ¼ Gpr
Vch

Vpr

� ��2
w

ð4Þ

where the subscript pr and ch refer to the relevant quan-

tities of parent particles and child particles, respectively.

To enhance the computational efficiency, particles with

an equivalent diameter smaller than 0.25 mm are not

considered for further crushing, resembling a comminution

limit for the modeled sand particles. A similar limiting

particle size has been used by [16, 30, 32] in numerical

studies of crushable sand, and the macroscopic behavior of

their model is not influenced by the introduction of limiting

particle size. Note that for natural sand there indeed exists a

comminution limit [22] although the actual limit is much

smaller than what is assumed here. To ensure the quasi-

static loading condition during the compression, an

unbalanced force ratio, defined by the ratio of unbalanced

force to the average force magnitude on a particle, has been

monitored throughout each simulation. The average

unbalanced force ratio for all particles is kept below 1.5%

to maintain good numerical stability and general

equilibrium.

3 Critical state of crushable sand

3.1 Characteristics of CSL

In the numerical simulations, all the crushable samples are

sheared to reach a critical state with steady deviator stress

and constant volume at a relatively large axial strain level

(typically after 60–70%) compared with their non-crush-

able counterparts (typical after 40–50%). The logarithmic

strain and the Kirchhoff stress tensor are adopted in this

study to quantify the stress–strain relationships at large

deformation. Typical stress and strain relations of crush-

able sand sheared under various confining pressures are

illustrated in Fig. 2 where the stress ratio, which we denote

as g, is calculated by:

g ¼ q

p0
¼ M ð5Þ

where q represents the deviator stress obtained from:
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q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1 � r2ð Þ2þ r2 � r3ð Þ2þ r1 � r3ð Þ2

2

s
ð6Þ

We first examine the CSL in the q-p’ space by plotting

the obtained deviatoric stress and mean principal stress of

all specimens at critical state as shown in Fig. 3. In rela-

tively low stress range (e.g.,\ 8 MPa), all results can be

described with a linear relationship with high credibility

(R2[ 0.991) regardless of the stress path and initial void

ratio. The slope of this linear correlation signifies the

critical state stress ratio Mc and it is found to be 0.781 for

crushable sand specimens. The linear correlation between

p’c and qc with constant Mc has been acknowledged in

many existing experimental and numerical results

[37, 45, 50] Nonetheless, for specimens subject to very

large p’c (e.g., above 10 MPa) the resulting critical stress

ratio appears to be slightly higher. To assess the severity of

particle crushing in the specimens at different stress levels,

Harding’s breakage index [15] for all specimens at critical

state is included in the figure. It is apparent that specimens

with large p’c experience more severe fragmentation. The

implication is that increasing particle crushing leads to a

higher critical state stress ratio Mc. The comparison cases

with non-crushable particles are also presented in Fig. 3.

Notably, the non-crushable specimens exhibit a rather

consistent and smaller Mc regardless of stress levels. The

difference in Mc between non-crushable and crushable

cases at small stress levels appears to be negligible whereas

it is markable at high stress levels. A higher Mc in the

crushable case at high stresses generally implies a higher

strength at critical state. The observation thus suggests that

particle crushing may help enhance soil strength at high

confinements. Such an effect may arise from the increasing

fine particles produced after significant breakage events,

which fill the voids and spread out the contact forces that

were originally concentrated. Meanwhile, the irregularity

of fragments helps strengthen the interlocking effect and

leads to higher soil strength [14, 61].

The critical state mean principal stress p’c is known to

be uniquely correlated with void ratio ec and [25] suggested

an exponential correlation between ec and p’c which writes:

ec ¼ eC � ke
p0c
pa

� �n

ð7Þ

where eC refers to the critical state void ratio at zero

pressure (p’c = 0). ke and n are material constants, and

pa = 101 kPa denoting the atmospheric pressure. Note that

when n = 1.0, Eq. (7) degenerates into a linear equation.

