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This work revisits the Gilbert–Johnson–Keerthi (GJK) and the radial direction-based shape erosion method for
the contact resolution of non-spherical particles in discrete element method (DEM). Tests on single contact indi-
cate that the shape erosion would frequently lead to an overestimation on contact overlap, but has aminor effect
on contact normal and contact point. The undesired effect of shape erosion on contact overlap is more pro-
nounced for small overlaps and elongated particles. Further study based on random packing and triaxial com-
pression tests suggests that the shape erosion has a dominant effect on the weak contacts within the packing.
The overestimation of contact overlaps due to shape erosion may tend to push particles away, thereby dismiss
the weak contacts and result in an overall smaller coordination number. Nonetheless, as the contribution of
weak contacts to particle shear resistance is relatively small, the shape erosion exhibits negligible effects on
the packing fabric and the stress–strain behaviors. In practice, it is suggested that the erosion ratio should be care-
fully set such that it is compatible (e.g., in a similar order of magnitude) to the overlaps of strong contacts.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

1.1. Two major issues in DEM

Discrete element method (DEM) [1] is a prominent approach for
modeling particulate systems [2–4]. Critical to the implementation of
DEM is the so-called detection and resolution of inter-particle contacts.
Specifically, contact resolution refers to computing the contact geomet-
ric features such as contact overlap, contact normal and contact point,
which are required by contact models to evaluate contact forces. Previ-
ous studies show that the procedure of contact detection and resolution
generally takes up to 80% running time of a DEM simulation [5]. The sit-
uation would be worse for non-spherical particles. Hence, the contact
detection and resolution step has been attracting increasing attention
due to its dominant role. Geometrically, any concave shapes can be
decomposed into pieces of convex shapes, which thus can be regarded
as the primary elements/shapes in DEM and will be the focus of this
study. In addition to efficiency of contact detection and resolution,
there lacks a general contact theory [6] and thus a unique definition of
the contact geometric features for arbitrarily shaped particles.
1.2. The common normal method and GJK

Two methods that have been widely used in the literature for the
definition of contact geometric features are the geometrical potential
method [7] and the common normal method [8], where the latter has
shown to be more accurate in predicting the contact plane [9]. Follow-
ing the common normal method, the outward normal of each of the
two contacting surfaces at the contact are coincident, forming a single
common normal. The contact normal is taken as the common normal;
the segment joining the two corresponding surface points is the contact
overlap, whose middle is taken as the contact point.

The Gilbert–Johnson–Keerthi (GJK) algorithm [10] provides a fast
procedure to determine whether two convex particles are in contact,
and to compute the distance if they are not, which has been popularly
employed in physics engines of computer graphics and games, and
DEM simulations [11–13]. The GJK algorithm has an elegantmathemat-
ical theory in terms of Minkowski difference. As shown in Fig. 1, the
Minkowski difference of two convex sets is defined as a set of pairwise
differences of all points from the two sets (particles), which provides a
convenient measure to determine whether the two sets (particles) are
in contact or not [14,12]. Specifically, if the Minkowski difference con-
tains the origin, the two particles are in contact; and vice versa. In addi-
tion, the direction along which the support function (i.e., the dot
production of support point and searching direction [15,12]) of the
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Fig. 1. Illustration of the GJK, EPA and GJK-erosion algorithms for contact detection and resolution in DEM.
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Minkowski difference has the smallest value coincides with the contact
normal based on the common normal method.

However, GJK cannot be directly used to resolve the contact geomet-
ric features. Instead, two prevailing approaches for contact resolution
are the expanding polytope algorithm (EPA) [16,12] and the coupled
GJK and shape erosion (GJK-erosion) method [13]. The basic idea of
EPA is to create a polytope inside the Minkowski difference such that
it will be iteratively expanded towards the boundary of the Minkowski
difference [17]. The direction along which the support function of the
inside polytope gets the minimum value is taken as an estimate of the
common normal. Mathematically, the solution of EPA converges to
that of the common normal method with infinite iterations. However,
EPA is computationally heavy. For theGJK-erosionmethod, the two par-
ticles in contact are first eroded by such an extent/margin that therewill
not have any overlap between them. They are then cast into the conven-
tional GJK procedure to obtain the direction that offers the minimum
separation distance. This direction is used as an estimate of the contact
normal.
Fig. 2. Two different shape erosion schemes: (a) erosion in the direc
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1.3. Two erosion schemes and the issues for GJK-erosion-based DEM

As aforementioned, the GJK-erosion method is superior to the GJK
method with respect to computational efficiency. Introduced below
are two promising shape erosion schemes, which could lead to different
estimates of the contact normal.

