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Abstract Granular materials have frequently been used as representations of natural fault gouges.
Although they can reproduce proper avalanche behaviors, the universality of the scaling exponent of
avalanche size remains debatable. As a core issue in both amorphous plasticity and geophysics, avalanche
universality may help reconcile the avalanche behaviors of earthquake and granular materials into the
same universality class. We examine numerically the signatures of stress avalanches emerging from
quasi‐static shear of granular materials with different size polydispersity. A persistent serrated plastic ﬂow
phenomenon is observed in our models with varying polydispersity. The stress drop is well deﬁned by
a truncated power law distribution P(s) ~ s−τexp(−s/smax). The exponent τ and cutoff stress drop smax show a
clear dependence on polydispersity, which reﬂects a tuned criticality. We further calculate the
effective temperature from the statistics of energy ﬂuctuations. The effective temperature volatility can be
used to explain the tuned critical behaviors of granular gouge.
Plain Language Summary Granular materials are ubiquitous in nature and important to a wide
range of industrial processes. When driven at slow rates, granular materials deform via intermittent
dynamics which alternates slow elastic loading with rapid slips. Such serrated behaviors have attracted
attentions from researchers in material science, process engineering and powder technology. They
have aroused great interest for geoscientists since key clues may be offered for the origin of earthquake
physics. The avalanche‐like slip events of granular materials reveal a strong statistical similarity with
earthquakes, having made granular materials widely adopted as an ideal laboratory model material for the
study of earthquake physics. Different granular systems subjected to different loading conditions
present similar scaling laws, such as the power law distributions of event size. However, the scaling
exponents describing avalanche distributions vary greatly in range, posing challenges to the existence of
universal scaling across diverse granular systems. In this study, we examined granular systems with varying
size polydispersity from monosized spheres to highly polydisperse packings and found the
signature of tunable avalanche statistics. We further use size polydispersity as a control parameter to
generate continuously adjustable avalanche statistics.
1. Introduction
Earthquakes are among the most catastrophic events in nature. The magnitude of an earthquake, M, has
been found to show interesting scale‐free statistics (Gutenberg & Richter, 1954). The number of earthquake N with magnitude larger than m can be approximately expressed by the Gutenberg‐Richter law
log10N(M > m) ∝ − bm, where b is a positive constant with a value around one (Bak et al., 2002;
Schoﬁeld & Wroth, 1968). The empirical law is consistent with the power law distribution of energy
2
release P(E) ∝ E −τ, where τ ¼ 1 þ b. The exponent τ varies in a range depending on the considered
3
earthquake catalog and region (Batac et al., 2017; Geller et al., 2015; Kagan, 2002; Marković & Gros, 2014;
Nicolas et al., 2018). Understanding earthquake dynamics, especially the origin of scale‐free statistics,
remains a major issue in geophysics.
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In addition to earthquake events, the intermittent dynamics and scale‐free avalanches have also been
observed from a broad range of amorphous solids, such as rocks and porous media (Barés et al., 2018;
Baró et al., 2013), and granular materials (Barés et al., 2017; Denisov et al., 2016; Murphy et al., 2019),
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when driven at slow rates. Particularly, it has been found that granular materials can reproduce realistic seismicity laws and rheological behaviors when it is slowly sheared upon yielding. In further view of its structural
similarity to earthquake gouges, granular materials have become a promising model system for studying
earthquake physics (Daniels & Hayman, 2008; Gao et al., 2019, 2020; Kumar et al., 2020; Lherminier
et al., 2019; Michlmayr et al., 2013).
Among the reported experimental studies designed to characterize the avalanche statistics in deformed granular solids (Abed Zadeh et al., 2019; Barés et al., 2017; Denisov et al., 2016; Kumar et al., 2020; Lherminier
et al., 2019; Murphy et al., 2019), the avalanche size exponent was found ranging from 1.2 to 1.7, showing a
considerable scatter. The cutoff value of avalanche size also shows a clear stress dependency (Denisov
et al., 2016; Friedman et al., 2012; Gao et al., 2018; Rivière et al., 2018) and particle shape dependency
(Murphy et al., 2019) and is dependent on the particle friction and packing fraction (Barés et al., 2017).
Statistical physics indicates that the scaling law and the value of critical exponent govern the universality
class in which a system belongs to. The universality hypothesis is appealing since various physical systems
following the equivalent scaling law and sharing the value of critical exponent can be grouped into the same
universality class (Marković & Gros, 2014; Ostojic et al., 2006). It is readily realized that one can tune the
critical behavior of granular materials to quantitatively reproduce most of the scaling behaviors of earthquakes without having to include their microscopic details.
Among various potential regulation means, loading conditions and material properties have rather marginal
effects on the avalanche statistics (Budrikis et al., 2017; Kumar et al., 2020). Granular assemblies composed
of particles of different shapes can generate different avalanche statistics (Murphy et al., 2019). The overall
form and local edges and corners of particles may inﬂuence the slip avalanches in different manners. Most
natural granular materials are polydisperse, consisting of a wide range of particle sizes (Lai et al., 2017). The
effects of particle shape on granular materials is signiﬁcant only at low size polydispersity where the short‐
range positional and/or orientational order dominates (Nguyen et al., 2014). Therefore, the size polydispersity may play a more important role in slip avalanches.
We present in this letter the avalanche behaviors that emerged from quasi‐static shear of granular materials
with different size polydispersity. We use 3‐D discrete element method to simulate the slow shearing of granular assemblies from their initial states to the critical state (a state featured by constant volume and constant
stress). We then perform the statistics on avalanche size and relate the slip event to the system and
particle‐scale energy ﬂuctuations and nonafﬁne displacements. Finally, we explain the size polydispersity
dependence of slip avalanche in terms of effective temperature ﬂuctuation.

