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Abstract
This study presents a scalable three-dimensional (3D) multiscale framework for
continuum-discrete modeling of granular materials. The proposed framework features rigorous coupling of a continuum-based Material Point Method (MPM) and
a discrete approach Discrete Element Method (DEM) to enable cross-scale modeling of boundary value problems pertaining to granular media. It employs MPM to
solve the governing equations of a macroscopic continuum domain for a boundary
value problem that may undergo large deformation. The required loading-pathdependent constitutive responses at each material point of the MPM are provided
by a DEM solution based on grain-scale contact-based discrete simulations that
receive macroscopic information at the specific material point as boundary conditions. This hierarchical coupling enables direct dialogues between the macro and
micro scales of granular media while fully harnessing the predictive advantages of
both MPM and DEM at the two scales. An effective, scalable parallel scheme is further developed, based on the flat Message Passing Interface (MPI) model, to address
the computational cost of the proposed framework for 3D large-scale simulations.
We demonstrate that the proposed parallel scheme may offer up to 32X and 40X
speedup in strong and weak scaling tests, respectively, significantly empowering the
numerical performance and predictive capability of the proposed framework. The 3D
parallelized multiscale framework is validated by an element test and a column collapse problem, before being applied to simulating the intrusion of a solid object. The
multiscale simulation successfully captures the characteristic response of intrusion
as postulated by the modified Archimedes’ law theory. The progressive development of the stagnant zone during the intrusion is further examined from a cross-scale
perspective.
KEYWORDS:
multiscale simulation, MPM, DEM, parallel computing, large deformation, intruder

INTRODUCTION

Granular media exist in diversified forms pertaining to engineering fields and industries, including geomaterials (including
sand, gravel, and rock), snow, food grains, mining products, chemical powders, and pharmaceutical tablets. The behavior of
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granular media is important to these various sectors, but is well regarded among the most challenging ones to understand.
They may exhibit properties of both solid and liquid and undergo transitions between two. As typical porous media, their
behavior may be further complicated by interstitial liquid or gas or a mixture of them. A concerted effort has been paid across
many disciplines in an attempt to gain a better scientific understanding of specific or common features of granular media.
In civil engineering, for example, advanced constitutive models and theories have been established to model the mechanical
response of granular soils under various loading conditions, including the renowned Mohr-Coulomb failure criterion, the stress
dilatancy theories 1 , critical state soil mechanics 2,3,4 , and the anisotropic critical state theory (ACST) 5,6 . Various theories have
been developed in cryosphere science to describe the behavior of snow or glacial ice 7,8 and their phase transition 9,10,11 . These
theories and models have greatly transformed our understanding on granular media specialized in various loading conditions and
engineering circumstances. It remains a challenge, however, to develop a general theory or predictive model that may describe
many complicated aspects of granular media responses (such as anisotropy 12 , liquefaction and strain localization 13 ) under a
wide range of different loading conditions (including monotonic, cyclic and rotational shear loading 14 ) and deformation/flow
regimes (small strain, large deformation, and flow).
The complexity of mechanical responses of granular material has its grain-scale origin. External loads may mobilize rich
inter-granular interactions at the particle level of a granular body, presenting in forms of inter-particle friction, sliding, rolling,
and others to establish force transmissions and deformation fields. Macroscopic phenomena are often collective manifests of
these grain-scale mechanisms. Accurate understanding and rigorous prediction of the behavior of granular media have to take
into account the grain-scale physics and mechanics where conventional continuum-based theories prove to be inadequate. Hierarchical multiscale modeling represents an emerging recent thrust of research in computational mechanics that attempts to bridge
key grain-scale interactions and mechanisms with macroscopically observed phenomena via computational modeling. To this
end, the multiscale modeling approach typically employs a hierarchical structure that couples a continuum and a discrete-based
methods in providing cross-scale solutions. In treating granular media, for example, Discrete Element Method (DEM) has commonly been used to to provide particle-based micromechanics solution for one of the following continuum approaches, such as
MPM 15 , FEM 16,17,18,19,20 , or Smooth Particle Finite Element Method (SPFEM) 21 . The hierarchical coupling helps to circumvent the use of phenomenological constitutive laws and enables cross-scale analysis. These approaches have demonstrated great
potential in modeling various engineering applications, e.g., compaction band in high-porosity sandstones 22,23,24 , pull-out of
anchors 25 and foundations over anisotropic soil 26 .
This study aims to tackle a series of correlated challenges that prevent the further advance of this multiscale approach,
namely, 3D simulations of large deformation and failure problems as well as the incurred computational cost. First, almost all
existing studies on hierarchical multiscale modeling of granular media have been two-dimensional (2D) due to various reasons, expensive computational cost being one of them. Although 2D simulations can indeed capture the key features for a wide
range of engineering problems, they remain idealized simplifications that cannot offer adequate characterizations of real-world
problems. Specifically, existing 2D studies commonly use discs (2D) in DEM to represent granular grains, and prohibit all outof-plane grain motions and inter-particle interactions. Though such a setting may still render qualitatively sound predictions of
the behavior of granular media 27 , the predictions may not be quantitatively comparable against experimental data (e.g., porosity, peak/residual stress, and dilatancy). It is also well-known that macroscopic phenomena of granular media are affected not
only by the mechanical properties of specimens but also by the geometry setting and the loading conditions. A representative
case is the compression test on the sand. For a densely-packed sample, cross-shaped shear bands are commonly observed under
a plane strain setting, whereas octopus-shaped shear localization zone and diffuse failure may occur under triaxial compression or extension 28 . Indeed, in the setting of a boundary value problem, material points at different locations of a problem may
well undergo different loading conditions. To capture the influence of loading conditions on the failure behavior, 3D modeling is required. Moreover, the 2D setting may also prevent modeling of some practical problems with realistic topography 29,30 .
Therefore a true 3D multiscale modeling framework is highly desirable. Second, though the extension from 2D to 3D is conceptually straightforward, it remains challenging from an implementation perspective. A crucial issue to be addressed for 3D
multiscale modeling is to mitigate the tremendous computational cost involved. Taking the MPM-DEM multiscale modeling
as an example, for a typical 3D problem, the amount of material points involved is at least one order of magnitude larger than
that in 2D. The RVE is embedded in each material point also needs to have more grain particles in the DEM solver in 3D than
2D. These two factors interplay in a multiplying manner in increasing the demand for computational resources, causing several
order of magnitude increase in computational cost for 3D modeling as compared to its 2D counterpart. It is mandatory that a
high-performance solution has to be developed to make 3D multiscale approach entirely feasible for practical simulation.
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This study aims to propose a three-dimensional (3D) framework for continuum-discrete modeling of granular media to ease the
limitations of existing 2D approaches. To accommodate the enormous computational cost of 3D multiscale modeling, we propose
a scalable and efficient parallel scheme for accelerating the computation. We further port the integrated modeling framework into
a high-performance supercomputer facility (Tianhe-2) for large-scale computations. The rest of the paper is organized as follows.
The 3D MPM-DEM multiscale framework is firstly introduced in Section 2. Section 3 elaborates the proposed parallel scheme
and its implementation. Numerical examples, including a unit element test, a column collapse simulation, and the intrusion of
a solid object, are presented and discussed in Section 4. Section 5 finally concludes this study with major findings and some
further work.
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METHODOLOGY: HIERARCHICAL CONTINUUM-DISCRETE COUPLING