The correlation between ec and p’c obtained from the

simulations is presented in Fig. 4 for both crushable and

non-crushable sand specimens. Evidently, a bi-linear rela-

tion of ec and p’c for crushable sand is observed. It can be

well described by Eq. (7) with eC1 ¼ 0:776, ke1 ¼ �0:015,

and n = 1.0 for pc0\4:5 MPa and eC2 ¼ 1:02,

Fig. 2 Illustration of typical stress–strain relations obtained from numerical modeling under various confining pressures: (a) stress ratio versus

axial strain; and (b) volumetric strain versus axial strain. For clarity purpose, not all data are presented

Fig. 3 Effect of grain crushing on critical state line (CSL) in q-p’
space. qc and p’c represent the deviatoric stress and mean principal

stress at critical state, respectively
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ke1 ¼ �0:065, and n = 1.0 for pc0[ 4:5 MPa. The obser-

vation is consistent with previous experimental and

numerical observations [6, 24, 33]. Different loading paths

achieved by varying b and p’ have little effect on the CSL

in the e-p’ space. Under low confining stress conditions

(e.g., p’c\ 4.5 MPa), there is very limited particle break-

age as reflected by the low breakage index, and the CSLs

for both crushable and non-crushable sand are indistin-

guishably close. However, the CSL for crushable sand

exhibits a clear transition p’c = 4.5 MPa beyond which the

influence of grain crushing becomes apparent. Increasing

particle breakage leads to a downward shift of CSL in e-p’

space. The turning point also signifies the transition of soil

response from dilative to contractive to achieve critical

state as shown in Fig. 2b. At very large mean principal

stresses (e.g., p’c[ 12 MPa), the CSL appears to bend

toward the horizontal direction, possibly due to the

imposed crushing limit which prevents further breakage of

already fine particles. A three-stage conceptual model for

crushable soils has been proposed in the literature [33, 41]

with the introduction of two transition points to account for

the onset and cessation of significant particle crushing

events respectively. Nonetheless, assuming a bi-linear

relationship between ec and p0c is considered appropriate

practically since extremely large stress conditions are

uncommon in a typical geotechnical engineering context.

The relationship between mean principal stress p’c and

Hardin’s breakage index Brc at critical state is also exam-

ined. The breakage index signifies the degree of particle

breakage in a granular assembly. It is quantified by the

ratio of change in particle size distribution before and after

shearing. The critical state breakage index Brc versus mean

stress is plotted in Fig. 5a. Again, a bi-linear relationship is

identified with a turning point at around p’c = 4.5 MPa.

Particle breakage is intensified with p’c above this stress

level with an apparent increase in the breakage index with

rising p’c. In view of the unique relevance of e-p’ and Br-

p’, an evident correlation of the three quantities can be

derived in the form of a spatial curve as reported by some

experimental and numerical studies [6, 37, 54, 62].

It is worth noting that particle crushing does not cease to

occur even after critical state is reached. As shown in

Fig. 5b, the breakage index continues to increase at a

constant rate when a general definition of critical state with

constant stress and volume has been maintained over a

sustained deformation stage. The ring shear tests conducted

by [9] also confirm that breakage continues to occur at

extremely large shear strains far beyond the normal range

of conventional triaxial tests. Since particle crushing still

exists and its influence on assembly volume is not negli-

gible at critical state, a question is raised pertaining to how

the constant volume condition is attained in the presence of

crushing-induced volumetric contraction. To answer this

question, a strain decomposition method will be introduced

later to explore the fundamental critical state mechanisms

influenced by noticeable particle crushing.

3.2 Critical state particle shape

In addition to the degrading particle size originating from

breakage, the evolution of particle shape constitutes an

important aspect in the process of particle breakage. In the

present study, we employ two popular particle shape fac-

tors, namely sphericity and aspect ratio, to evaluate particle

shape evolution of the granular media. The sphericity

measures the deviation of an irregular-shaped particle from

a perfect sphere. It is calculated by W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
36pV2

p
3

q
=Ap

where Vp and Ap refer to the volume and surface area of a

particle, respectively. The aspect ratio is calculated as the

ratio of the shortest dimension to the longest dimension of

a particle.