2. Materials and Methods
Slow shearing of granular materials has been widely used to generate laboratory‐scale earthquakes (Daniels
& Hayman, 2008; Dorostkar et al., 2017a, 2017b; Ferdowsi et al., 2014, 2018; Johnson et al., 2013; Lieou
et al., 2015). We model the granular materials as an assembly of spheres with prescribed particle size distribution (PSD) (see Text S1 and Figure S1 in the supporting information). By using different PSDs, we control
the size polydispersity of the system, which deﬁnes the degree of polydispersity as the standard deviation of
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D E     ﬃ
2
particle sizes Δ ¼
d2p − dp
= dp , where dp denotes the particle diameter and ⟨⟩ denotes the
ensemble average over all particles.
We simulate the simple shearing of granular materials using LIGGGHTS (Kloss et al., 2012), an
open‐source discrete element code that has been well validated and veriﬁed. The model setup is shown
in Figure 1a in which a rectangular solid domain is employed. The sizes in the three directions are respectively 40 d (length) × 20 d (depth) × 10 d (height), where d is 0.001 m (see Text S2 for the selection of sample
height). The granular systems are compressed and sheared by two rough particle walls, which are composed of spherical bonded particles with diameters uniformly distributed within ½0:9; 1:1d. The granular
assemblies are ﬁrst compressed to the prescribed normal pressure p = 10 MPa. The bottom wall is then
moved in the shear direction with a constant velocity while keeping the vertical movement constrained.
The top wall is ﬁxed in the shear direction and the normal pressure is maintained constant by servo control.
The shear rate, deﬁned as the ratio of shear velocity to the undeformed sample height, is set to γ_ ¼ 0:1. This
MA ET AL.
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Figure 1. (a) Schematic of the model setup. Normal pressure and shear displacement are applied on the top and bottom
walls, respectively. Periodic boundary conditions are applied in the shear and depth directions. (b) Illustration of
Voronoi tessellation of a particle assembly using Voro++ (Rycroft, 2009). (c) We calculate the particle level
order parameters and calculate their statistics (mean, variance, skewness, and kurtosis). These statistical features are
then concatenated as a feature vector representing the structural characteristics of the granular system (Wang &
Jain, 2019). (d) Relationship between the size polydispersity Δ and the reduced indicator of structural characteristics.