70

The multiscale framework in this study is established through a hierarchical coupling of a continuum method MPM and a discrete
method DEM. The MPM is used to solve a macroscopic boundary value problem (BVP) that may undergo large deformation.
Attached to each material point of the MPM is a DEM assembly to serve a Representative Volume Element (RVE). The RVE
receives boundary conditions from its attached material point to provide history-dependent mechanical responses for MPM
through grain-scale, contact-based DEM simulations. The two-way, two-scale information passing helps to avoid assuming phenomenological constitutive models in solving large deformation problems. The 2D concept has been introduced in our previous
work 15 . For sake of completeness, the following presents a brief recap of the hierarchical modeling framework emphasizing the
general 3D case.
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MPM solver

The kinematics and deformation of a continuum are assumed to be governed by the following the conservation of mass and
momentum:
D𝜌
=0
(1)
D𝑡
D𝐯
𝜌
=∇ ⋅ 𝝈 + 𝜌𝐠
(2)
D𝑡
where 𝜌 is the density; 𝐯 denotes the velocity; 𝝈 is the Cauchy stress tensor and 𝐠 is the gravity. In MPM, the continuum domain
is discretized into a number of Lagrangian points (material point) which carry the mass, momentum, and other internal variables,
e.g., stress 𝝈, deformation gradient 𝑭 and void ratio 𝑒. Since these material points retain their mass throughout the computation,
the mass conservation is automatically satisfied. To facilitate the computation of the spatial derivatives, MPM adopts an Eulerian
grid as its background mesh, allowing the mapping of information from the material points to the grid nodes and vice versa.
Moreover, with the background mesh as a scratch pad, the aforementioned momentum conservation can be derived in following
weak form:
𝑒𝑥𝑡
𝒑̇ 𝐼 = 𝒇 𝑖𝑛𝑡
(3)
𝐼 + 𝒇𝐼
with

𝒑̇𝐼 =

∑
𝑝

𝒇 𝑖𝑛𝑡
𝐼 =−
𝒇 𝑒𝑥𝑡
𝐼 =
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∑

∑
𝑝

𝒑̇ 𝑝 𝑆𝐼𝑝

(4)

𝝈 𝑝 ⋅ ∇𝑆𝐼𝑝 𝑉𝑝

(5)

𝑝

𝑚𝑝 𝒃𝑆𝐼𝑝 +

∫

𝑁𝐼 𝝉𝑑𝑆

(6)

𝜕Ω

where the subscript ‘𝑝’ and ‘𝐼’ denote the properties associated with material point and grid node, respectively; 𝒑̇ 𝐼 is the material
𝑒𝑥𝑡
̇
time derivative of nodal momentum; 𝒇 𝑖𝑛𝑡
𝐼 and 𝒇 𝐼 are the internal and external nodal forces, respectively; 𝒑𝑝 is the material time
derivative of momentum for material points; 𝝈 𝑝 is the Cauchy stress; 𝑉𝑝 and 𝑚𝑝 are the volume and mass of the material point,
respectively; 𝝉 is the boundary traction; 𝑁𝐼 is the shape function; 𝑆𝐼𝑝 and ∇𝑆𝐼𝑝 are the weighting function and its gradient,
respectively 31 . Once the nodal forces are computed, they are further distributed to its surrounding material points to update their
states.
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2.2

DEM Solver

DEM provides a numerical solution to each RVE attached to a material point in MPM for each incremental deformation at the
macroscopic BVP. In DEM, the normal contact force 𝒇 𝑛 and tangential/shear contact force 𝒇 𝑡 are computed as follows:
𝒇 𝑛 = − 𝑘𝑐𝑛 𝛿𝒏
𝒇𝑡 = −

(7)

min(𝑘𝑐𝑡 𝑢𝑡 , 𝒇 𝑛

tan 𝜑)𝒕

(8)

where 𝑘𝑐𝑛 and 𝑘𝑐𝑡 are normal and tangential contact stiffness, respectively; 𝛿 is the contact overlap; 𝑢𝑡 is the relative shear incremental displacement; 𝜑 is the inter-particle friction angle, and 𝒏 and 𝒕 are the unit normal vector and unit tangential vector of
the contact, respectively.
In DEM simulation, two models, i.e., the linear spring model and the Hertz-Mindlin contact model 32,33 are commonly used to
describe the interaction between two contacted particles. The linear spring model assumes the contact stiffnesses to be constant,
while the latter considers these stiffnesses varying with the contact overlap. It has been found that both models yield similar
results on both microscopic and macroscopic mechanical behaviors of granular materials 34 . In our study, the linear spring model
is adopted due to its computational efficient. In the linear spring model, the contact stiffnesses (𝑘𝑐𝑛 , 𝑘𝑐𝑡 ) are given by:
𝑘𝑐𝑛 =𝐸𝑟∗
𝑘𝑐𝑡

(9)
∗

=𝜈𝐸𝑟

𝑟∗

(10)
𝑘𝑐𝑡 ∕𝑘𝑐𝑛

where 𝐸 is the Young’s modulus; = 2𝑟𝑖 𝑟𝑗 ∕(𝑟𝑖 + 𝑟𝑗 ) is the harmonic mean of radii of the contacting particles; 𝜈 =
is
the stiffness ratio. Note that rolling resistance is not considered in the current study.
In the proposed MPM-DEM framework, the essential information retrieved from the DEM solver is the Cauchy stress tensor
𝝈, which can be obtained by homogenizing over the deformed RVE based on Love-Weber formula 35,36 :
𝝈=

1 ∑
𝒅 ⊗ 𝒇𝑐
𝑉 𝑁

(11)