As shown in Fig. 6a, b, a unique relation between the

median value of the sphericity Sph50 or the aspect ratio

AR50 of an assembly and the mean principal stress p’c can

be delineated at critical state. Due to the scarcity of crushed

particles, the sphericity and aspect ratio for specimens

sheared under lower stresses exhibit larger fluctuations but

still fall within a narrow range. The median aspect ratio

evolves quickly and stays nearly unchanged near 0.58. This

observation supports the recent theory proposed by [3] that

a stable particle shape profile can be obtained at critical

state or at the end of particle crushing, and the ultimate

particle shape distribution can be evaluated by single or

multiple shape attractors. Expectedly, the median spheric-

ity exhibits a similar evolution pattern. Nonetheless, our

results show that the median sphericity appears to evolve

slower and continues to show a slightly decreasing trend in

the modeled stress levels, indicating the formation of more

irregularly shaped particles inside the assembly. A

Fig. 4 Effect of grain crushing on CSL in e-p’ space
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comparison with other experiments and numerical simu-

lations indicates that all the critical state shape factors are

located near a certain point as shown in the Zingg diagram

Fig. 7a which are comparable to the ultimate shape of

nature sands [4, 11, 21, 43, 49, 65]. A further investigation

into the particle shape distribution of a triaxial compression

test in Fig. 7b reveals that massive child particles are

generated with a less regular shape, resembling plates or

rods. The irregular particle shapes are expected to enhance

the interlocking between particles, resulting in a dilative

volumetric response and this effect will be discussed later.

3.3 Critical state fabric anisotropy

It is instructive to extract further micromechanical infor-

mation from the simulation results to gain insights into the

critical state behavior of granular media. The study is

further extended to probe into the influence of particle

crushing on the critical state fabric anisotropy for crushable

sand. The degree of fabric anisotropy Ac is calculated

through the second invariant of the contact normal tensor

Uij, as defined by:

Uij ¼
1

Nc

X
c2Nc

ninj ð8Þ

acij ¼
15

2
U0

ij
; Ac ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
acija

c
ij

r
ð9Þ

where ni and nj are the unit vector along the i-th and j-th

direction of contact normal. Nc refers to the total number of

contacts within the assembly and U0ij is the deviatoric part
of the fabric tensor Uij.

We take an example by using cases with b = 0.0 and

constant p’, at different initial void ratios and confining

pressures, to examine the correlation between Ac and p’ at

critical state as shown in Fig. 8a. All the specimens exhibit

an overall anisotropic response at critical state. A unique

Fig. 5 (a) Correlation of critical breakage index Brc with mean stress p’c at critical state; and (b) Evolution of Brc for specimens sheared under

different confining pressures

Fig. 6 (a) Correlation of critical state sphericity and (b) critical state aspect ratio AR with mean principal stress pc0
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fabric anisotropy line is observed independent of the initial

fabric and stress conditions. However, a further examina-

tion reveals that the intermediate principal stress ratio

b influences the fabric anisotropy as shown in Fig. 8b

which suggests that the Ac is indeed loading path depen-

dent. The results for other b values are not presented here

for clarity. It is worth noting that the same phenomenon has

also been reported for non-crushable sand [13, 51].

The correlation between Ac and p’ exhibits a typical bi-

linear trend differentiated by the degree of crushing, con-

sistent with the behaviors of critical state void ratio,

breakage index, and shape factors presented above. The

fabric anisotropy shows a high level for slightly crushed

specimens and drops with increasing p’. As the mean

principal stress rises, more breakage events take place, and

the fabric anisotropy experiences an accelerated reduction

in magnitude due to the increasing polydispersity brought

by particle crushing, making the assembly more isotropic.