(1) The Surface Normal-based Erosion Scheme: the point providing
the common normal is eroded exactly along the normal direc-
tion, and thus the solution of contact normal based on this
scheme is the same as that defined by the common normal ap-
proach. However, as illustrated in Fig. 2, a fatal issue of the sur-
face normal-based erosion scheme is that it could result in the
particle losing its convexity and thus failing the GJK procedure.
Even for continuously curved surfaces, the convexity degenera-
tion issue still exists if the inverse of the surface curvature
(i.e., the equivalent radius) at a surface point is smaller than the
erosion depth. A relevant recent progress along this line is the
tion of surface normal and (b) erosion in the direction of origin.
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dilated polyhedron particle model [18,19]. In this model, polyhe-
dral particles are dilated by spheres a prior, such that the GJK
procedure can be directly applied to the original kernel polyhe-
drons. The downside of thismodel is the choice of dilation extent.
A large extent of dilation might result in the particle shape devi-
ating significantly from its origin, whereas small dilation might
not be sufficient to separate the two particles in contact after
erosion.

(2) The Radial Direction-based Erosion Scheme: the surface
points are eroded inside towards the origin. It maintains the
convexity of particles, but may lead to a biased estimate of
the contact normal. As illustrated in Fig. 3, supposing that Par-
ticle A is next to Particle B, vector n is the common normal and
PA and PB are the two corresponding surface points where
provide the common normal. The signed distance between A
and B could be calculated as (PA−PB) · (− n), which is
negative if A and B are not in contact and vice versa. For the
GJK-erosion approach, the evaluated common normal might
be slightly deviated from the true common normal due to
the shape erosion effects. For two particles with fairly small
clearance (e.g., immediately in-tough case), with the deviated
common normal, the signed distance (PA−PB) · (− n), which
is negative but next to zero, might become positive, resulting
in a spurious contact case.
In viewof the issue of the radial direction-based erosion scheme, this
study is devoted to a more quantitative investigation on the effects of
the radial direction-based shape erosion on contact resolution and
DEMsimulations. To beginwith, the effects of shape erosion on the eval-
uated contact geometric features will be studied using ellipsoidal parti-
cles as an illustrative example (Section 2). Then, the effects of shape
erosion on the bulk mechanical behavior of particulate systems will be
analyzed in terms of the packing fabric and stress–strain response
(Section 3). Finally, concluding remarks on the GJK-erosion issue will
be summarized (Section 4). It is anticipated that the results of this re-
search could provide a justification for the usage of the GJK-erosion
method in DEM.

2. Effects on contact geometries

We first consider the single contact test on two ellipsoidal particles
and the emphasis is placed on the effects of shape erosion on the evalu-
ated contact geometric features.
Fig. 3. Illustration of the bias of the contact normal evaluated via the GJK and radial
direction-based shape erosion method, which could potentially result in spurious
contact for two particles with small clearance.
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2.1. Contact scenario setup

In the example test, Particle A is fixed at the originwith the axes par-
allel to the x, y and z axes of the coordinate system. For the placement of
Particle B, three cases of scenario are considered (as sketched in Fig. 4):

• Case I: Particle B is placed with its axes parallel to the coordinate axes.
The centroid varies in the x−o−y plane, with the y coordinate fixed at
0.35m and the x coordinate adjusted to achieve a target contact over-
lap. We consider a parametric set of contact overlaps ranging from 0
to 0.05 m, which accounts for a maximum overlap of about 5%. Both
particles have a long axis length of 2 m and two short axis lengths of
1 m. The purpose of this setup is to investigate that how will the
shape erosion effects vary with contact overlap.

• Case II: Both particles have a long axis length varying from 1 to 4 m
and two short axis lengths fixed at 1 m. Particle B centers in the
x−o−y plane and presents a rotation along the z axis with the rota-
tion angle ranging from 0° to 180°. Its y coordinate maintains 0.35 m
and the x coordinate is adjusted to achieve an overlap of 0.02 m. This
case aims at gaining an insight into the significance of the shape ero-
sion effects for different shape elongations and contact configurations.