𝑐

where “⊗” denotes the dyadic product; 𝑉 is the total volume of the assembly; 𝑁𝑐 is the whole contact inside the RVE; 𝒅
is the branch vector joining centers of the contacting particles, and 𝒇 𝑐 is the contact force. Given the homogenized stress, the
mean stress 𝑝 and the deviatoric stress 𝑞 can be defined as:
1
𝑝 = tr(𝝈)
(12)
3
√
3
𝑞=
𝒔∶ 𝒔
(13)
2
where “tr” indicates the trace of a tensor; “:” is the double contraction operator; 𝒔 = 𝝈 − 𝑝𝑰 is the deviatoric part of the stress
tensor 𝝈, and 𝑰 is an identity tensor. Likewise, the volumetric strain 𝜀𝑣 is calculated as follows:
𝑉0
(14)
𝑉
where 𝜺 is the strain tensor; 𝑉 are the volume of RVE and 𝑉0 is its initial value. Positive volumetric strain denotes dilatancy.
𝜀𝑣 = tr(𝜺) = − ln
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With the nature of conventional continuum-based method, MPM relies on a constitutive model to link deformation and stress.
However, granular media are high nonlinear and history-dependent due to their discrete nature. Phenomenological models for
granular media have gained certain success in specific loading conditions, e.g., monotonic loading of pure rotational shear,
it remains challenging for a single model (with one set of calibrated model parameters) to capture more complicated material response such as strain localization 13 , anisotropy 12,6 and liquefaction under complex loading conditions such as general
dynamic loading 14 as in earthquake. DEM has been proven to be versatile and robust in reproducing highly nonlinear response
of granular media under different loading conditions, directly from an assembly of particles. Using DEM to replace the use of
conventional constitutive models in MPM can not only preserve the discrete nature of granular media but also bypass the need
for phenomenological assumptions. The hierarchical coupling of MPM with DEM is hereby a perfect match for granular media
modeling.
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Averaged particle rotation 𝜃 is another quantity that could be extracted from RVE to examine the micro-mechanical behavior
of granular media, which is given by:
1 ∑
𝜃
(15)
𝑁 𝑁 𝑝
where 𝑁 is the number of DEM particle in a RVE; 𝜃𝑝 is the accumulated rotation of an individual particle inside the assembly.
𝜃=
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3 HIGH-EFFICIENCY PARALLEL SCHEME AND ITS IMPLEMENTATION FOR
COUPLED MPM-DEM
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The MPM-DEM multiscale framework comprises two simulation components: the macroscopic MPM solver handling the
motion and deformation of the continuum body, and the mesoscopic DEM solver providing mechanical material responses based
on particle-scale solutions. In particular, two popular open-source codes, CB-Geo MPM 37,38 and YADE 39 are employed for the
MPM and DEM solvers, respectively.
To integrate these two modules for granular media modeling, a specified interface is required for two-way information
exchanging of the deformation and mechanical response. As computational cost may be a concern, the interface engine should
also accommodate potential high-performance computing schemes for multiscale computation. In this study, the interface engine
has been designed as a coupler to serve as an external executable to manage the overall workflow of the simulation. Both the
MPM and DEM solvers are attached to the coupler as libraries. The coupler is programmed in Python to facilitate code integration. This coupler has also been so designed to be sufficiently general and adaptable for other functionality enrichments, e.g.,
adopting specialized SudoDEM 26,40 for considering particle morphology. The implementation has been made noninvasive and
user-friendly to avoid detailed refactoring for both solvers when it only needs to bind several C++ functions to Python to link
with the coupler. Part of the code will be made publicly available.

Start analysis

DEM Mechanical solver

Load RVEs onto each MPI process

Scatter deformations to each MPI process

Compute deformation gradient for
material points in MPM

Apply loading to RVEs in each MPI process
flat MPI model

DEM Mechanical solver
Solve momentum equation and update
material points' state in MPM
No

Rank#0

Rank#1

Node#0

Rank#2

Rank#3

Node#1

...

Rank#n

Node#m

Gather stress from each MPI process

t > tend ?
Yes
End analysis

FIGURE 1 The workflow for the proposed MPM-DEM multiscale framework. Also shown is a schematic for flat MPI model
in the DEM mechanical solver in which separate single-threaded MPI processes are executed on each core of cluster nodes.
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Algorithm 1 Pseudocode for parallel MPM-DEM approach
1:
2:
3:
4:
5:
6:
7:
8:
9:

Accepted Article

10:

if 𝑡 = 0 then
if rank = 0 then
// In master MPI process
MPM.initialization()
end if
MPI.Scatterv(𝑟𝑣𝑒_𝑖𝑛𝑑𝑒𝑥)
// In each MPI process
for 𝑖 in 𝑟𝑣𝑒_𝑖𝑛𝑑𝑒𝑥 segment do
DEM.addScene()
DEM.loadRve(𝑖)
end for
end if
while 0 < 𝑡 < 𝑡𝑒𝑛𝑑 do
if rank = 0 then
MPM.computeDeformation()
end if
MPI.Scatterv(𝑟𝑣𝑒_𝑑𝑒𝑓 𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛)
// In each MPI process
for 𝑖 in 𝑟𝑣𝑒_𝑖𝑛𝑑𝑒𝑥 segment do
DEM.switchToScene(𝑖)
DEM.shearRve()
DEM.computeStress()
end for
MPI.Gatherv(𝑟𝑣𝑒_𝑠𝑡𝑟𝑒𝑠𝑠)
if rank = 0 then
MPM.updateParticleState()
end if
𝑡 = 𝑡 + Δ𝑡
end while

11:

12:
13:

14:

15:

16:
17:

18:

19:

20:

21:
22:
23:
24:

25:

26:

27:
28:

29:
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The workflow and the implementation for the parallel MPM-DEM multiscale framework are illustrated in Fig. 1 and
Algorithm 1, respectively. Since the DEM simulation is the most computationally expensive part of the entire multiscale modeling, we have implemented the large-scale parallelization in distributed high-performance computing nodes based on Message
Passing Interface (MPI) to accelerate this part solely, while leaving the less intensive MPM computation handled among differR
ent threads within a single node using Intel oneAPI Threading Building Blocks (oneTBB) 41 for simplicity. In what follows,
emphasis is placed upon the large-scale parallel computing scheme for DEM and we will use parallel scheme to denote this
inter-node parallelization unless stated otherwise.
Python package mpi4py is exploited for implementation of the parallel scheme. This implementation is based on the singlelevel flat MPI model, in which separate single-threaded MPI processes are executed on each core of multiple nodes 42 . Prior to
the explicit time integration, the MPM solver will undertake the task of initialization, including parsing the input file and creating
the background mesh. At this stage, a number of MPI processes are launched by the coupler with each running an independent
DEM solver. The set containing the entire RVEs/material points index is then divided nearly evenly into ‘𝑛’ partitions (‘𝑛’ is
the amount of MPI process) which are distributed to all MPI processes. With the assigned index, DEM solver on each MPI
process will load the corresponding RVE packings into local memory. It is noted that loading packing into separated processing
unit helps to achieve data parallelism, minimizing subsequent data exchange between the master and slave processes, and hence
reducing communication overhead.
Similar operations are executed in subsequent coupling cycles. First, the incremental displacement gradients d𝑯 𝑡+1
for all
𝑝
RVEs are computed in the MPM solver:

This article is protected by copyright. All rights reserved.