pﬃﬃﬃﬃﬃﬃﬃﬃ
_
shear rate yields an inertia number I ¼ γd=
p=ρ ≈ 10−6 (ρ is the particle density) for the system, which is
small enough to guarantee a quasi‐static regime (Ferdowsi et al., 2015; Midi, 2004). The small shear rate is
slow enough to ensure that individual avalanches can be identiﬁed to avoid avalanche overlap. The stable
time increment for the digital elevation model (DEM) simulation is Δtstable = 1 × 10−8 s.
The particles are considered deformable and interact with one another through the Hertz‐Mindlin contact
model with Coulomb sliding friction. The particles have a density of 2,900 kg/m3, Poisson's ratio of 0.25,
Young's modulus of 65 GPa, friction coefﬁcient of 0.1, and restitution coefﬁcient of 0.87. This set of parameters are often used in the DEM simulations of granular fault gouge (Dorostkar et al., 2017a, 2017b). The
wall particles adopt the same material properties as those in the shear body. The friction coefﬁcient between
the particle walls and the shear body is set to 0.9 to enhance surface friction (Dorostkar et al., 2017b).
The introduction of size polydispersity has a pronounced effect on the structural properties of the granular
system. We calculate the structural order parameters of each particle based on analyses of the Voronoi tessellations (Figure 1b). We obtain eight vectors (corresponding to eight structural order parameters shown in
Figure 1c and deﬁned in Text S3) whose length is the number of particles. By computing the statistical features of each order parameters, for example, mean, variance, skewness, and kurtosis, we obtain a feature
vector of length 32 containing the structural information of each granular system (Figure 1c). Finally, we
extract a single measure representing the structural characteristics from the feature vector using the t‐SNE
technique (Varoquaux et al., 2015). As seen in Figure 1d, the granular systems with different degrees of polydispersity have distinct structural characteristics.
MA ET AL.
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Figure 2. (a) Stress‐strain curves of six granular systems. The y axis denotes the shear stress σ normalized by the normal
pressure p. The curves have been shifted vertically by 0.1 to facilitate visualization. (b) Enlarged view of the gray box
indicated in Figure 2a. (c) Probability distributions of stress drop P(s) for different systems. The solid lines are truncated
power law ﬁts to the data. (d) Parameter space for the truncated power law ﬁts to P(s).

3. Results
3.1. Slip Avalanche Statistics
To generate enough data for statistical analysis, we shear the granular system up to a shear strain γ = 5.5. The
data are extracted every 1 × 10−5 shear strain for further analysis. The effects of size polydispersity on the
mechanical responses of granular materials is illustrated by the stress‐strain curves shown in Figure 2a.
The macroscopic friction coefﬁcient is deﬁned as the ratio of the shear stress to the normal pressure. The
overall response shows an initial nonlinear elastic increase up to the onset of yielding before gradually transiting a regime referred to as critical state in soil mechanics. At this state, the granular system shows serrated
stress ﬂuctuations consisting of a sudden stress drop followed by nonlinear stress recovery after each event.
The serrated plastic ﬂow discussed in this study is extracted from the stress‐strain data in the critical state
past yielding, that is, 0.5 ≤ γ ≤ 5.5. This ensures a wide range of predicted scaling exponents and scaling functions to identify the underlying slip statistics and dynamics.
Figure 2b shows a magniﬁcation of the stress‐strain curves for γ ranging from 3.410 to 3.422. It shows clearly
that both the magnitude of stress drop is larger, and the shape of serration becomes sharpened with the
increase of size polydispersity. Figure 2c presents the statistical distributions of avalanche size s, that is,
MA ET AL.

4 of 9

Geophysical Research Letters

10.1029/2020GL090458

Figure 3. The spatial maps of energy ﬂuctuations |ΔE| in (a) and nonafﬁne displacements D2min in (b). The data are
−5
obtained during a slip event of size s = 0.0157 and strain duration δγ = 3 × 10 . Note that the wall particles are
2
not presented. (c) Correlation between Dmin and |ΔE|.