• Case III: Both particles have a long axis length of 2mand two short axis
lengths of 1m. Particle B is randomly placed (i.e., with randomposition
and rotation) in the vicinity of Particle A. Specially, overlaps ranging
from 0 to 0.05 m (i.e., contact case) or clearance ranging from 0 to
1.0 m (i.e., non-contact case) are considered following a proctor previ-
ously used in Zhao and Zhao [13]. This casemimics the various contact
configurations existing in a DEM simulation, and the purpose is to gain
a more comprehensive insight into the shape erosion effects and the
computational performance. In this case, the test with EPA is also con-
ducted as a comparison. Both the contact case andnon-contact case are
repeated by one million of trials (each trial has a random position and
rotation).

In all these cases, afixed erosion ratio of 5% (i.e., the radial distance of
each surface point is reduced by 5%) is used for the GJK-erosionmethod
to ensure that two particles could be separated after erosion. The value
5% is selected as it is usually the largest permissible overlap encountered
in conventional DEM simulations. For all the cases, the benchmark solu-
tion (i.e., the analytical solution) of the contact geometric features are
obtained using a bisection iterative approach according to their defini-
tions given by the common normal method (as aforementioned in
Section 1). The errors in the contact geometric features are quantified
as the following:

εδn ¼
δn−δCNn
δCNn

ð1Þ

εn ¼ acos n � nCN� � ð2Þ

εC ¼ jjC−CCNjj ð3Þ

where εδn , εn and εC represent the errors in the contact overlap δn,
contact normal n and contact point C, respectively; the superscript CN
indicates the results of common normal method; and || · || represents
the Euclidean norm (length).

2.2. Results and discussion

For Case I, the results of the contact overlap, contact normal and con-
tact point for different prescribed overlaps are presented in Fig. 5. The
relative error in contact overlap decreases with the increasing overlap
of the two particles. For an overlap of 5%, the relative error in overlap
is about 2%, whereas it could reach as much as 100% for small overlaps.
For two particles immediately in-touch, the GJK-erosion method evalu-
ates an overlap of about 0.001 m, which is about 0.1% of the short axis



Fig. 4. Illustration of particle configurations and test setups of the three contact cases.
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length of the particle. The error in contact normal decreaseswith the in-
creasing overlap, whereas the variation is fairly small and the average is
about 3°. Fig. 6 illustrates the underlying reason about the decreasing
trend of contact normal error. Considering the extreme case (would
not happen in DEM though) that Particle B moves to the top of Particle
A from Fig. 6(a) to (b), the contact normal based on the GJK-erosion
method would coincide with the real contact normal for the latter
case. That is to say, the error in contact normal decreases with particle
configurations changing from Fig. 6(a) to (b) (i.e., with increasing over-
lap). Furthermore, the contact point evaluated from the GJK-erosion
method is the same as the analytical solution, which is justifiable as
the two particles are centrosymmetric with respect to the contact
point in this example case (see Fig. 6(a)). For any searching direction,
the two support points on particle A and particle B, respectively, are
also centrosymmetric with respect to the contact point. Thus, the con-
tact point (i.e., themiddle of the two support points) based on the devi-
ated contact normal is same as that of the real contact normal.

For Case II, the contours of the errors in contact overlap, contact
normal and contact point are plotted in Fig. 7. For particles of small
aspect ratio (i.e., close to spheres), the effect of shape erosion on
the contact geometric features is minor, thereby the contact geomet-
ric features based on the GJK-erosion method are nearly the same as
those of the common normal method. The significance of shape ero-
sion effects, however, increases with shape elongation. In addition,
the contacts near the transition between the long axis and short
axis (i.e., when the rotation of Particle B is close to 0 or 180°) are
the worst scenario in terms of errors in contact overlap and contact
normal. The contact point offset reaches the largest when the
major axes of two particles exhibit a cross angle of about 45°, and
vanishes if the major axes are parallel or perpendicular. The contact
point offset could become up to about 5% of the particle size (the
minor axis length).