4 Deformation mechanisms at critical state

The deformation of crushable sand is a combined result of

several interacting mechanisms. The crushing of particles

reduces particle size and the generated fine fragments fill

the inter-particle voids, yielding a more compacted speci-

men. Meanwhile, the continuous breakage of particles

creates irregular shape particles which tend to strengthen

the interlocking effect and cause dilation. The two mech-

anisms compete during the shearing, playing distinctive

roles in dominating the overall deformation of crushable

granular media at different loading stages. Additionally,

the inter-particle frictional sliding also contributes to the

Fig. 7 Zingg diagrams of: (a) the median values of particle shape factors at critical state from experimental and numerical results and (b) shape
factors for all particles within an assembly at b = 0.0, r3 = 11 MPa

Fig. 8 Correlation of critical state fabric anisotropy Ac with (a) mean stress and (b) intermediate principal stress ratio at critical state
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overall deformation of the specimen. These mechanisms

are schematically illustrated in Fig. 9.

A total of 12 representative cases are selected to study

the deformation mechanism of crushable sand. In the

selected cases, sand specimens are sheared under varying

stress levels (p’c ranging from 2.0 to 10.4 MPa), loading

paths (constant b and constant p’ tests), and initial states

(dense and loose packings). We introduce a new approach

to decompose the volumetric strain of the specimen into

three parts, including a size-reduction induced strain (size

effect), a particle shape related strain (shape effect) due to

the interlocking effect, and a frictional sliding induced

strain (friction effect), to offer a quantitative probing into

the deformation mechanism of crushable granular sand.

4.1 Strain decomposition

The deformation of the specimens at critical state is eval-

uated through a logarithmic form of volumetric strain ev to
describe large strain deformation with improved accuracy

[13], and it is defined as:

ev ¼
Z

dev ¼
ZV0

V

dv

v
¼ ln

V0

V
ð10Þ

where V0 and V are the specimen volume at initial and

critical state, respectively. Contraction is taken as positive.

The volumetric strain increment Dev is then derived from

the differences of ev between two adjacent time intervals. A

strain decomposition method similar to the parallel probe

approach [5, 47] is adopted to differentiate the strain

increment components contributed by grain crushing from

total strains. The total incremental strain Dev can be seen as

the sum of the following three components:

Dev ¼ Def þ Desize þ Deshape ð11Þ

where Def represents the effect from sliding and rear-

rangement of the remaining unbroken particles due to inter-

particle friction. This effect exists even without particle

crushing and accounts for the dilative behavior for a dense

packing and contractive behavior for a loose packing.

Numerically, this effect can be quantified from a model

where particles are assumed to be totally non-crushable.

Desize denotes the contractive void-filling effect due to

particle size reduction. Deshape is the shape effect that

reflects the volume change brought by the interlocking and

rearrangement of particles with irregular shapes. The latter

two components originate from the particle crushing

process.

To evaluate each of the strain increment components,

three parallel analyses are run to measure the volumetric

strains for each case. They include:

i) A standard triaxial shear where particle breakage is

enabled throughout the simulation (crushable spec-

imen). This analysis simulates the actual condition

of crushable granular sand to provide the total

volumetric strain increment Dev.
ii) A comparison model which assumes all particles

are non-crushable (non-crushable specimen). For

Fig. 9 Schematic illustration of different mechanisms in the volumetric strain of crushable granular media: (a) inter-particle friction, (b) size
reduction induced deformation, and (c) particle shape effect on deformation
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this model, the obtained volumetric strain eNC is

solely decided by the inter-particle frictional sliding

of those original particles. The building and

buckling of force chains and transformation of

large voids to small voids take place constantly

during the shearing process. At critical state, the

dilation and contraction from the adjustment of

force chains and pores are balanced to attain an

overall constant volumetric strain level. The mea-

sured volumetric strain increment DeNC is assumed

to be related to the friction effect Def in the

crushable specimen. The assumption is necessary

for a practical assessment of the friction effect, with

admission that inaccuracy may indeed arise from

the assumption since the material is actually path-

dependent. Nonetheless, it is expected that the

assumption has minimal impact on the result when

there are few particles crushed (e.g., at low stress

levels), or at large axial strains (e.g.,[ 20%) as

very few original particles remain intact and the

incremental friction effect becomes negligible.

iii) Several reference models where particle crushing is

initially allowed but disabled at different later strain

levels (partially crushable specimen). The reference

models are denoted by ‘‘NCk’’ which implies that

particle crushing is disabled at an axial strain of k%.