W. LIANG ET

7

AL

from particle to grid:

𝑚𝑡𝐼 =

∑

𝑆𝐼𝑝 𝑚𝑝 ,

𝑝

from grid to particle:

d𝑯 𝑡+1
𝑝 = Δ𝑡

∑

𝒑𝑡𝐼 =

∑

𝑆𝐼𝑝 𝒑𝑡𝑝 ,

𝒗𝑡𝐼 = 𝒑𝑡𝐼 ∕𝑚𝑡𝐼

(16)

𝑝

∇𝑆𝐼𝑝 𝒗𝑡𝐼

(17)

𝐼
152
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where 𝑚𝑡𝐼 , 𝒑𝑡𝐼 and 𝒗𝑡𝐼 represent mass, momentum and velocity at grid node 𝐼, respectively; 𝑚𝑝 , 𝒑𝑡𝑝 and 𝒗𝑡𝑝 denote the mass,
momentum and velocity of material point 𝑝, respectively. 𝑆𝐼𝑝 and ∇𝑆𝐼𝑝 are the shape function and its gradient. The computed
incremental displacement gradients (d𝑯 𝑡+1
𝑝 ) are then distributed to all MPI processes by a collective communication routine
MPI.Scatterv(). Based on these deformation information, the task of shearing RVE, which is the most computationally
intensive part within the entire workflow, is undertaken by multiple DEM solvers held in different MPI processes. Once the
loading of RVE is accomplished across all processing units, the material responses, e.g., Cauchy stress (Eqn. 11), and averaged
particle angular velocity (Eqn. 15), are retrieved from the deformed RVE and sent back to the master rank (via MPI.Gatherv())
to allow MPM solver to solve the momentum equation at grid node (Eqn. 3 - 6). Finally, with the updated grid node variables,
the velocity 𝒗𝑝 and position 𝒙𝑝 for material points in MPM can be updated accordingly:

158
159

160

𝑡
𝒗𝑡+1
𝑝 = 𝒗𝑝 + Δ𝑡

∑

𝑆𝐼𝑝 𝒑̇ 𝑡+1
∕𝑚𝑡𝐼
𝐼

(18)

𝑆𝐼𝑝 𝒗𝑡+1
.
𝐼

(19)

𝐼

𝑡
𝒙𝑡+1
𝑝 = 𝒙𝑝 + Δ𝑡

∑
𝐼
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Another commonly used parallel scheme is the multi-level hybrid parallel model 43 in which coarse-grain parallelization
is realized through MPI communication across nodes while fine-grain parallelization is achieved via loop-level parallelism
inside each node using compiler optimizations such as OpenMP 44 . Although this hybrid MPI-OpenMP model may reduce the
communication overhead over flat MPI model due to its allowing each thread directly access the shared memory within the
same node, such performance enhancement may not compensate its complex programming. It is important to note that in the
hierarchical multiscale framework, each RVE is independent of the others and thus only two collective communications, i.e.,
MPI.Scatterv() and MPI.Gatherv(), are required in each computation step as shown in Algorithm 1. This favorable feature
leads to a considerably low communication overhead as compared to those achieving parallelization via domain decomposition
that requires frequent exchange of data for halo region (region shared between sub-domains).
Load balancing is also one of the key aspects for achieving an optimal parallel performance. In the present parallelism implementation, dynamic load balancing during runtime is not applicable, since RVEs are bound to specified MPI process before the
main loop. Therefore, it is necessary to determine an optimal workload for assigned resources. One efficient and straightforward approach is randomly numbering material points during the pre-processing, so that RVE with different deformation could
be distributed evenly, and consequently, each MPI process could handle a DEM task with similar computational intensity (note
that the computational speed of DEM solver is slightly affected by the configuration of an RVE, e.g., shearing a regular RVE is
slightly faster than a skewed one). Such techniques are employed throughout this work.
The proposed 3D multiscale framework implemented with the above parallel schemes has further been ported to Tianhe-2, the
National Supercomputer Center in Guangzhou, China (NSCC-GZ) for large-scale 3D simulations. Tianhe-2 has around 16,000
nodes with each equipped with 2-way 12-core Intel Xeon E5-2692v2 CPU, 3x Intel Xeon Phi co-processor and 64GB memory.
It is also customized with internal high-speed interconnection TH-2 Express-2 within a torus network. Notably, although the
proposed framework is run on massively large-scale architectures such as Tianhe-2, it is also suitable for medium-size clusters
and common desktops since it is developed for the standard Linux environment, constrained only by the accessible memory.
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NUMERICAL EXAMPLES

Numerical examples are presented in this section for three-fold purposes: (1) to validate the accuracy of the overall threedimensional MPM-DEM framework, (2) to examine the performance of the proposed parallel scheme, and (3) to demonstrate
the predictive capability of the multiscale approach empowered by efficient parallelism for engineering problems pertaining to
granular media. A number of problems with increasing complexity have been selected, from a simple unit element test to the
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190

intrusion of solid objects into granular matter, to verify the accuracy, efficiency and versatility of the proposed 3D multiscale
approach.

191

4.1

189

192
193
194
195
196

Unit element test is useful for validating the accuracy of numerical approaches including both FEM and MPM (see 16,18,15 ). We
herein use the unit element test to verify the accuracy of the overall three-dimensional framework including the information
passing scheme between the macroscale and mesoscale under diverse boundary conditions. The configuration of the problem
is shown in Fig. 2 . The cube sample has an element size of 1 m, the vertical displacement for bottom surface is fixed, the
lateral surfaces are subjected to surface tractions 𝒕̄ = 100kPa and top surface is subjected to displacement loading Δ𝑢. The
element is loaded to a state with a axial strain of 𝜀𝑦𝑦 = 50% to validate the accuracy of the apporach at finite strain level. The
unit cell comprises eight material points witch each attaching to an identical RVE. The RVE is generated with the following
typical microscopic parameters: number of DEM particle 𝑁 = 800, grain density 𝜌 = 2650kg∕m3 , radii of spherical particles
𝑟 range from 3 to 7 mm (̄𝑟 = 5 mm), Young’s modulus 𝐸 = 100MPa, stiffness ratio 𝜈 = 𝑘𝑡 ∕𝑘𝑛 = 0.8, and inter-particle friction
𝜇 = 0.5. Each RVE packing is consolidated to a medium-dense initial state with a porosity 𝑛 = 0.373 and a confining pressure
𝑝𝑐 = 100kPa prior to the global loading. It is noteworthy that the number of DEM particles we use in each RVE is slightly
smaller than those in 28,17 as our trail test show that the generated RVE also offer representative responses.

Accepted Article

197

Unit element test

198

199
200

201
202

203

u

t

FIGURE 2 Model setup for the unit element test. The vertical displacement for bottom surface is fixed, the lateral surfaces are
subjected to surface tractions 𝒕̄ and top one is subjected to displacement loading Δ𝑢.