As shown in Fig. 8, the distribution of the errors in the contact geo-
metric features is plotted based on the results of various randomcontact
Fig. 5. Errors in the evaluated (a) contact overlap, (b) contact normal, and (c) contact point base
ellipsoid.
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configurations (Case III). For the GJK-erosion method, the errors in the
evaluated contact overlap exhibit a log-normal-like distribution. The
error ranges mainly from 10−5 to 10 with an average (in log scale) of
about 10−3. For the EPA method, the errors also exhibit a log-normal-
like distribution and vary mainly within 10−10 and 10−5. It should be
noted that the errors of the EPA method are mainly attributed to the
convergence criterion (see Fig. 1) and a smaller error can be achieved
by prescribing a smaller tolerance in the convergence criterion and
adopting a data type with higher machine precision. However, as
discussed in Section 1, the errors of the GJK-erosion method are intrin-
sically resulted from the effects of shape erosion, and cannot be avoided
even if smaller tolerances are used. For the contact normal and contact
point, the EPA method exhibits no errors. The GJK-erosion method
shows a contact normal error less than 3° and a contact point offset
less than 1%, both of which are considerably small though. Overall, the
results of single contact tests indicate that the GJK-erosion method
mainly affects the contact overlap, and the effects aremore pronounced
for small overlaps and particles of large elongations. Nonetheless, as
summarized in Table 1, the GJK-erosion method is approximately 45%
more efficient than the EPA method.

3. Effects on packing fabric and mechanical responses

This section presents the results of randompacking and triaxial com-
pression test on ellipsoidal particles, to further illustrate the effects of
shape erosion on packing fabric and mechanical response.

3.1. Simulation setup

The random packing and triaxial compression simulation consists of
5, 120monodisperse ellipsoidal particles with an aspect ratio of 2 and a
size of 0.003m (i.e., the diameter of the sphere with the same volume).
Fig. 9 shows two snapshots of the particle configurations after random
packing and during triaxial compression. The random packing is
d on the GJK-erosionmethod. The overlap is normalized against the short axis length of the



Fig. 6. Illustration of the evolution trend of the errors in contact geometric features in Case I.
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performed within a box container with a 0.04-by-0.04 m base. Particles
fall freely into the container by following the rain-falling procedure [20]
and are then allowed to relax to obtained a stable packing structure.
The compression is conducted by moving the top wall downwards at a
speed of 0.001 m/s. Meanwhile, the lateral confining pressure is main-
tained at 100 kPa with a numerical stress-controlled servo mechanism
[21,22]. That is, at every time step, the lateral walls of the box container
are moved along its normal direction with a displacement that is calcu-
lated based on the current and target stresses in the wall. The walls are
moved towards the packing if the current stress is smaller than the target
stress, and vice versa. The displacement is calculated as the difference be-
tween the current and target stresses multiplied by the confining area
and divided by the contact stiffness. To prevent extreme displacements
that may cause potential numerical instability, the displacement is fur-
ther constrained by the allowable maximum displacement per time
step (i.e., allowablemaximumvelocity, which is 1.0m/s in this example).
Fig. 7. Error maps of the evaluated (a) contact overlap, (b) contact normal, and (c) contact
configurations.

Fig. 8. The distribution of errors in the evaluated (a) contact overlap, (b) contact normal, and (c)
the analytical solution.
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The compression is terminated once reaching a final axial strain of about
35%. For both the randompacking and triaxial compressionprocesses, the
linear-spring contactmodel is used for simplicity, where both the normal
and shear stiffness are set to 1.5 × 105 N/m, and the contact friction is 0.3.
The classical velocity-based damping force andmoment [23,24] are con-
sidered with the damping coefficient being 3.0. The particle density is
265, 000 kg/m3, which is enlarged by two orders from its conventional
value to achieve a relatively affordable timestep of 10−5 s. For quasi-
static simulations, density scaling has been proved to have minor effect
on DEM simulation results and thus has been commonly used to reduce
the computational cost [25]. In the GJK-erosion method, the erosion
ratio is set to 5% and is increased by 1% adaptively if it is not sufficient
to separate two colliding particles. As it has been illustrated in the previ-
ous section, the errors of the EPAmethod are relatively small andmainly
attributed to convergence criterion. Hence, in this section, the results of
the EPAmethod are adopted as the benchmark results.
point based on the GJK-erosion method for different particle aspect ratios and contact

contact point based on theGJK-erosion and EPAmethods, respectively, by comparingwith



Table 1
The average running time (unit: ms) per trial of contact detection and resolution (aver-
aged from one million of repetitions). Results of sphere with conventional radius-based
contact detection and resolution algorithm are presented as a reference.