Although artificially disabling grain crushability

may seem unrealistic, the purpose is to distinguish

the incremental strain component associated with

the void-filling mechanism, which is otherwise

entangled with other plastic irrecoverable pro-

cesses. For each case, there are generally 12–16

reference models run in parallel at different k.

These models are used to interpolate incremental

volumetric strains DeNCk as described later. Note

that the second and third types of analysis apply

artificial restrictions only for the purpose of quan-

tifying the strain contribution from different

mechanisms.

Fig. 10 gives a schematic illustration of the decomposed

volumetric strain. The procedures to obtain each of the

strain components during the loading process are as fol-

lows: First, at a given strain level, the incremental strain

component corresponding to the friction effect, Def , can be

obtained by

Def ¼ DeNC � N 0
0

N0

ð12Þ

where DeNC is the friction-induced volumetric strain

increment directly obtainable from the non-crushable

specimen. N00 and N0 refer to the remaining number of

unbroken original particles in a crushable specimen and the

total number of particles in a non-crushable specimen at

e1 ¼ k%, respectively. The underlying assumption is that

the friction effect of remaining original particles in a

crushable packing decays at a rate of N00=N0 during con-

tinuous crushing of particles. The assumption is made

considering that the crushing of particles appears to be

random in the packing and there is no trace of strain

localization in the analyzed cases. It is well known that

friction-induced volume change depends strongly on the

initial density of the soil [2, 18, 53]. The ever-increasing

crushing events reduce the number and density of surviving

original particles in the packing. A suppressed dilation due

to the frictional rearrangement of original particles is

expected during the shearing process. Therefore, the fric-

tion-induced volumetric strain increment Def in a crushable
packing is quantified by multiplying a reduction factor

N00=N0 (the proportion of remaining original particles) to

its non-crushing counterpart DeNC. Second, the size-re-

duction induced volumetric strain is calculated at each

axial strain increment of De1 and is then summed up to find

the total size effect. Specifically, between the strain level of

k and k þ De1 as shown in Fig. 10, the size-reduction

induced volumetric strain increment is obtained by sub-

tracting the total strain increment DeNCk in the reference

model ‘‘NCk’’ from the total incremental strain Dev
obtained in the crushable specimen. Since crushing is

disabled after an axial strain of k%, the void-filling

mechanism of newly generated fine particles vanishes in

model ‘‘NCk’’ and DeNCk only involves the friction effect of

unbroken original particles and shape effect of crushed

child particles (DeNCk ¼ Def þ Deshape). The difference

between the two models is that the size effect from particle

crushing continues to develop in the crushable specimen

during an axial strain increment of De1 after k. Hence the

Fig. 10 Volumetric strains differentiated by the friction, size, and

shape effect
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subtraction gives the incremental size effect during the

incremental axial strain of De1. The incremental size effect

Desize can then be calculated by

Desize ¼ Dev � DeNCkð Þjate1¼kþDe1 ð13Þ

where Dev is the total strain increment of the crushable

specimen and DeNCk is the total strain increment of the

partially crushable specimen of ‘‘NCk’’, both measured at

the strain level between k and k þ De1. Summing up the

strain increment during the loading process gives the total

strain due to the size effect. The axial strain increment De1
is taken to be 5% in the present study. For each case, 12–16

strain probes are typically run in parallel at different axial

strains. The selected strain interval contains approximately

two crushing check intervals to ensure that sufficient

crushing events are captured and that the influence of grain

crushing on the deformation of the specimen is identifiable.

Taking smaller increments is expected to offer more

accurate results but at a much higher computational cost

since a reference model ‘‘NCk’’ has to be run at each strain

increment. Finally, the shape effect can be found by sub-

tracting the size-induced and friction-induced strain

obtained above from the total strain.