208

Fig. 3 compares the MPM-DEM multiscale solutions, in terms of the stress-strain response and the dilatancy curve, with
pure DEM simulations under the same loading condition of the unit test. It is evident that the multiscale solutions and pure DEM
simulations consistently capture both the pre-peak and the strain softening responses and the dilatancy characteristics of the
granular sample, confirming that the multiscale framework is well benchmarked. Note that the pure DEM simulations exhibit
mild fluctuations due to the limited number of particles used for the RVE for intended computational efficiency.
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4.2

204
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Granular column collapse

Three-dimensional granular column collapse has been frequently investigated in both experiments 45,46,47 and numerical simulations 47,48,49,50 , which can be used as another benchmark test for the proposed framework. During the collapse process, the
soil may simultaneously exhibit solid-like and fluid-like characteristics, making it challenging to predict by a single constitutive
model. We hereby present a multiscale prediction of the column collapse problem and benchmark it with experimental test 46 ,
to showcase the potential of MPM-DEM approach in capturing material response across both static and dynamics regimes. A
series of scaling tests are further conducted to evaluate the performance of the proposed parallel scheme.
The model setup for the simulation shown in Fig. 4 follows exactly its experimental counterpart outlined in 46 . The initial
height and length of granular column are set as 𝐻𝑖 = 60mm and 𝐿𝑖 = 100mm, respectively, with an aspect ratio of 𝑎 = 𝐻𝑖 ∕𝐿𝑖 =
0.6. The dimension of the final deposition are measured by 𝐻𝑓 and 𝐿𝑓 . The granular column is placed on a rectangular chamber
This article is protected by copyright. All rights reserved.
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(a)
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FIGURE 3 Benchmark of multiscale predictions by pure DEM simulations: stress response and dilatancy curve for the unit
element test
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FIGURE 4 Model setup for the 3D column collapse problem
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with a width of 𝑊 = 45mm. The microscopic parameters for the RVEs are selected as: number of DEM particle 𝑁 = 800,
grain density 𝜌 = 2500kg∕m3 , radii of spherical particles 𝑟 = 1.8 ∼ 4.2mm (̄𝑟 = 3 mm), Young’s modulus 𝐸 = 600MPa,
stiffness ratio 𝜈 = 𝑘𝑡 ∕𝑘𝑛 = 0.5, inter-particle friction 𝜇 = 0.384, and initial porosity 𝑛 = 0.401. Specifically, the key parameter
inter-particle friction 𝜇 is determined according to the experiment 46 . In this simulation, the bottom surface is assumed to be
nonslip whereas the side walls are frictionless. Before the collapse is triggered, an additional Dirichlet boundary condition
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(displacement constraint in 𝑦 direction) is imposed at the outer lateral surface of the column to achieve an equilibrium stress state.
This constraint is then removed to allow the column freely collapse and flow down. Following the experiment 46 , √
a dimensionless
characteristic time 𝜏𝑐 is adopted in the analysis, which is related to the free fall of the granular column via 𝜏𝑐 = 𝐻𝑖 ∕ 𝑔, where
𝑔 is the gravity. Accordingly, the characteristic time herein is computed as 𝜏𝑐 = 0.0782𝑠, and 𝑡 = 0 denotes the commencement
of collapse process.

4.2.1

Flow patterns

Fig. 5 shows a comparison of the velocity field obtained by our simulation and the experimental data from 46 . It is evident that
the slumping initiates from the upper edge of the outer surface of the column. The whole column is divided into two distinct
portions by a clear failure surface above which the soil slides down as almost an intact bulk mass while the lower part remains
still. The development of the collapse process is so swift that at 𝑡 = 3𝜏𝑐 , the majority of the soil ceases to move except the portion
in the vicinity of the front and that close to the surface. The collapse process nearly ends 𝑡 = 7𝜏𝑐 as indicated by the extremely
low velocity magnitude. Fig. 6 , further presents a quantitative comparison of the numerical predictions and the experimental
measurements 46 in terms of the scaled distance traveled by the collapsing mass. Again, the multiscale simulation yields a good
agreement with the experimental study despite a slight delay in the collapse evolution.
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FIGURE 5 Snapshots (front view) of velocity field obtained from the simulation and experiment 46 at 𝑡 = 0.5𝜏𝑐 , 2𝜏𝑐 , 3𝜏𝑐 and
7𝜏𝑐 .
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FIGURE 6 Scaled travelling distance of the collapsing mass (experimental data from 46 )

Parallelism performance: strong scaling

To evaluate the scalability and numerical performance of the proposed parallel scheme, a series of scaling tests are performed.
We firstly examine the strong scaling test which is commonly used to measure the parallel efficiency for fixed workload problems
(i.e., fixed number of material points/RVEs). In this test, the granular column has the same geometry as the aforementioned one
and consists of 50, 000 RVEs. The simulation runs 100 steps with varying number of computers (which we refer to as node(s)
hereafter). While the number of steps is relatively small, it has a minor influence on the drawn conclusion since the explicit
integration used in both MPM and DEM solvers renders a stable computational time in each step. To obtain a detailed profile
for analyzing the runtime behavior of the multiscale framework, the elapsed time for MPM, DEM and MPI communication
are recorded separately. In particular, the cost of MPM computing includes locating material points in the background mesh,
computing deformation gradient for all RVEs, and updating momentums and positions of material points; the DEM cost refers to
the time for shearing all RVEs; and the cost of MPI comprises scattering the deformation information and gathering homogenized
stresses from all MPI process. Note that the file I/O routine (e.g., output .vtk file) is not included in the scaling test since it
is only called every thousand steps in typical practice. The strong scaling test is performed with 1 to 420 computing nodes
(corresponding CPU cores ranging from 24 to 10, 080), leading to a patch size (number of RVE per MPI process) roughly
varying from 2083 to 5. Due to constraints by memory, the scaling test with one node is conducted in the same system with a
larger memory (128 GB).
For the strong scaling test, the average running time per step for each part of the simulation is shown in Fig. 7 . For the test
without applying the parallel computing across multiple nodes, each DEM solution takes over 10 seconds, accounting for more
than 97.7% of the overall elapsed time. It is thus reasonable to improve this specified part instead of the whole framework. Utilizing more nodes, it can be seen that the cost of the DEM drops substantially, approaching ideally to be inversely proportional
to the number of nodes. On the other hand, as the MPM computation does not invoke any MPI-based parallelization, its consuming time stably varies between 0.27 s and 0.37 s. As for the MPI part, the communication overhead is comparatively low,
around two orders of magnitude lower than that of the MPM part when the node number is small, i.e. smaller than 32. As more
computing nodes are involved, the MPI cost increases dramatically. For example, the MPI overhead is around half of that of
DEM when using 128 nodes. However, this communication overhead becomes one order higher than the latter when using 420
nodes, and gradually becomes the bottleneck of the multiscale simulation. While not presented for brevity, we also observed
the communication overhead of scattering the incremental displacement gradient is slightly higher than that of gathering the
stresses due to the former has larger message size.
With the running time profile, it is straightforward to measure the performance of the parallelism. It is noted that, we use
the computational cost with 1 computer node (24 CPU cores) as our scaling reference as our focus is placed on the inter-node
This article is protected by copyright. All rights reserved.
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FIGURE 7 Averaged execution time per step for each part of the computation in the strong scaling test

parallelization. Herein, ‘speedup’ and ‘parallel efficiency’ are used to quantify the scalability and the efficiency of the proposed
parallel scheme, which could be straightforwardly defined as:
speedup = 𝑡1 ∕𝑡𝑁𝑛𝑜𝑑𝑒