Cases Contact Non-contact

Ellipsoid: GJK + GJK−erosion 6.99 0.13
Ellipsoid: GJK + EPA 12.50 0.13
Sphere 0.07 0.006
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3.2. Macroscopic response

We first examine the macroscopic mechanical response of the gran-
ular packing in terms of deviatoric stress ratio and volumetric strain. The
deviatoric stress ratio is defined as the ratio of the deviatoric stress q to
the mean stress p (compression as positive), given by

p ¼ 1
3
σ ii, q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
σ 0

ijσ
0
ij

r
, σ 0

ij ¼ σ ij−pδij ð4Þ

where σ 0
ij is the deviatoric part of stress tensor σij with δij as Kronecker

delta. The stress tensor σij is given as [26]
Fig. 9. Snapshots of the particle configurations (a) after r

Fig. 10. The evolution of (a) deviatoric stress ratio and (b) volumetri
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σ ij ¼
1
V
∑
c∈V

f ci l
c
j ð5Þ

where V is the packing volume; f ci and lcj are the contact force and
branch vector at contact c, respectively. The axial strain is defined as εz
= ln(H0/H) and the volumetric strain is defined as εv ¼ ln ðV0=VÞ,
where H and V, respectively, are the height and volume of the packing,
with the subscript 0 indicating their initial values and a negative value
of volumetric strain indicating dilatation of the packing.

The results of stress–strain evolution during the triaxial compression
process are plotted in Fig. 10. During the compression process, the
deviatoric stress ratio first increases rapidly and then gradually de-
creases to a plateau. Correspondingly, the volumetric strain first in-
creases slightly, indicating a contraction process; and then decreases,
indicating a dilation process. The macroscopic response of the particles
is similar to the behavior of medium dense sands well observed in lab-
oratory. Interestingly, it is observed that the results of GJK-erosion and
EPA are fairly identical, indicating that the shape erosion might have
no impact on the stress–strain behavior of the particle packing. In
order to verify this phenomenon, more detailed and quantitative inves-
tigations will be made on the microscopic properties of the particles.
andom packing and (b) during triaxial compression.

c strain with increasing axial strain during triaxial compression.



Fig. 11. Coordinate number distribution of the particles: (a) after random packing and (b) at peak deviatoric stress ratio during triaxial compression.
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3.3. Coordination number

As discussed in the previous section, the shape erosion effect would
lead to an increased contact overlap, thereby an overestimated contact
force in a DEM simulation. Such an overestimated contact force could
push particle away, leading to a decreased coordination number. To ver-
ify this phenomenon, the histogramof particle coordination number are
plotted in Fig. 11. For the case of random packing, it can be clearly ob-
served that the coordination number of theGJK-erosionmethod is over-
all smaller than that of the EPAmethod. Themean coordination number
is about 7.5 for the EPA method and 6.8 for the GJK-erosion method,
where the result of EPA method is more consistent with that
(i.e., around 8.0) reported in Zhou et al. [20]. The shape erosion effect
on contact overlap decreases with increasing real overlap. As such, the
discrepancy in the coordination number would diminish due to the
Fig. 12. Fabric anisotropy after randompacking. The top row represents the results of GJK-erosio
anisotropy in contact normal orientation, contact normal force and contact shear force, respec
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increase of contact forces during compression, which is consistent
with the results of Fig. 11b.

3.4. Fabric anisotropy

To gain an insight into the shape erosion effects on the packing fabric
characteristics, the anisotropy in contact normal orientation, contact
normal force and contact shear force of the particles after random pack-
ing is visualized in Fig. 12. The anisotropy is evaluated based on the for-
mulation and definition presented in Guo and Zhao [27]. For instance,
the contact normal anisotropy ac is calculated as

ac ¼
ffiffiffiffiffiffiffiffiffi
3
2
aij

r
, aij ¼

15
2

Φ0
ij, Φij ¼

1
Nc

∑
c∈Nc

nc
i n

c
j ð6Þ
n, and the bottom row represents the results of EPA. ac, a f n and a f t represent the degree of
tively.