4.2 Size and shape effect on deformation

For crushable sand, the volumetric strain induced by the

size reduction and shape effect can be prominent. With the

strain decomposition approach introduced earlier, a quan-

titative assessment of each deformation mechanism is now

possible. We first examine the volumetric strain due to the

size effect for specimens at different confining pressures,

with data presented in Fig. 11a. The size effect is found to

cause a sustained contraction of the specimen. The stress

condition is found to exert a significant influence on the

size effect. For specimens sheared under mild stress con-

ditions (e.g., r3 = 3.5 MPa), the size effect remains

limited. At higher stresses, however, considerable volu-

metric contraction is found upon shearing. The severity of

the size effect is positively related to the confining stress.

To give a better quantification of particle crushing under

different stress levels, we introduce a quantity termed

crushing fraction defined by the mass ratio of crushed

particles to the specimen. In the numerical simulation, it is

convenient to extract the crushing fraction in any strain

intervals for the evaluation of particle crushing rate. For the

present study, the crushing fraction of the specimen at each

incremental axial strain of approximately 2% is plotted in

Fig. 12. The incremental strain can of course be selected at

other values at the convenience of the study. It can be

observed that higher stress levels result in a higher crushing

fraction which lasts until large strains. Consequently, the

size effect on the volumetric strain is therefore, more sig-

nificant under high stress levels.

The volumetric strain originating from the shape effect

is plotted in Fig. 11b. This effect is attributed to the rear-

rangement and interlocking of child particles and is found

to be dilative in general. Once particle crushing occurs, the

child particles tend to have higher shape irregularities than

the initial spherical particles and the interlocking effect is

strengthened thereby. As an overall observation, the shape

effect tends to be stronger with higher stress levels.

4.3 Competition of the deformation mechanisms

The ultimate deformation of the crushable sand results

from the competition of the three deformation mechanisms.

The present study is further extended to examine the evo-

lution of each mechanism during the loading process for

the 12 selected specimens where different loading condi-

tions and initial states are covered. The relative proportions

of the three volumetric strain components are presented in

Fig. 13 for those cases. Notably, the dominating mecha-

nism of deformation varies significantly with stress levels

Fig. 11 Evolution of (a) size effect and (b) shape effect on the volumetric strain of the specimen
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and initial state. In general, the deformation mode of those

cases can be classified into three categories: (1) friction-

dominated dilation, (2) size effect dominated contraction,

and (3) dilation aroused by competing mechanisms. They

are discussed in detail in the following.

The friction-dominated deformation (Fig. 13a) is typi-

cally found in specimens under relatively low stress con-

ditions with limited particle crushing. The contraction

caused by the size-reduction effect is noticeably less than

the dilation brought by the frictional rearrangement of

particles in the initial packing. Therefore, an overall dila-

tive response can be expected. In this case, the crushable

sand specimens bear similar strength, deformation, and

fabric properties to non-crushable ones.

For size effect dominated deformation (Fig. 13b), sig-

nificant particle damage occurs under elevated stress con-

ditions (e.g., p’c[ 5.5 MPa for the studied specimen).

Increasing fine fragments are generated to fill the voids.

The crushing-induced contraction accumulates gradually to

cancel out the dilation caused by the inter-particle friction

and shape effect. A transition of volumetric strain from

dilation to contraction can be identified due to the stronger

size effect under increasing p’. For specimens subjected to

high mean stresses, the size effect plays a leading role and

generates an immediate contraction upon shearing. The

mechanical behaviors of those highly crushable specimens

are distinct from the non-crushable counterparts due to an

increasing proportion of child particles participating in

strong force chains. The influence of the original particles

on the strength and deformation of the entire packing is

weakened. Therefore, the friction effect contributed by the

rearrangement of original particles becomes less significant

while the size and shape effects keep strengthening at large

shear strains. At critical state, a counterbalance is formed

between the increasing contraction from space-filling of

fine particles and the dilatancy originating from the child

particle interlocking effect. If the specimen is sheared

under extremely high confining pressures, the dilative

shape and friction effect may be overwhelmed by the sig-

nificant size effect caused by the massive fine particles

produced from crushing. Under this circumstance, a typical

critical state is hard to achieve within the scope of triaxial

tests, as the specimen may keep contracting without

approaching an apparent steady state.