(20)

parallel efficiency = 𝑡1 ∕(𝑡𝑁𝑛𝑜𝑑𝑒 × 𝑁𝑛𝑜𝑑𝑒 )

(21)
(22)

where 𝑡1 and 𝑡𝑁𝑛𝑜𝑑𝑒 denote the time needed to accomplish the computation using 1 and 𝑁𝑛𝑜𝑑𝑒 node(s), respectively. In strong
scaling test in parallel computing, the upper limit of speedup prescribed by Amdahl’s law 51 reads:

285

1
(23)
𝑠 + 𝑝∕𝑁𝑛𝑜𝑑𝑒
where 𝑠 is the fraction of serial part of the computation not amenable to parallelization referring to the MPM computational
cost herein, while 𝑝 is the proportion of parallelized computation. According to aforementioned time profile, 𝑝 and 𝑠 are taken
as 0.977 and 0.023, respectively.
Fig. 8 (a) depicts the speedup for the overall computation (MPM + DEM + MPI) and DEM standalone parts. It can be seen
that the DEM achieves an ideally linear enhancement of performance for all running configurations due to the independence of
RVE with no communication overhead, demonstrating the efficiency of the proposed parallelism strategy. However, as for the
overall performance, the speedup appears to approach the upper limit (Eq. 23) for the medium nodes size (e.g., 128 nodes), and
drops slightly with more nodes. Such a performance degradation is more noticeable in the parallel efficiency shown in Fig. 8 (b),
especially when the node number increases from 32 to 128. Clearly, this reduction of efficiency is attributed to the exponential
increase in communication overhead which overwhelms the performance enhancement pertaining to DEM. Fig. 8 , revealing
that the proposed parallelism scheme based on flat MPI model is suitable for medium node size (e.g., 64), and the bottlenecks in
communication overhead eventually arise for larger node size and prevent the scheme from achieving an efficient scaling. For an
extremely large number of nodes, devising more advanced multi-level parallelization may reduce the communication overhead
and help leverage the strong scaling performance, which is, however, out of the scope of this work.

286

4.2.3
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speedup =

Parallelism performance: weak scaling

A weak scaling test is also conducted to investigate the scalability of the parallelism. It is designed to examine whether the size
of problems can be scaled up with the amount of available computational resources, which is of great importance in designing
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(a)

(b)

FIGURE 8 The parallel performance in the strong scaling test: (a) speedup, (b) parallel efficiency

the model setup. The simulation with 1 computer node is taken as the reference test which contains 4.800 RVEs. While other
model systems increase by a factor of 2 in the problem size. The fully running configuration on Tianhe-2 invokes up to 512
nodes and 12, 288 CPU cores, resulting in a problem size of 2, 457, 600 RVEs which is at least two orders of magnitude larger
than our previous multiscale simulations 15,52 .

FIGURE 9 Averaged execution time per step for each part of the computation in the weak scaling test

293
294
295
296
297

Fig. 9 presents running time profile of the scaling test. It is evident that the DEM cost in each step stabilizes at around 1.3 s
for different problem sizes. This is not surprising since the problem size is linearly proportional to the amount of nodes and the
patch size (number of RVE per MPI process) remains constant during the course of scaling. In contrast, without implementing
any MPI-based parallelism among distributed nodes, the MPM cost increases with the problem size and eventually exceeds the
DEM part when the scaling factor is up to 64 (307, 200 RVEs). Likewise, the cost of MPI part also increases with the amount
This article is protected by copyright. All rights reserved.
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of MPI processes, but remains approximately two orders lower than that of MPM. It is also noted that the increasing rate of
MPI communication overhead appears to be faster once the node number is larger than 64, indicating a growing complexity of
message communication with a larger number of MPI processes 53 . Similarly, we use ‘scaled speedup’ and ‘parallel efficiency’
for measuring the performance of parallelization in weak scaling, which could be defined as:
scaled speedup = 𝑡1 ∕𝑡𝑁𝑛𝑜𝑑𝑒 × 𝑁𝑛𝑜𝑑𝑒

(24)

parallel efficiency = 𝑡1 ∕𝑡𝑁𝑛𝑜𝑑𝑒
302
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(25)

where 𝑁𝑛𝑜𝑑𝑒 is incorporated in the scaled speedup to reflect different problems size involved. In weak scaling test of parallel
computing, Gustafson’s Law 54 provides an estimation of the upper bound of scaled speedup, which reads:
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scaled speedup = 𝑠 + 𝑝 × 𝑁𝑛𝑜𝑑𝑒

(26)

where 𝑠 and 𝑝 have the same definition as those in Eq. 23.

(a)

(b)

FIGURE 10 The parallel performance in the weak scaling test: (a) scaled speedup, (b) parallel efficiency

The parallel performance in the weak scaling test is plotted in Fig. 10 . Again, the parallel scheme manifests itself as the DEM
computation, the kernel component of the multiscale framework, achieves almost ideal performance enhancement. Because of
the relatively high value of 𝑝 (𝑝 = 0.977), the bound obtained from Gustafson’s Law 54 nearly converges to the ideal linear curve.
The overall scaled speedup exhibits an almost linear increase when the node size is smaller than 64, where the problem has
been enlarged up to 307, 200 RVEs. However, with the increase in both node size and the problem size, the parallel efficiency
drops gradually and goes below 0.2 when the number of node increase to 256. Moreover, it is also observed that the scaled
speedup diverges from Gustafson’s Law prediction and reached only 40 at the fully running configuration. Clearly, this deviation
is attributed to the characteristic of our parallel scheme which only implements MPI-based parallel computing on distributed
nodes for the DEM part while the MPM computation is handled on a single node. Although this strategy is straightforward and
efficient, it can hardly guarantee an optimal load balance. As shown in this weak scaling test (c.f. Fig. 9 ), when the problem size
and node size are sufficiently large, the DEM computational task is accomplished as fast as or even faster than that of the MPM
part, resulting in the occurrence of process idling and inevitable performance degradation. Though one could further improve
the overall performance via implementing MPI-based parallelism for the MPM solver, it requires more advanced coding skills.
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Intrusion of solid object