Fig. 13. The distribution of (a) contact normal forces and (b) contact shear forces of the particles. Both the contact normal and shear forces are normalized by the average contact normal
force.
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where aij is the second-order anisotropy tensor;Φij is the so-called fab-
ric tensor, with Φ0

ij representing the deviatoric part of Φij; Nc is the
number of contacts; and nc

i or n
c
j represents the contact normal. The

contact normal orientation and contact normal force present a
dominant alignment in the vertical direction. Such an anisotropy is
expected as the particles have an aspect ratio of 2 and would exhibit a
high preference for horizontal alignment during the random packing
process as reported in the literature [28,29]. The anisotropy in contact
shear force is minor. Overall, the difference between the results of
GJK-erosion and EPA methods is relatively small, indicating that shape
erosion has a negligible effect on the fabric anisotropy of a randompack-
ing. This conclusion, however, seems phenomenological.
Fig. 14. Fabric anisotropy at thepeakdeviatoric stress ratio during triaxial compression. The top
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To have a further verification, the distribution of particle contact
forces are plotted in Fig. 13. Comparing the results of GJK-erosion and
EPA, the difference in the distribution mainly resides in the portion of
small contact forces (i.e., the weak contacts). For example, in the distri-
bution of contact normal forces, the GJK-erosion method dismissed a
considerable number of contacts with contact normal force smaller
than 0.3�f n, where �f n is the average contact normal force. This observa-
tion is consistent with the results of contact overlap error shown in
Fig. 5a and the results of coordination number shown in Fig. 11a. The
contacts with small overlaps are dismissed due to the pushing-away ef-
fect of the overestimated contact forces, leading to a smaller coordina-
tion number and less number of weak contacts in the contact force
row represents the results of GJK-erosion, and the bottomrow represents the results of EPA.
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distribution. Nonetheless, it has beenwell illustrated that packing shear
resistance mainly stems from the strong contact force chains [30]. This
in turn verifies the fact that shape erosion plays a minor role in the an-
isotropy of contact forces (Fig. 12).

The results of packing fabric anisotropy at the peak deviatoric stress
ratio are presented in Fig. 14. As expected, the GJK-erosion and EPA
show consistent results, indicating a negligible effect of the shape ero-
sion on the compression behavior. Lastly, it is worthwhile noting that
besides density scaling, particle stiffness scaling is another widely
adopted approach to increase the timestep of a DEM simulation. The re-
sults of single-contact test and triaxial compression test indicate that
shape erosionmainly affects the overlap of weak contacts. Reduced par-
ticle stiffness would result in increased contact overlap after loading,
which would reduce the proportion of weak contacts and thus mitigate
the shape erosion effects. Therefore, it is anticipated that with reduced
particle stiffness, the shape erosion would result in a less extent of de-
crease in coordination number, and would still exhibit negligible effects
on the packing fabrics and the stress–strain behavior.

4. Conclusions

This study revisited the GJK and the shape erosion method for con-
tact resolution in DEM. It has been illustrated that the radial direction-
based shape erosion would lead to an overestimated contact overlap.
The relative error in the evaluated contact overlap is fairly significant
(could be one hundred percent or higher) for small overlaps whereas
it diminishes for large overlaps. The shape erosion effects on the contact
normal and contact point are negligibly small. As inDEM simulation, the
overestimated contact overlap due to the shape erosion effects would
tend to push particles away and thus dismiss the weak contacts. This
phenomenon thus leads to a decreased coordination number and a
smaller number of weak contacts. Nonetheless, as the contribution of
weak contacts to particle shear resistance is relatively small, the shape
erosion exhibits negligible effects on the packing fabrics (in terms of an-
isotropy in contact normal orientation, normal force and shear force)
and the stress–strain behavior.

In practice, it is suggested that the erosion ratio should be carefully
set so that it is compatible (e.g., in a similar order of magnitude) with
the contact overlap of strong contacts. An inappropriately large erosion
ratio would lead to a significant overestimation of contact overlap. One
simple option is to adaptively increase the erosion ratio from an initial
value until the particle pair is separated. According to our study, it is
also noted that the GJK-erosion method is approximately 45% more ef-
ficient than the EPA method. The efficiency can be further improved
with the integration of gradient-based optimization methods, such as
the Levenberg-Marquardt method [13], which has been adopted by
and implemented in the open-source DEM code, SudoDEM [31].
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