A transitional zone is found at intermediate stress levels

(e.g., p’c = 3.0 to 5.5 MPa in this study) where none of the

three mechanisms has an absolute advantage over the

others (Fig. 13c). For specimens categorized into the

transitional zone, the friction, size, and shape effect act

together to achieve a constant volume condition. A general

dilative response is observed before achieving a constant

volume condition at critical state for this zone. Noticeably,

the size and shape effect keep evolving even at the critical

state while the friction effect becomes stabilized in

advance. Sustained particle breakage events are still found

within the packings with a moderate crushing fraction (e.g.,

at around 0.1%) even after the critical state is reached,

resulting in fine fragments filling the voids and irregularly

shaped particles maintaining the interlocking effect.

A further investigation on the effect of initial density is

conducted with specimens having initially loose packing.

Results are presented in Fig. 13d. A more contractive

response arising from the conversion of friction effect from

dilation to contraction is observed in those loose speci-

mens. The initial loose state accommodates enough space

for the original particles to rearrange and form a more

efficient packing to resist the external loadings. Therefore,

the frictional rearrangement of original particles makes the

packing less dilatant or contractive. The effects of size and

shape are less influenced by the initial density than the

friction effect and their contributions to the overall defor-

mation of a specimen are correlated with the average stress

levels. For specimens located at friction-dominant or

transitional regimes, the contractive friction effect plays a

decisive role in specimen deformability while under

increased confining pressures, the influence of initial den-

sity is less remarkable but adds to the degree of contraction

at critical state.

It is worth mentioning that the shape effect may become

contractive in exceptional circumstances. This is observed

in an initially loose specimen under a large confining

pressure of 12 MPa as shown in Fig. 13d. A possible

explanation for this behavior is that particle crushing tends

to dominate throughout the deformation process under very

high stress levels. The interlocking effect cannot be fully

developed as the particles break easily. The contractive

shape effect observed herein can be understood as the

Fig. 12 Evolution of crushing fraction versus axial strain. The

fraction of crushing indicates the mass ratio of particles that

experience crushing in an incremental axial strain

Acta Geotechnica (2024) 19:1–18 13

123



tendency to produce irregular particles that are easier to

break and cause contraction, rather than producing the

interlocking effect that contributes to dilation. Indeed, the

continuous particle crushing process produces many par-

ticles with small elongation and flatness as shown in

Fig. 7b. These particles are expected to bear relatively low

Fig. 13 Proportion of size, shape, and frictional effect under different stress conditions (a) Friction-dominant deformation with small mean

principal stress; (b) Size-dominant deformation with large mean principal stress; (c) Competing friction, size, and shape effect with intermediate

mean principal stress; (d) Deformation of initially loose and highly contractive specimens
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strength and break easily during the sustained shearing

[65, 66].

4.4 Critical state conditions

Based on the above analyses, the critical state conditions

for crushable granular sand can be classified into three

categories based on the dominating deformation mecha-

nism. As presented in Fig. 14, the CSL in the e-p’ space

spans three zones of different deformation modes: the

friction-dominant, size effect dominant, and balanced size-

shape effect. The different deformation mechanisms are

differentiated according to the mean stress levels at critical

state. For specimens located in the friction-dominant area,

an overall dilative volumetric strain is anticipated during

shearing due to the predominance of friction effect from

original particles and limited influence of particle crushing.

The stress levels at the transition from friction dominant

zone to balanced size-shape effect zone indicate the onset

of a moderate level of particle crushing. For moderately

crushable specimens, a less dilative response is observed

due to the growing size effect. The transition to size effect

dominant zone indicates the presence of significant particle

crushing. For highly crushable specimens, the deformation

is governed by the overwhelming size effect due to sig-

nificant particle breakage under elevated stresses. A fast-

growing breakage index (e.g., Brc = 0.1–0.35) and a

stable particle shape profile are maintained.