the magnitude of stress drop. The stress drop data are plotted logarithmically. Larger stress drops are more
probable as the system size polydispersity increases, which is consistent with the serrations depicted in
Figure 2b.
Similar to what has been reported for other slow shear of granular materials (Denisov et al., 2016; Murphy
et al., 2019), we ﬁnd the probability distributions of stress drop P(s) are well ﬁtted by a truncated power
law P(s) ~ s−τexp(−s/smax). The cutoff smax describes the maximum size of avalanches. The exponent τ of
the power law is considered to tell about the mechanism leading to scale‐free dynamics (Murphy et al., 2019).
Uncertainty of the data ﬁtting was estimated using the bootstrap method. We resampled the stress drop data
1,000 times and then ﬁtted the resampled drop distribution. Figure 2d shows the parameter space for the
truncated power law ﬁts to P(s). Both the exponent τ and the cutoff stress drop smax show strong polydispersity dependency. smax increases nonlinearly with polydispersity and varies over 1–2 orders of magnitude. The
exponent τ also shows a clear increasing tendency with polydispersity and covers a range between 0.6 and 1.5.
Despite the signiﬁcant variations, both τ and smax have a clear scaling relation across a board range of size
polydispersity.
3.2. Particle Level Energy Fluctuations
According to amorphous plasticity, the serrated ﬂow is attributed to the localized plastic zones undergoing
irreversible rearrangements and their long‐range interactions through elasticity (Denisov et al., 2016;
Leishangthem et al., 2017; Ma et al., 2021; Niiyama et al., 2019). The most signiﬁcant drops often result from
the localized plastic zones that would span the entire system. The slip avalanche can also be interpreted from
the perspective of stick‐slip dynamics (Daniels & Hayman, 2008; Gao et al., 2018; Michlmayr et al., 2013;
Tordesillas et al., 2014). The strong correlations between the stress drop, the system potential energy drop,
and the plastic activity size (see Text S6 and Figures S3 and S4) indicate that the localized plastic activity
and stick‐slip dynamics are essentially related. We calculate the particle‐scale energy ﬂuctuation ΔEi = Ei
(γ + Δγ) − Ei(γ) and nonafﬁne displacements D2i; min over the strain interval Δγ for each particle i, where
Ei is calculated by summing all the work done to deform the particle i. Details of the calculation are provided
in Texts S4 and S5.
Figures 3a and 3b show that the spatial maps of |ΔE| and D2min occurred during a large slip event. These two
particle‐scale measures show a signiﬁcant correlation. At very small temporal scales, both energy ﬂuctuations and nonafﬁne motion are attributed to the evolution of contact force network. Due to the fragility of
contact force network and short lifespans of strong force chains, the hot spots with intense energy ﬂuctuations and nonafﬁne motion are more inclined to originate from particles experiencing large stick‐slip
MA ET AL.

5 of 9

Geophysical Research Letters

10.1029/2020GL090458

Figure 4. (a) Probability distribution functions of energy ﬂuctuations ΔE during a slip event and its subsequent
recharge (depicted in the inset). (b) Evolution of the effective temperature χ of a slightly polydisperse granular system.
(c) Enlargement of box region in Figure 4b. (d) The exponential decay relation between size polydispersity Δ
and effective temperature volatility V. The error bars are calculated by dividing the χ data series into ten equal parts.
(e) Exponential growth relation between volatility V and power law exponent τ. (f) Exponential growth relation between
volatility V and cutoff stress drop smax. The error bars of τ and smax are obtained from Figure 2d.