The multiscale modeling framework empowered by the proposed parallel scheme renders it possible for efficient simulation of
large-scale boundary value problems. A demonstration is presented on its simulation of the intrusion of a solid object into the
granular media. Motivated by a recent study by 55 , where the drag forces are examined experimentally by driving the intruder
quasi-statically into the granular matter, e.g., glass beads, quartz and millet. The same topic has attracted a series of interesting
studies recently 56,10,57,58 .
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FIGURE 11 Model setup for the intrusion of solid object into granular media: (a) rectangular and circular cross-sections of the
intruders (b) the background mesh and (c) the material points used to discretize the intruder and the soil

324
325

326
327
328
329
330

331

332
333

334
335
336
337
338
339

340
341
342
343
344
345
346
347
348

Fig. 11 illustrates the simulation setup involving two types of intruders with a dimension of 1 meter in both height and
diameter: cylinder and cuboid. Given the symmetry nature of the problem, only one quarter of the domain is simulated with a
dimension of 5 × 5 × 5 m. Fig. 11 (b) and (c) show the mesh and the associated material points, respectively. The minimum
element/cell has a size of 0.0625 m in each dimension, and each cell comprises 8 material points. During the simulation, the
intrusion velocity first linearly increases to 0.25 m/s, and is then kept constant to alleviate the stress oscillation caused by the
potential dynamic effect. Note that the selected loading velocity is sufficiently small to maintain a quasi-static penetration.
Without losing generality, the RVEs are prepared with typical microscopic parameters that have the same values as those in the
unit element test (Section 4.1). The initial porosity 𝑛 of the RVE is around 0.397. In this example, the problem size allows a total
simulation of up to 287, 496 RVEs and equivalently 229, 996, 800 DEM particles. Each simulation takes around 39.6 hours to
accomplish on 40 nodes (960 CPU cores).
We firstly investigate the deformation patterns of the granular media during the intrusion. Fig. 12 shows the displacement
fields for both cases of cylindrical and the cuboid intruders. Despite the difference in the cross-section shape, both simulations
share a similar deformation pattern: a cone-shaped stagnant zone is developed ahead of the intruders, displacing aside the frontal
soils and penetrating downward alongside the intruders. As the penetration proceeds, the soil immediately on the side of the
intruder is squeezed upwards, forming a mild heave on the ground surface. Since the soil used in the simulation is in a mediumdense state and does not exhibit apparent dilatancy, such heaving is insignificant. Also, it can be seen that the influencing region
of the cuboid intruder, i.e., the stagnant zone and the mobilized mass, is slightly larger than that of the cylindrical intruder
because of the larger cross-section area.
Fig. 13 presents the vertical resistant force during the intrusion. In particular, dimensionless quantities, i.e., normalized
55
̃
force 𝑝̃𝑢 = 𝑝𝑢 ∕(𝜌𝑔𝑅) and
√ normalized displacement 𝑑 = 𝑑∕𝑅, are introduced according to . For the cuboid intruder, the
equivalent radius 𝑅𝑒 = 4𝑆∕𝜋 is taken, where 𝑆 is the area of intruder cross-section and the constant 4 accounts for the quarter
model adopted. Fig. 13 shows that the 𝑝̃𝑢 − 𝑑̃ relation for intruders with different cross-section shapes collapses to a single
curve consisting of an initial nonlinear regime and a steady-state linear regime, in excellent agreement with the experimental
observation 55,57 . Following past studies 55,57 , we then fit this force-depth relation in steady regime by 𝑝̃𝑢 = 𝐾𝜙 𝑑̃ + 𝑝̃0 . It is clear
that the linear law fits the normalized forces of both intruders well with a gradient 𝐾𝜙 of 23.024. As pointed out in the recently
This article is protected by copyright. All rights reserved.

Accepted Article

16

349

350

351

W. LIANG ET

AL

FIGURE 12 Contours of displacements for (a, c) cylindrical and (b, d) cuboid intruders at the final state

proposed modified Archimedes’ law 55 , 𝐾𝜙 is independent of the intruder shape. Instead, it depends only on the internal friction
angle (repose angle) 𝜙 of the intruded media, and could be formulated by following equation:
1

2(1 + sin 𝜙) 𝜋 tan 𝜙
𝐾𝜙 =
𝑒
𝜂𝐴(𝜂, 𝜙)d𝜂
∫
1 − sin 𝜙

(27)

0

where 𝐴(𝜂, 𝜙) could be expressed as
𝐴(𝜂, 𝜙) =

This article is protected by copyright. All rights reserved.

( 𝑟1+tan2 𝛽 )sin 𝜙
1
2
𝑟2tan 𝛽 𝑟3

𝑒sin 𝜙 tan 𝛽𝑍(𝜂,𝜙)

(28)
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FIGURE 13 Normalized force versus normalized displacement

and coefficient 𝛽, 𝑟1 , 𝑟2 , 𝑟3 and 𝑍(𝜂, 𝜙) are computed as follows:
𝜋 𝜙
−
4 2
(
2(1 − 𝜂) 𝜋 tan 𝜙 )
𝑒2
𝑟1 = 𝑅 1 +
tan 𝛽
(
𝑅(1 − 𝜂) 𝜋 tan 𝜙 )
𝑟2 = 𝑅 1 +
𝑒2
tan 𝛽
𝑟3 = 𝑅𝜂
𝛽 =

(29a)
(29b)
(29c)
(29d)

𝜋∕2

𝑍(𝜂, 𝜙) =

(𝜂 − 1)𝑒𝜓 tan 𝜙 cos(𝜓 + 𝛽)
d𝜓
∫ cos 𝜙[sin 𝛽 + (1 − 𝜂)𝑒𝜓 tan 𝜙 sin (𝜓 − 𝛽)]

(29e)