Using stress levels to gauge the deformation mode can

be material and loading-path dependent. A material that

contains stronger/weaker grains is expected to experience

mode transition at higher/lower stress levels. The crushing

fraction per incremental axial strain introduced earlier

deems to be a better quantity to gauge the mode of

deformation at the critical state. In all the studied cases, a

small crushing fraction (\ 0.25%) appears to indicate a

friction-dominated deformation mode. A crushing fraction

of about 0.4% marks the transition into size effect domi-

nated deformation mode. An extremely large crushing

fraction (e.g.,[ 1.4%) makes it challenging to balance the

three mechanisms as the contractive size effect prevails

over the dilative friction and shape effect, which is stabi-

lized at a moderate crushing fraction. Nonetheless, the case

with a very large crushing fraction is expected to be

uncommon in a typical geotechnical engineering context. It

would be interesting to explore further whether the crush-

ing fraction can be used as a universal criterion to gauge

deformation mode for a wide variety of crushable granular

materials. This is beyond the scope of the present work and

needs further study from both numerical and experimental

aspects.

Fig. 14 The deformation mechanisms at critical state for crushable sand specimens under various stress states. The crushing fraction indicates the

mass ratio of crushed particles to the specimen at each axial strain increment of approximately 2%
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5 Conclusions

This study offers a comprehensive study of the critical state

mechanisms of crushable granular sand based on a multi-

scale computational approach. A series of true triaxial tests

with various stress paths and initial densities are modeled

to systematically investigate the influence of particle

crushing on the critical state behavior of sand. A novel

strain decomposition approach is proposed to quantita-

tively examine three mechanisms underpinning the

macroscopic deformation of crushable granular media.

They include size-reduction induced contraction, inter-

locking between irregular shape particles which leads to

dilation, and frictional effect of particles before crushing.

The study offers new insights into the critical state mech-

anisms involving the entangled mechanisms brought by

particle crushing. The major findings are summarized as

follows:

(1)A unique void ratio ec, breakage index Brc, and

sphericity Sphc regardless of stress condition, loading path,

and initial density can be identified at the critical state for

crushable granular sand. A unique stress ratio Mc also

exists for all specimens studied under small stress ranges.

At high stress range when particle crushing is prominent,

the stress ratio Mc tends to be higher. The critical state

fabric anisotropy Ac is found to be loading path dependent.

(2)With the increase of mean effective stress p’, particle

crushing has a more significant impact on the critical state

behaviors with a strengthened critical state stress ratio and

a bending of CSL in e-p’ space. There exists a critical

stress level beyond which the dominance of particle

breakage is observed in CSL correlating p’c and the critical

state void ratio, breakage index, sphericity, and fabric

anisotropy.

(3) The study confirms the persistent occurrence of

particle crushing at critical state. The constant volume

condition of a crushable sand packing may be maintained

by the interplays between the contractive size arising from

finer grain size, the dilative shape, and the friction effect

driven by the inter-particle friction, sliding, and inter-

locking due to the increasing irregularities of child

particles.

(4) The critical state deformation of crushable sand can

be categorized into three distinct modes: friction-dominant

dilation, size effect-dominant contraction, and a transition

state in between. The crushing fraction, which defines the

mass ratio of the crushed particles to the specimen during

an incremental strain, may be used as an indicator to gauge

the mode of deformation at the critical state.

Our findings shed light on the signature behaviors of

crushable sand at critical state and their underlying defor-

mation mechanisms. Future challenges and possible

improvements for the numerical and constitutive modeling

of crushable granular materials rest in the following

respects: (1) Specially designed apparatus capable of

shearing specimens to hundreds of shear strains are

required to the delineate CSLs of different scopes at

extremely high stress states where the crushing fraction

maintains a high level; (2) More varieties on the initial

grading, initial density, and loading paths (such as

undrained and cyclic shearing) are expected to fully cap-

ture the critical state responses of crushable sand speci-

mens; (3) All packings in our numerical simulations are

loaded under a quasi-static condition where the dynamic

effect is neglected. A further examination of the particle

fracture patterns and stress–strain relations under dynamic

loadings or impacts is needed to assess the potential con-

sequence of more severe particle breakages in these

conditions.
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