ﬂuctuations (Tordesillas et al., 2016). The correlation does not show a signiﬁcant difference for ΔE > 0 and
ΔE < 0, as both contact establishment and breakdown could lead to changes in the surrounding force
network environment and nonafﬁne motion. Moreover, the correlation does not extend to a large
temporal scale since particles have typically experienced several stick‐slip ﬂuctuations before this limit,
and the nonafﬁne motion is manifested as irreversible particle rearrangements.
This observation, in conjunction with the previous studies on stick‐slip dynamics, raises an interesting question on how to characterize stick‐slip ﬂuctuations. As the positive and negative energy ﬂuctuation is related
to the stiffening and weakening of the local environment for a particle, clues may be found from the statistics
of ΔE for gouge dynamics. The probability distribution functions (PDF) of ΔE during the slip event (demonstrated in Figure 3) and the subsequent recharge stage are shown in Figure 4a. For both stages, the PDF of
ΔE shows an asymmetric double‐exponential distribution, that is, PDF(ΔE > 0) ∼ exp(−|ΔE|/α+) and PDF
(ΔE < 0) ∼ exp(−|ΔE|/α‐), where α+ ≠ α‐. The asymmetric feature of the PDF is consistent with the increase
(α‐ < α+) and drop (α‐ > α+) of the system potential energy during the stick‐slip cycles. The cause of the
double‐exponential distribution of ΔE has yet to be fully understood. The shear experiment by Zheng
et al. (2018) unveiled that the energy ﬂuctuations may be a result of random excitations of force chains
(Geng & Behringer, 2005).
By ﬁtting the PDF (ΔE < 0) ∼ exp (−|ΔE|/α‐) and PDF (ΔE > 0) ∼ exp (−|ΔE|/α+) in strain interval Δγ at
every strain γ, we can get two energy scales of α±(γ). Further, we calculate the effective temperature
deﬁned as χ = α‐/α+, which gives is a dimensionless measure of the competition between the
MA ET AL.
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shear‐induced strengthening and weakening in terms of particle potential energy (Zheng et al., 2018).
Although deﬁned in different manners, the effective temperature used in this study and the granular temperature (see Text S7) deﬁned in terms of the particle velocity ﬂuctuations are both based on thermodynamics theory (Ma et al., 2018; Ma et al., 2019; Zhao & Crosta, 2018). As shown in Figures 4b and 4c, at
the beginning of shearing, the primary trend of particle potential energy is growing and α‐ is systematically
below α+, leading to χ < 1. After further shearing, the values of α‐ and α+ becomes comparable, and thus, χ
ﬁrst approaches one near the yield strain and then ﬂuctuates around this value.
We then quantify the “temporal” ﬂuctuation of effective temperature in terms of volatility. The volatility of
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
1
N 
χ(γ) is given by V ¼
∑
Ri − R , where N is the number of strain intervals, Ri = ln(χi/χi − 1)
N − 1 i¼1
and the subscript i denotes the location of data in the series. The strain interval Δγ between measurements
χi − 1 and χi is set to 10−4. A volatility value of 10−2 indicates that the effective temperature ﬂuctuation is on
the scale of 1% of the average value. Figure 4d reveals that the effective temperature volatility V increases
very rapidly with size polydispersity Δ at ﬁrst, and then level off to become asymptotic to the upper limit.
This indicates that the macroscopic response of a granular system with higher polydispersity is controlled
by a more violent effective temperature ﬂuctuation. Figures 4e and 4f further demonstrate that both τ and
smax show exponential growth with the increase of V. A recent experimental study reveals the competition
between mechanical stability and entropy in sheared granular materials (Sun et al., 2020). By increasing
the interparticle friction coefﬁcient in that study and the size polydispersity in the present work, the effect
of entropy will dominate and lead to a stronger competition between the strengthening and weakening of
energy ﬂuctuations.

4. Conclusions
We investigated the avalanche behavior of granular materials with different size polydispersity. The ubiquitous of serrated plastic ﬂow and power law distributed avalanche size implies that the discrete nature of
granular systems is intrinsically responsible for slip avalanche. Although the avalanche size distributions follow the same scaling functions (i.e., truncated power law), they have different exponent τ and cutoff stress
drop smax, indicating a polydispersity‐dependent avalanche statistics. The exponent τ covers a range of
0.6–1.5 and smax varies over 1–2 orders in magnitude. The large tunability renders granular materials
an attractive model system for the study of earthquake physics. We can regulate the critical behaviors
of granular materials by adjusting its size polydispersity.
To exact the polydispersity dependency in a model‐free manner, we calculated the effective temperature
based on the statistics of energy ﬂuctuations. We showed that correlating the volatility of effective temperature with the avalanche statistics provides a powerful tool to quantitatively connect the serrated behavior to
the microscopic processes of earthquake gouge. We believe that a more fundamental interpretation of the
size polydispersity‐dependent avalanche statistics is still required in further study.
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