0

In an attempt to further compare our numerical solution with the above theoretical prediction, the repose angle 𝜙 of the RVE
packings is measured as 26.8◦ with a standard deviation is 1.5. We plot (𝜙, 𝐾𝜙 ) from current multiscale modeling onto Fig.
14 in a comparison with the theoretical prediction 55 and experimental data 55,56,58 . It is clear that our multiscale solution is in
an excellent agreement with the prediction by the modified Archimedes’ law, providing another strong support for this newly
proposed theory from a numerical perspective beyond a pure DEM study 57 .
In addition to the 𝐾𝜙 − 𝜙 relation, the modified Archimedes’ law also implies that the resistant force during the intrusion into
a granular matter is linearly proportional to the effective penetrating volume 𝑉 (𝑑) = 𝑆𝑑 + 𝑉𝑠𝑧 (𝑑) that comprises the immersed
volume of the intruder 𝑆𝑑 and the growing volume of the stagnant zone 𝑉𝑠𝑧 (𝑑). Specifically, the latter governs the initial
nonlinear regime of the resistance force. To date, the growing mechanism of the stagnant zone remains open. 58 postulates that
the stagnant zone extends its volume from a flat disc to a cone wedge, analogous to a fixed-base frustum with increasing height.
On the other hand, 59 argued that the stagnant zone starts as a short wedge and gradually ‘fanning out’, converging eventually to
a trapezoid-like shape. Therefore, it is of interest to investigate the initial nonlinear regime of force-displacement curve and its
underlying development mechanism for the stagnant zone.
A critical step of investigating the development mechanism of stagnant zone is to select an appropriate quantity to measure
the stagnant zone. As pointed out in 55,58 , the formation of stagnant zone is largely attributed to the jamming of grain particles
ahead of the flat plate, and the material close to the side surface of the stagnant zone would fall into plastic flow regime, showing
a strong tendency of shearing. From the particle-scale perspective, shearing commonly takes the form of particle rolling, and
therefore, the averaged particle angular velocity 𝜃̇ (obtained via 𝜃̇ = (𝜃 𝑡+1 − 𝜃 𝑡 )∕Δ𝑡, where 𝜃 represents the averaged particle
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FIGURE 14 Relation of 𝐾𝜙 and 𝜙

388

rotation as indicated in Eqn.15) serves as an ideal indicator for visualizing the dynamic development of the stagnant zone. Fig.
15 compares the averaged particle angular velocity for the cylindrical intruder in various stages of the intrusion. Those for
the cuboid intruder show similar patterns and are not presented here for brevity. It is observed that a stagnant zone is formed
in front of the intruder, being partitioned by those with noticeable averaged particle angular velocity. In particular, during the
initial period of intrusion (Fig. 15 a-d), the stagnant zone takes a shape of frustum whose base is coincident with the bottom
of the intruder. As the intrusion proceeds, the height of the frustum gradually increases, and at 𝑑̃ = 0.10, the frustum eventually
develops into a cone and maintains its shape afterward till the end of the intrusion at 𝑑̃ = 2.0. This observation is in line with
the postulation by 58 , while the ‘fanning out’ mechanism of the wedge 59 has not been observed from our simulations.
The DEM solutions at particle scale enable us to further examine the complex evolution of stagnant zone. In Fig. 16 , we
show the contact force chain network for three probing RVEs at different stages during the formation of the stagnant zone. As
marked in Fig. 11 c, the three selected RVEs 1 are located underneath the center of the intruder with varying depths (and indeed
they are eventually enclosed within the final stagnant zone). Before the commencement of the intrusion, the RVE buried deeper
has a slightly stronger contact force because of the larger geo-static pressure. Shortly after the intrusion (i.e., 𝑑 = 0.007𝑚), the
RVE on the top is firstly compacted while the other two do not experience noticeable compression. As the penetration continues
(i.e., 𝑑 = 0.0437𝑚), the compression propagates to the intermediate RVE while leaving the bottom RVE roughly intact. The
evolution of the force chain in Fig. 16 clearly reveals the propagation of the compaction during the intrusion process, which is
previously reported in high-porosity sandstones 22,23 . Again, this mesoscopic analysis further confirms the postulation by 58 that
the stagnant zone forms in the mechanism of growing frustum whose height keeps increasing due to the downward solidification.
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CONCLUSIONS

This study presents a scalable three-dimensional (3D) multiscale framework for continuum-discrete modeling of granular media.
The proposed multiscale framework rigorously couples Material Point Method (MPM) and Discrete Element Method (DEM)
for cross-scale simulation of large-scale boundary value problems. The MPM is used to solve the governing equations of a
macroscopic boundary value problem that may enter a large deformation regime, while the DEM serves as a surrogate model
for the continuum history-dependent constitutive response at each material point of MPM. The innovative bridging of MPM

1 coordinates

for RVEs: (0.0156, 0.0156, 4.86), (0.0156, 0.0156, 4.80), (0.0156, 0.0156, 4.70)
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FIGURE 15 Averaged particle angular velocity magnitude 𝜃̇ for the cylindrical intruder in various stages of the penetration:
(a) 𝑑̃ = 0.0062, (b) 𝑑̃ = 0.025, (c) 𝑑̃ = 0.050 (d) 𝑑̃ = 0.10, (e) 𝑑̃ = 1.0 and (b) 𝑑̃ = 2.0
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and DEM allows us to easily tackle geomechanical problems characterized by large deformation and strain localization while
respecting their grain-scale physics. The major findings are summarized as follows:
1. The proposed multiscale framework has been well validated by unit element tests and its application to modeling 3D
granular column collapse. The multiscale model offers consistent predictions with pure DEM simulations of the used RVE
for the unit element test and comparable data with experimental tests on the column collapse problem.
2. To accommodate the high computation cost pertaining to 3D multiscale simulations, an effective and scalable parallel
scheme has been propoised based on the flat MPI model. Through loading and shearing individual RVE in a specified
MPI process, task parallelism and data parallelism are achieved. It is demonstrated that parallel scheme could achieve
around 32X and 40X speedup in strong and weak scaling tests, respectively.
3. A large-scale complex intruder problem is simulated by our proposed multiscale approach empowered by the parallelism
schemes. It is found that the resistant force and penetration depth relation during the intrusion exhibits an initial non-linear
response before becoming linear, and the slope of the steady-state response 𝐾𝜙 depends only on the internal friction of
the intruded granular media, providing a strong numerical support for the recently proposed modified Archimedes’ law
theory 55 . Further cross-scale analyses also reveal that the stagnant zone develops downwards from the top, following a
frustum shape with a fixed base and an increasing height.

Although the parallel scheme based on the flat MPI model eases the implementation and helps to achieve excellent numerical
performance for the proposed multiscale approach, it is suitable only for moderate resources (MPI process number ∼ (103 ))
and problem size (RVE number ∼ (106 )). When both sizes of nodes and the problem dimension increase, the communication
overhead and the MPM cost gradually grow and become the bottleneck of the entire computational framework, affecting its
overarching performance. It deserves further investigations on the overall parallelism to gain better performance. This may
include the implementation of multiple CPU-based 60 or GPU-based 61,62 parallelism for the MPM solver and optimization of
the communication overhead for massively large scaling.
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FIGURE 16 The evolution of force chains for three selected RVEs

423

Some modeling issues related the multiscale approach itself are also noteworthy. Because of large deformation or strain
localization, it is observed that some attached RVEs to the material points (e.g., inside shear band) deform severely, becoming
excessively thin and slender to require a reinitialization. This treatment unavoidably results in the loss of material loading history
and introduces inaccuracy to some extends. It is noted that some effort have been make recently to address such issue, for
example, using a rotating framework of reference and developing an adaptive RVE with evolutionary periodic boundary 63,64,65 .
It would be encouraging to incorporate these attempts into the proposed approach to further advance the multiscale modeling
of granular media.
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